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MONOTONICITY METHODS IN PDE

ZUJIN ZHANG

ABSTRACT. In this paper, we renormalize the huts 5.1.3 and 6.1.1

in [1], so as to be more accessible, see more details in [4]. Roughly

speaking, monotonicity is the natural substitution of convexity in

building solutions of PDE .
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1. Minty-Browder method in L2. In this hut, we introduce the mono-

tonicity method due to Minty and Browder. As as illustrative prob-

lem, we consider the following quasi-linear PDE : −div (E(Du)) = f , in U,

u = 0, on ∂U,
(1)

where E : Rn → Rn is given.

Observe that (1) can be solved by calculations of variations in case

E = DF for some convex F : Rn → R.

Key words and phrases. Monotonicity method, weak convergence method.
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2 ZUJIN ZHANG

Our problem is then what natural conditions on E so that (1) may

be directly tackled, when E is no longer the gradient of a convex

function.

This is the work of Minty and Browder, who give

Definition 1. A vector field E on Rn is called monotone if

(E(p) −E(q)) · (p − q) ≥ 0, ∀ p, q ∈ Rn, (2)

and show (1) can be tacitly worked out as

Theorem 2. Assume E is monotone and satisfies the growth condition

|E(p)| ≤ C (1 + |p|), p ∈ Rn.

Let {uk} ∈ H1
0(U) be weak solutions of the approximating problems −div (E(Duk)) = fk, in U,

uk = 0, on ∂U,
(3)

with fk → f in L2(U).

Suppose uk ⇀ u in H1
0(U). Then u is a weak solution of (1).

Proof. We first write down

0 ≤

∫
U

[E(Duk) −E(Dv)] [Duk − Dv] dx (Monotonicity)

=

∫
U

[
fkuk − fkv −E(Dv)(Duk − Dv)

]
dx, ∀ v ∈ H1

0(U)(
integration by parts and weak formulation

)
.

Then taking k → ∞ yields

0 ≤
∫

U

[
f (u − v) −E(Dv) · (Du − Dv)

]
dx.

Choosing v = u + λw, with λ ∈ R, w ∈ H1
0(U) furthermore gives

0 ≤ sgn(λ)
∫

U

[
E(Du + λDw) · Dw − f w

]
dx.
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Passing λ→ 0 finally, we have as desired

0 =
∫

U

[
E(Du) · Dv − f w

]
dx, ∀ w ∈ H1

0(U).

�

2. Minty-Browder method in L∞. We consider the strong solutions

of PDE , instead of weak solutions in (1). Hence the Minty-Browder

method moves from L2 to L∞.

To illustrate how it works, let us consider the following fully non-

linear PDE :  F(D2u) = f , in U,

u = 0, on ∂U,
(4)

where F : S n×n → R is given. Here S n×n is the space of real, symmetric

n × n matrices.

Definition 3. The problem (4) is elliptic, if F is monotone decreasing

with respect to matrix ordering on S n×n, and so

F(S ) ≤ F(R), if S ≥ R, S ,R ∈ S n×n. (5)

Remark 4. This very definition of ellipticity, coincides with the classical

ones. In fact, we say PDE

Tr [A · Du] = f

is elliptic if A is a non-positive definite symmetric matrix. One then read-

ily verifies

S ≥ R ⇒ S − R non-negative definite

⇒ Tr [A · (S − R)] ≤ 0

⇒ Tr[A · S ] ≤ Tr[A · R], S ,R ∈ S n×n.
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Now, suppose fk → f uniformly, and consider the approximating

problems  F(Duk) = fk, in U,

uk = 0, on ∂U.
(6)

Assume (6) has a smooth solution uk, a priori bounded in W2,∞(U).

Then, up to a subsequence,

uk → u uniformly, D2uk
∗
⇀ D2u in L∞(U; S n×n),

for some u.

Our problem is then: does u satisfies (4)?

If F is uniformly elliptic and convex, then strong estimates are

available and passing to limit is simple, see [3]. The main interest

is consequently for the nonconvex F, as in hut 1.

Recall that in hut 1, the main assumption leading to the existence

of a weak solution is the monotonicity inequality (2). We shall then

furnish a similar monotonicity in this current circumstance, replac-

ing the ellipticity of F.

For this purpose, we need

Proposition 5. Let (X, ‖·‖) be a Banach space. Then the limit

[
f , g

]
= lim

λ→0+

‖g + λ f ‖2 − ‖g‖2

2λ
(7)

exists for all f , g ∈ X.

Proof. Writing

‖g + λ f ‖2 − ‖g‖2

2λ
=
‖g + λ f ‖ + ‖g‖

2
·
‖g + λ f ‖ − ‖g‖

λ
,

we need only show that
{
‖g + λ f ‖ − ‖g‖

λ

}
λ>0

is bounded from below

and increasing in λ. In fact, we have
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1.
‖g + λ f ‖ − ‖g‖

λ
≥
−λ ‖ f ‖
λ
= − ‖ f ‖;

2. for 0 < λ < λ̃,

‖g + λ f ‖ − ‖g‖
λ

−

∥∥∥g + λ̃ f
∥∥∥ − ‖g‖
λ̃

=

∥∥∥λ̃g + λλ̃ f
∥∥∥ − λ̃ ‖g‖ − ∥∥∥λg + λλ̃ f

∥∥∥ + λ ‖g‖
λλ̃

≤

∥∥∥(λ̃ − λ)g
∥∥∥ − (λ̃ − λ) ‖g‖

λλ̃
= 0.

�

Remark 6. In case X is a Hilbert space,
[
f , g

]
is simply the inner prod-

uct.

We now give an useful property of [·, ·] as

Proposition 7. The map X×X 3 { f , g} 7→
[
f , g

]
is upper semicontinous,

that is,

lim sup
n→∞

[
fn, gn

]
≤

[
f , g

]
, (8)

for all f , g ∈ X, fn → f , gn → g in X.

Proof. Observe that in the proof of (7), we have
{
‖g + λ f ‖ − ‖ f ‖

λ

}
λ>0

is

increasing in λ, for f , g ∈ X fixed.

Thus

lim sup
n→∞

[
fn, gn

]
= lim sup

n→∞
lim
λ→0+

‖gn + λ fn‖
2
− ‖gn‖

2

2λ

= lim sup
n→∞

{
lim
λ→0+

[
‖gn + λ fn‖ + ‖gn‖

2
·
‖gn + λ fn‖ − ‖gn‖

λ

]}
= lim sup

n→∞

[
‖gn‖ · lim

λ→0+

‖gn + λ fn‖ − ‖gn‖

λ

]
≤ ‖g‖ · lim sup

n→∞

‖gn + λ fn‖ − ‖gn‖

λ
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≤ ‖g‖ ·
‖g + λ f ‖ − ‖g‖

λ
, ∀λ > 0.

Taking λ→ 0+, we obtain

lim sup
n→∞

[
fn, gn

]
= ‖g‖ · lim

λ→0+

‖g + λ f ‖ − ‖g‖
λ

= lim
λ→0+

‖g + λ f ‖2 − ‖g‖2

2λ
=

[
f , g

]
.

�

Then an explicit formula in case X = C(Ū) as

Proposition 8. Let X = C(Ū), then[
f , g

]
= max

{
f (x0)g(x0); x0 ∈ Ū, |g(x0)| = ‖g‖C(Ū)

}
, f , g ∈ C(Ū). (9)

Proof. Denote by

Mh =
{
x ∈ Ū; |h(x)| = ‖h‖

}
, h ∈ C(Ū).

Then

1. due to

‖g + λ f ‖2 − ‖g‖2

2λ
≥

(g(x0) + λ f (x0))2
− g(x0)2

2λ
= g(x0) f (x0), ∀ x0 ∈ Mg,

we have [
f , g

]
≥ RHS of (9).

2. for any sequence {λn} ↘ 0, xn ∈ Mg+λn f ,

‖g + λn f ‖2 − ‖g‖2

2λn
≤

(g(xn) + λn f (xn))2
− g(xn)2

2λn

= f (xn)g(xn) +
λn

2
f (xn)2

→ f (x∞)g(x∞), as n→ ∞, (10)
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for some Ū 3 x∞ ← xn.

Meanwhile, taking n→ ∞ in

|g(xn) + λn f (xn)| = ‖g + λn f ‖ ,

gives

|g(x∞)| = ‖g‖ .

This together with (10) shows that

[
f , g

]
≤ RHS of (9).

The proof is then completed. �

With this explicit formula for
[
f , g

]
, we show that monotonicity is

a consequence of ellipticity as

Proposition 9. If F is convex, then the operator A[u] ≡ F(D2u) satisfies

0 ≤ [A[u] − A[v], u − v] , ∀ u, v ∈ C2
0(Ū). (11)

Here C2
0(Ū) is the subspace of C2(Ū), with vanishing boundary data.

Proof. Suppose (u − v) (x0) = ‖u − v‖C(Ū), x0 ∈ U, then

D2(u − v)(x0) ≤ 0

⇒ F(D2u)(x0) ≥ F(D2v)(x0)
(
by ellipticity

)
⇒ [A[u] − A[v], u − v] =

(
F(D2u) − F(D2v)

)
(x0) · (u − v) (x0) ≥ 0,

by invoking (9).

The case (v − u) (x0) = ‖u − v‖C(Ū), x0 ∈ U is similarly treated. �

With all the above preparations above, we now state and prove

our main result in this hut.
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Theorem 10. Consider problem (4) and its approximating problems (6).

If A[u] ≡ F(D2u) satisfies the monotonicity inequality:

0 ≤ [A[u] − A[v], u − v] , ∀ u, v ∈ C2
0(Ū). (12)

Then u solves (4) a.e..

Proof. 1. For the approximating solution {uk}, we have

0 ≤ [A[uk] − A[v], uk − v]

≤ [ fk − A[v], uk − v], ∀ v ∈ C2
0(Ū).

Taking k → ∞ upon a subsequence, we obtain by invoking (8)

that

0 ≤
[
f − A[v], u − v

]
, ∀ v ∈ C2

0(Ū). (13)

2. Our strategy to prove u solves (4) is then to choose appropriate

v in (13).

In fact, since u ∈ W2,∞(U), Rademacher’s theorem (see [2, 5])

implies then u is C2 a.e.. Fix any x0 ∈ U where D2u(x0) exists. We

handcraft a C2 function v having the form

v(x)


= u(x0) + Du(x0)(x − x0)

+1
2 D2u(x0)(x − x0, x − x0) + ε |x − x0|

2
− 1

, x near x0;

= 0, x ∈ ∂U;

∈
(
u(x) − 1

2 , u(x) + 1
2

)
, otherwise.

(14)

(The ε > 0 is chosen so that u− v looks like a parabola for x near

x0.) Then |u − v| attains its maximum over Ū only at x0. But then

(13) and (9) say ( f − A[u]) (x0) ≥ 0, that is,

f (x0) ≥ F
(
D2u(x0) + 2εI

)
.
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Sending ε→ 0+, we find

f (x0) ≥ F(D2u(x0)).

The opposite inequality follows by replacing ε |x − x0|
2
− 1 by

−ε |x − x0|
2 + 1 in (13). Consequently, we have

F(D2u(x0)) = f (x0), a.e.x0 ∈ U.

�
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on the monotone property of
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‖g + λ f ‖ − ‖g‖
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MEAN-VALUE PROPERTY OF THE HEAT EQUATION

ZUJIN ZHANG

ABSTRACT. In this paper, we detailed the proof of the mean-value

theorem for the heat equation, see [1] for example.

Let U ⊂ Rn be open and bounded, and T > 0. We give

Definition 1. 1. The parabolic cylinder is the parabolic interior

of Ū × [0,T ]:

UT ≡ U × (0,T ].

2. The parabolic boundary of UT is

ΓT ≡ ŪT − UT ,

which comprises the bottom and vertical sides of U × [0,T ], but not

the top.

In this parabolic cylinder UT , we want to derive a kind of analogue

to the mean-value property for harmonic function. For this purpose,

we introduce

Definition 2. The heat ball E(x, t; r)(r > 0) at (x, t) ∈ Rn+1 is

E(x, t; r) =

{
(y, s) ∈ Rn+1; Φ(x − y, t − s) ≥

1
rn

}
.

Remark 3. 1. The heat ball is a region in space-time, the boundary of

which is a level set of Φ(x − y, t − s).

Key words and phrases. heat equation, mean-value property, fundamental

solution.
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2. Written explicitly, we have

1
[4π(t − s)]n/2 e−

|x−y|2
4(t−s) = Φ(x − y, t − s) ≥

1
rn ,

rne−
|x−y|2
4(t−s) ≥ [4π(t − s)]n/2 .

Applying the logarithmical function, we obtain

n ln r −
|x − y|2

4(t − s)
≥

n
2

ln [4π(t − s)] ,

|x − y|2 ≤ 2n(t − s) ln
r2

4π(t − s)
.

One then verifies easily that RHS of the above inequality equal 0 if

s = t −
r2

4π
or s = t.

This echoes the notion of heat ball, a region in space-time, with the

scale in t is twice that in x.

3. By the above calculations, we find that the function

ψ ≡ −
n
2

ln [4π(t − s)] −
|x − y|2

4(t − s)
+ n ln r, (1)

vanishes on ∂E(x, t; r), which is helpful in integration by parts for-

mula, as we shall in later on. Notice also that

ψy = −
y

2(t − s)
, (2)

ψs =
n
2

s
t − s

−
|x − y|2

4 (t − s)2 . (3)

Now, we state and prove our mean-value theorem for the heat

equation as
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Theorem 4. (A mean-value property for the heat equation). Let u ∈

C2
1(UT ) solve the heat equation. Then

u(x, t) =
1

4rn

"
E(x,t;r)

u(y, s)
|y|2

s2 dyds, (4)

for each E(x, t; r) ⊂ UT .

Proof. 1. An useful identity:"
E(1)

|y|2

s2 dyds = 4, (5)

where E(1) = E(0, 0; 1).

Indeed,"
E(1)

|y|2

s2 dyds =

∫ 0

− 1
4π

1
s2 ds

∫
|y|2≤−2ns ln 1

−4πs

|y|2 dy

=

∫ 0

− 1
4π

ds
s

∫ [−2ns ln 1
−4πs ]

1/2

0
nα(n)rn−1+2dr

=
nα(n)
n + 2

∫ 0

− 1
4π

1
(−s)2

[
2π (−s) ln

1
4π (−s)

] n+2
2

ds

=
nα(n)(2n)

n+2
2

n + 2

∫ 1
4π

0
s

n−2
2

(
ln

1
4πs

) n+2
2

ds

=
nα(n)(2n)

n+2
2

n + 2

∫ 0

∞

(
1

4π
e−s

) n−2
2

· s
n+2

2 ·

(
−

1
4π

e−s

)
ds

=
nα(n)(2n)

n+2
2

n + 2
·

1
(4π)n/2

∫ ∞

0
s

n+4
2 −1e−

n
2 sds

=
nα(n)(2n)

n+2
2

n + 2
·

1
(4π)n/2

∫ ∞

0

(
2
n

) n+4
2

t
n+4

2 −1e−tdt

=
8

(n + 2)πn/2 · Γ
(n
2

+ 2
)

=
8

(n + 2)πn/2 ·
πn/2

Γ
(

n
2 + 1

) · (n
2

+ 1
)
Γ

(n
2

+ 1
)

= 4.
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2. We now prove (4). Without loss of generality, we may assume

that (x, t) = (0, 0). Write E(r) = E(0, 0; r) and set

ϕ(r) ≡
1
rn

"
E(r)

u(y, s)
|y|2

s2 dyds

=

"
E(1)

u(ry, r2s)
|y|2

s2 dyds.

Then

ϕ′(r) =

"
E(1)

[
y · Dyu

|y|2

s2 + 2rDsu
|y|2

s

]
dyds

=
1

rn+1

"
E(r)

[
y · Dyu

|y|2

s2 + 2Dsu
|y|2

s

]
dyds

≡ A + B.

Next, we calculate B as

B =
1

rn+1

"
E(r)

2Dsu
|y|2

s
dyds

=
4

rn+1

"
E(r)

DsuDyϕ · ydyds
(
(2)

)
= −

4
rn+1

∫
E(r)

y · DsDyuϕdyds −
4n

rn+1

"
E(r)

Dsuϕdyds(
integration by part w.r.t. y

)
=

4
rn+1

"
E(r)

{
y · Dyu

[
−

n
2s
−
|y|2

4s2

]}
dyds

−
4n

rn+1

"
E(r)

Dsuϕdyds
(
integration by part w.r.t. s and (3)

)
= −A +

4
rn+1

"
E(r)

[
−

n
2s

y · Dyu − n∆yuϕ
]

dyds
(
Dsu − ∆yu = 0

)
= −A

(
integration by part w.r.t. y and (2)

)
.

Hence,

ϕ(r) = lim
t→0+

ϕ(t) = lim
t→0+

"
E(1)

u(ry, r2s)
|y|2

s2 dyds
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=

"
E(1)

u(0, 0)
|y|2

s2 dyds = 4u(0, 0).

The proof of the mean-value property of the heat equation is thus

completed. �

Acknowledgements. The author would like to thank Dr. Zhang at
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ON SOLUTION FORMULAE OF IBVP FOR THE HEAT
EQUATION

ZUJIN ZHANG

ABSTRACT. In this paper, we give a solution formula of the initial/boundary-

value problem for the heat equation via reflection method. This

problem is 2.5.13 in [1].

Given a smooth g : [0,∞)→ R, with g(0) = 0, we have the solution

formula

u(x, t) =
x

4π

∫ t

0

1
(t − s)3/2 e−

x2
4(t−s) g(s)ds

for the initial/boundary-value problem
ut − uxx = 0, in R+ × (0,∞),

u = 0, on R+ × {t = 0} ,

u = g, on {x = 0} × [0,∞).

Proof. Setting v(x, t) ≡ u(x, t) − g(t), due to the fact that

v = 0, on {x = 0} × [0,∞),

we may odd reflect v. Still denoting the resulting function by v yields
vt − vxx =

 gt, x < 0

−gt, x > 0
, in R × (0,∞),

v = 0, on R × {t = 0} .

Solution formula for the heat equation in one dimension then gives

u(x, t) − g(t)

Key words and phrases. heat equation, solution formula, reflection method.
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ON SOLUTION FORMULAE OF IBVP FOR THE HEAT EQUATION 17

= v(x, t)

=

∫ t

0
gs(s)ds

[∫ 0

−∞

Φ(x − y, t − s)dy −
∫ ∞

0
Φ(x − y, t − s)dy

]
=

∫ t

0
gs(s)

[
−

∫ x

−x
Φ(y, t − s)dy

]
ds

= −

∫ t

0
g(s)

[∫ x

−x
Φt(y, t − s)dy

]
ds − g(t) lim

s→t−

∫ x

−x
Φ(y, t − s)dy

= −

∫ t

0
g(s)

[∫ x

−x
Φyy(y, t − s)dy

]
ds − 2g(t) lim

s→t−

∫ x

0

1
[4π(t − s)]1/2 e−

|y|2
4(t−s) dy

= −

∫ t

0
g(s)

[
Φy(t, y − s) =

1
[4π(t − s)]1/2 ·

−2y
4(t − s)

e−
|y|2

4(t−s)

∣∣∣∣∣∣x
−x

]
ds

−
2g(t)
π1/2 lim

s→t−

∫ x
[4(t−s)]1/2

0
e−z2

dz

=
x

(4π)1/2

∫ t

0

1
(t − s)3/2 e−

|x|2
4(t−s) g(s)ds − g(t)

(∫ ∞

0
e−z2

dz =
π1/2

2

)
.

�
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EQUIPARTITION OF ENERGY

XUANJI JIA AND ZUJIN ZHANG

ABSTRACT. In this paper, we show the equipartition of energy for

the 1D wave equation [2], and suggest a challenging open prob-

lem.

Let u ∈ C2(R × [0,∞)) solve the initial-value problem for the wave

equation in one dimension: utt − uxx = 0, in R × (0,∞),

u = g, ut = h, on R × {t = 0} .
(1)

Suppose g, h have compact support. The kinetic energy is

k(t) ≡
1
2

∫
R

u2
t dx,

and the potential energy is

p(t) ≡
1
2

∫
R

u2
xdx.

Prove

1. k(t) + p(t) is constant in t;

2. k(t) = p(t) for all large enough times t.

Proof. 1. Since

d
dt

[
k(t) + p(t)

]
=

∫ ∞

−∞

[ututt + uxuxt] dx =
∫ ∞

−∞

[utuxx + uxuxt] dx

=

∫ ∞

−∞

[utux]x dx = 0,

Key words and phrases. equipartition of energy, wave equation, d’Alembert’s for-

mula, Paley-Wiener theorem, Brownian motion.
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EQUIPARTITION OF ENERGY 19

we see

k(t) + p(t) = k(0) + p(0) =
1
2

∫ ∞

−∞

[
g′2 + h2

]
dx.

2. In view of d’Alembert’s formula,

u(x, t) =
g(x + t) + g(x − t)

2
+

1
2

∫ x+t

x−t
h(y)dy,

and thus

ut(x, t) =
g′(x + t) − g′(x − t)

2
+

h(x + t) + h(x − t)
2

,

ux(x, t) =
g′(x + t) + g′(x − t)

2
+

h(x + t) − h(x − t)
2

.

Consequently,

u2
t − u2

x = [ut + ux] · [ut − ux]

=
[
g′(x + t) + h(x + t)

]
·
[
−g′(x − t) + h′(x − t)

]
= −g′(x + t)g′(x − t) + g′(x + t)h(x − t)

−h(x + t)g′(x − t) + h(x + t)h(x − t)

= 0, for all large t,

the last equality holding since both g and h have compact sup-

port:

supp (g, h) ⊂ [a, b]

⇒ either x + t or x − t leaves away [a, b], ∀ t >
b − a

2
, x ∈ R.

We obtain finally that

k(t) − p(t) =
1
2

∫ ∞

−∞

[
u2

t − u2
x

]
dx = 0,

for all large t.

�



20 XUANJI JIA AND ZUJIN ZHANG

Remark 1. 1. This result can be extended to the wave equation in

general odd space dimensions. However, it involves Fourier analysis,

mainly the Paley-Wiener theorem [1].

2. To the authors’ best knowledge, this equipartition of energy was first

introduced by Einstein in 1901s. Since then, many mathematicians

have been devoted to studying this problem.

3. Just in May 2010, some experiments established in Texas showed that

equipartition of energy was valid for Brownian motion. This would

give a challenging and interesting open problem whether we

can give a mathematical proof of it.

Acknowledgements. The authors would like to thank C. Chen at
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THE CURVATURE OF A 2D CURVE

ZUJIN ZHANG

ABSTRACT. In this paper, we establish various curvature formu-

lae for a two dimensional curve.

1. Arclength parametrization. Let α : I → R2 with |α̇| = 1. Then

〈α̇, α̈〉 = 0.

We call

κ(s) = |α̈| (1)

the curvature of α at s.

2. Parametrization. Assume a curve C ⊂ R2 is given parametri-

cally as

α(t) = (x(t), y(t)) .

Then the tangent vector

t =
(ẋ, ẏ)√
ẋ2 + ẏ2

,
ds

dt
=
√
ẋ2 + ẏ2.

And thus

κn =
dt

dt
· dt
ds

=
1√

ẋ2 + ẏ2
·

(ẍ, ÿ)
√
ẋ2 + ẏ2 − (ẋ, ẏ) ẋẍ+ẏÿ√

ẋ2+ẏ2

ẋ2 + ẏ2

Key words and phrases. curvature, curve, arc length, polar coordinate, level set.
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22 ZUJIN ZHANG

=
(ẍ, ÿ) (ẋ2 + ẏ2)− (ẋ, ẏ) (ẋẍ+ ẏÿ)

(ẋ2 + ẏ2)2

=
(ẏ (ẏẍ− ẋÿ) , ẋ (ẋÿ − ẏẍ))

(ẋ2 + ẏ2)2
,

κ =
|ẍẏ − ẋÿ|

(ẋ2 + ẏ2)3/2
. (2)

3. Polar coordinates. Let the curve C be given in polar coordinates

as

ρ = ρ(ϑ), a ≤ ϑ ≤ b.

Then

t =
1√

ρ2 + ρ̇2
(ρ̇ cosϑ− ρ sinϑ, ρ̇ sinϑ+ ρ cosϑ) ,

κn =
dt

dϑ
· dϑ
ds

=
1

(ρ2 + ρ̇2)3/2
·
[
(ρ̈ cosϑ− 2ρ̇ sinϑ− ρ cosϑ, ρ̈ sinϑ+ 2ρ̇ cosϑ− ρ sinϑ) ·

√
ρ2 + ρ̇2

+ (ρ̇ cosϑ− ρ sinϑ, ρ̇ sinϑ+ ρ cosϑ) · ρρ̇+ ρ̇ρ̈√
ρ2 + ρ̇2

]
,

κ =

√
[(ρ2 + ρ̇2) (ρ̈− ρ)− (ρρ̇+ ρ̇ρ̈) ρ̇]2 + [(ρ2 + ρ̇2) · 2ρ̇− (ρρ̇+ ρ̇ρ̈) ρ]2

(ρ̇2 + ρ̈2)2

=

√
ρ2 (ρρ̈− 2ρ̇2 − ρ2)2 + ρ̇2 (ρρ̈− 2ρ̇2 − ρ2)2

(ρ̇2 + ρ̈2)2

=
|ρρ̈− 2ρ̇2 − ρ2|

(ρ2 + ρ̇2)3/2
.
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4. Level sets. Suppose at last the curve C is given by the level set of

a function u : R2 → R as

u (x(s), y(s)) = C,

for some C ∈ R, and s is the arc length.

Then

Du · α̇ = 0, Du//α̈;

D2u (α̇, α̇) +Du · α̈ = 0;

κ2 =
1

|Du|2
∣∣D2u (α̇, α̇)

∣∣2
=

1

|Du|2

∣∣∣∣∆u−D2u

(
Du

|Du|
,
Du

|Du|

)∣∣∣∣2
(The trace is an invariant of a matrix)

=
1

|Du|4
∣∣|Du|2 ∆u−D2u (Du,Du)

∣∣2 ;

κ =
1

|Du|2
∣∣|Du|2 ∆u−D2u (Du,Du)

∣∣
=

1

|Du|2
∣∣(u2x1

+ u2x2

)
(ux1x1 + ux2x2)−

(
u2x1

ux1x1 + 2ux1ux2ux1x2 + u2x2
ux2x2

)∣∣
=

1

|Du|2
∣∣u2x2

ux1x1 − 2ux1ux2ux1x2 + u2x1
ux2x2

∣∣ ;

κ =

∣∣∣∣∣div ∇u · |Du|2 −D2u (Du,Du)

|Du|2

∣∣∣∣∣ =

∣∣∣∣div
(
Du

|Du|

)∣∣∣∣ .
In conclusion,

κ =

∣∣∣∣div
(
Du

|Du|

)∣∣∣∣ =
1

|Du|2
∣∣u2x2

ux1x1 − 2ux1ux2ux1x2 + u2x1
ux2x2

∣∣ . (3)
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DIRICHLET PRINCIPLE OF HARMONIC MAPS

ZUJIN ZHANG

ABSTRACT. We define harmonic maps as the critical point of Dirich-

let energy functional. This is [1, 1.1].

Let

1. (Mn, g) be a Riemanninan manifold with or without boundary;

2. (N l, h) be a compact Riemanninan manifold without boundary

(closed).

The we may define the Dirichlet energy functional

E(u) =

∫
M

e(u)dvg,

where e(u) is the Dirichlet energy density function, the expression

of which in local coordinates (U, xα), (V, ui) is

e(u) ≡
1
2
|∇u|2g =

1
2

gαβ(x)hi j(u(x))
∂ui

∂xα
∂u j

∂xβ
.

Definition 1. A map u ∈ C2(M,N) is a harmonic map if it is a critical

point of the Dirichlet energy functional E.

Proposition 2. A map u ∈ C2(M; N) is a harmonic map iff u satisfies

∆gui + gαβΓi
jk(u)

∂ui

∂xα
∂uk

∂xβ
= 0, in M, 1 ≤ i ≤ l.

Here

Key words and phrases. harmonic map, Dirichlet principle.
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1. ∆g is the Laplace-Beltrami operator on (M, g) given by

∆g =
1
√

g
∂

∂xα

(
√

ggαβ
∂

∂xβ

)
;

2. and Γi
jk is the Christoffel symbol of the metric h on N given by

Γi
jk =

1
2

hil
(
hli,k + hkl, j − h jk,l

)
.

Proof. 1. Let U ⊂ M be any coordinate chart and ϕ ∈ C2
0(U;Rl).

Then we have

0 =
d
dt
|t=0

[
1
2

∫
M

gαβhi j (u + tϕ)
(
ui
α + tϕi

α

) (
u j
β + tϕ j

β

) √
gdx

]
=

1
2

∫
M

gαβhi j,k(u)ϕkui
αu j

β

√
gdx +

∫
M

gαβhi j(u)ui
αϕ

j
β

√
gdx.

2. Direct computations show∫
M

∆guihi j(u)ϕ jdvg =

∫
M

∂

∂xα

(
√

ggαβ
∂ui

∂xβ

)
hi j(u)ϕidx

= −

∫
M

√
ggαβui

β

(
hi j,k(u)uk

αϕ
j + hi j(u)ϕ j

α

)
dx

= −
1
2

∫
M

√
ggαβui

αu j
β

(
hik, j + hk j,i − hi j,k

)
(u)ϕkdx

= −

∫
M

gαβΓl
i j(u)hlk(u)ui

αu j
βϕ

kdvg.

This implies that

∆ui + gαβΓi
kl(u)uk

αul
β = 0, ∀ 1 ≤ i ≤ l.

�

REFERENCES

[1] F.H. Lin, C.Y. Wang, The analysis of harmonic maps and their heat flows. World

Scientific Publishing Co. Pte. Ltd. 2008.



DIRICHLET PRINCIPLE OF HARMONIC MAPS 27

DEPARTMENT OF MATHEMATICS, SUN YAT-SEN UNIVERSITY, GUANGZHOU,

510275, P.R. CHINA

E-mail address: uia.china@gmail.com



Charleton University Mathematics Journal Website: http://www.sciencenet.cn/u/zjzhang/
Volume 1, Number 7, December 2010 pp. 28-29

INSTRINSIC VIEW OF HARMONIC MAPS

ZUJIN ZHANG

ABSTRACT. We see harmonic maps in an intrinsic point of view.

This is [3, 1.2].

Viewing

du = dui ∂

∂ui =
∂ui

∂xα
∂

∂ui ⊗ dxα,

we may write

e(u) =
1
2

gαβhi j(u)
∂ui

∂xα
∂u j

∂xβ
=

1
2
〈du, du〉T ∗M⊗u∗T N ;

and noticing

u∗h
(
∂

∂xα
,
∂

∂xβ

)
= h

(
∂u
∂xα

,
∂u
∂xβ

)
= hi j(u)ui

αu j
β,

we shall further see

e(u) =
1
2

trg (u∗h) .

Proposition 1. [1, 2] u ∈ C2(M; N) is a harmonic map iff u satisfies

τ(u) ≡ trg (∇du) = 0, in M.

Here ∇ is the covariant derivative on T ∗M ⊗ u∗T N.

Remark 2. Component-wise, τ(u) = 0 is equivalent to

τk(u) = gαβ
[
uk
αβ −

(
ΓM

)γ
αβ

uk
γ +

(
ΓN

)k

i j
(u)ui

αu j
β

]
= 0, in M, 1 ≤ k ≤ l.

Key words and phrases. harmonic map, intrinsic geometry.
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Indeed,

∇ ∂

∂xβ
du = ∇ ∂

∂xβ

(
ui
α

∂

∂ui ⊗ dxα
)

= ui
αβ

∂

∂ui ⊗ dxα +
(
ΓN

)k

i j
(u)u j

β

∂

∂uk ⊗ dxα −
(
ΓM

)α
βγ

ui
α

∂

∂ui ⊗ dxγ

=

[
ui
αβ −

(
ΓM

)γ
αβ

ui
γ +

(
ΓN

)i

k j
(u)u j

α

]
∂

∂ui ⊗ dxα;

trg (∇du) = gαβ
[
ui
αβ −

(
ΓM

)γ
αβ

ui
γ +

(
ΓN

)i

k j
(u)u j

α

]
∂

∂ui .
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EXTRINSIC VIEW OF HARMONIC MAPS

ZUJIN ZHANG

ABSTRACT. We see harmonic maps in an extrinsic point of view.

This is [1, 1.3].

By the isometric embedding theorem of Nash [2], we may assume(
N l, h

)
↪→ RL,

for some L ≥ 1. Then

C2(M; N) =
{
u =

(
u1, ·, uL

)
∈ C2(M;RL); u(M) ⊂ N

}
,

and

e(u) =
1
2

gαβui
αui

β.

Since N is a closed submanifold of RL, we can construct the nearest

point projection map

ΠN : Nδ → N

1. where

Nδ =

{
y ∈ RL; d(y,N) ≡ inf

z∈n
|y − z| < δ

}
;

2. for y ∈ Nδ, ΠN(y) ∈ N is such that

|y − ΠN(y)| = d(y,N);

Key words and phrases. harmonic map, extrinsic geometry.
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3. and ΠN is smooth, the gradient of which,

P(y) = ∇ΠN(y) : RL → TyN

is an orthogonal projection; the Hessian of which, induces the

second fundamental form of N ⊂ RL:

A(y) ≡ ∇P(y) : TyN × TyN →
(
TyN

)⊥
(v , w) 7→

∑L
i=l+1 HessΠN(v,w)νi(y),

where {νi(y)}Li=l+1 is a local orthonormal frame of the normal bun-

dle
(
TyN

)⊥
.

Now, we have

Proposition 1. u ∈ C2(M; N) is a harmonic map iff u satisfies

∆gu ⊥ TuN.

Proof. For ϕ ∈ C2
0(M;RL), we have

0 =
d
dt
|t=0

∫
M
|∇ΠN (u + tϕ)|2 dvg

= 2
∫

M
〈∇u,∇ (P(u)ϕ)〉 dvg

= −2
∫

M

〈
∆gu, P(u)ϕ

〉
dvg

= −2
∫

M

〈
P(u)

(
∆gu

)
, ϕ

〉
dvg.

�

Remark 2. Notice that

∆gu ⊥ TuN

is equivalent to the PDE :

∆gu + A(u) (∇u,∇u) = 0, in M.



32 ZUJIN ZHANG

In fact, we may write

∆gu =

L∑
i=l+1

λi(x)νi(u),

with

λi =
〈
∆gu, νi(u)

〉
= div g (∇u · νi(u)) − ∇u · ∇ (νi(u))

= − (∇νi) (u) (∇u,∇u)

= −A(u) (∇u,∇u) .

Example 3. Let

(a) M = T n be the n-dimensional flat torus;

(b) and N = S k ⊂ Rk+1 be the unit sphere.

Then u ∈ C2(T n, S k) is a harmonic map iff

∆u + |∇u|2 u = 0, in T n.
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A FEW FACTS ABOUT HARMONIC MAPS

ZUJIN ZHANG

ABSTRACT. We state some basic facts about the harmonic maps.

This is [1, 1.5].

Proposition 1. Let

1. Φ : M → M a C2-diffeomorphism;

2. and u ∈ C2(M; N) is a harmonic map with respect to (M, g).

Then

u ◦Φ ∈ C2(M; N) is a harmonic map with respect to (M, Φ∗g).

Proof. For v ∈ C2(M; N), we have

1
2

∫
M
|∇v|2g dvg =

1
2

∫
M
|∇ (v ◦Φ)|2Φ∗g dvΦ∗g.

�

Proposition 2. Let

1. (M, g1) be a Riemann surface;

2. Φ : (M, g1)→ (M, g2) be a conformal map;

3. and u ∈ C2(M; N) is a harmonic map with respect to (M, g2).

Then

u ◦Φ ∈ C2(M; N) is a harmonic map with respect to (M, g1).

Key words and phrases. harmonic map, diffeomorphism, conformal geometry.
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Proof. By setting Φ∗g2 = e2ϕg1, we have

E(v ◦Φ, g1) =
1
2

∫
M

trg1 ((v ◦Φ)∗ h) dvg1

=
1
2

∫
M

tre−2ϕΦ∗g2 (Φ∗ (v∗h)) e−2ϕdvΦ∗g2 (n = dim M = 2)

=
1
2

∫
M

trΦ∗g2 (Φ∗ (v∗h)) dvΦ∗g2

(
(cA)−1 =

1
c

A−1
)

=
1
2

∫
M

trg2 (v∗h) dvg2

= E(v, g2),

for all v ∈ C2(M; N). �

Remark 3. 1. Harmonic maps from S 1 to N correspond to closed

geodesic in N.

2. The set of harmonic maps from a Riemannian surface M depends only

on the conformal structure of M.

3. Let Id : (M, g) → (M, g) be the identity map. then Id is a harmonic

map.

Proof. Since u(x) = Id(x) = x, we have

τk(u) = gαβ
[
uk
αβ −

(
ΓM

)γ
αβ

uk
γ +

(
ΓN

)k

i j
(u)ui

αu j
β

]
= gαβ

[
0 −

(
ΓM

)γ
αβ
δk
γ +

(
ΓM

)k

i j
δi
αδ

j
β

]
= 0.

�

4. For n = dim M = 2, any conformal map Φ : (M, g1) → (M, g2) is a

harmonic map.

Proof.

(M, g1)
Φ
→ (M, g2)

Id
→ (M, g2).
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BOCHNER IDENTITY FOR HARMONIC MAPS

ZUJIN ZHANG

ABSTRACT. Considered in this paper is one of the most important

formulas for a harmonic map.

Theorem 1. If u ∈ C2(M; N) is a harmonic map, then in a local coordi-

nate system, there holds

∆ge(u) = |∇du|2 + RM
αβuαuβ − RN

i jkl(u)ui
αu j

βu
k
αul

β.

Proof. Fix an x0 ∈ M, let (xα) be a normal coordinate system around

x0, then

∆ge(u) = ∂β
(
uα, uβα

)
=

∣∣∣uαβ∣∣∣2 +
〈
uα, uβα,β

〉
=

∣∣∣uαβ∣∣∣2 +
〈
uα,RM

αβuβ + uββ,α
〉

=
∣∣∣uαβ∣∣∣2 + Rαβuαuβ +

〈
uα

(
∆gu

)
α

〉
;

∣∣∣uαβ∣∣∣2 =
∣∣∣P(u)(uαβ)

∣∣∣2 +
∣∣∣∣A(u)

(
uα, uβ

)∣∣∣∣2
= |∇du|2 +

∣∣∣A(u)(uα, uβ)
∣∣∣2 ;

〈
uα,

(
∆gu

)
α

〉
= −

〈
uα, (A(u) (∇u,∇u))α

〉
=

〈
∆gu, A(u) (∇u,∇u)

〉
= − 〈A(u)(∇u,∇u), A(u)(∇u,∇u)〉

Key words and phrases. harmonic map, Bochner identity.
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= −
〈
A(u)(uα, uα), A(u)(uβ, uβ)

〉
.

Thus

∆ge(u) = |∇du|2 + RM
αβuαuβ − RN

i jkl(u)ui
αu j

βu
k
αul

β,

by Gauss-Kodazzi equations. �

Proposition 2. Let

1. (M, g) be a closed manifold with RicM ≥ 0;

2. the sectional curvature of N, KN ≤ 0.

Then

1. any harmonic map u ∈ C2(M; N) is totally geodesic.

2. If RicM > 0 at some point in M, then u is constant.

3. If KN < 0, then either u is constant or u(M) lies in a closed geodesic.

Proof. 1.

∆ge(u) ≥ 0

⇒ e(u) is subharmonic in M

⇒ e(u) is constant
(
maximum principle

)
.

2.

RicM(x0) > 0

⇒ ∇u(x0) = 0

⇒ e(u) ≡ 0

⇒ u is constant.

3.

KN < 0
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⇒ the linear span of
{
u1, · · · , un

}
is at most of one dimension

⇒ u(M)

 is a point

or lies in a closed geodesic
in N.

�
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SECOND VARIATION FORMULA OF HARMONIC MAPS

ZUJIN ZHANG

ABSTRACT. The second variation formulae of harmonic maps into

spheres and general target manifolds are derived. This is [1, 1.6].

Considered in this paper is the second variation formulae for har-

monic maps into spheres and general target manifolds.

Proposition 1. Let

1. u ∈ C2(M; S k) is a harmonic map;

2. ϕ ∈ C2
0(M;Rk+1).

Then

d2

dt2 |t=0

1
2

∫
M

∣∣∣∣∣∣∇
(

u + tϕ
|u + tϕ|

)∣∣∣∣∣∣2 dvg

 =

∫
M

(
|∇ϕ|2 − |∇u|2 |ϕ̂|2

)
dvg,

where ϕ̂ = ϕ − 〈ϕ, u〉 u is the tangent component of ϕ.

Proof. 1. For ϕ ∈ C2
0(M;Rk+1) and small t ∈ R, by denoting

ut =
u + tϕ
|u + tϕ|

,

we have

dut

dt
=

ϕ |u + tϕ| − (u + tϕ) 〈u+tϕ,ϕ〉
|u+tϕ|

|u + tϕ|2

=
ϕ |u + tϕ|2 − (u + tϕ) 〈u + tϕ, ϕ〉

|u + tϕ|3
,

dut

dt t=0
= ϕ − 〈u, ϕ〉ϕ = ϕ̂;

Key words and phrases. harmonic map, second variation formula.
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d2ut

dt2 =
1

|u + tϕ|3
[
2ϕ 〈u + tϕ, ϕ〉 − ϕ 〈u + tϕ, ϕ〉 − (u + tϕ) |ϕ|2

]
[
ϕ |u + tϕ|2 − (u + tϕ) 〈u + tϕ, ϕ〉

] −3/2[
|u + tϕ|2

]5/2 2 〈u + tϕ, ϕ〉 ,

d2ut

dt2 |t=0 = 2ϕ 〈u, ϕ〉 − ϕ 〈u, ϕ〉 − u |ϕ|2 − 3 〈u, ϕ〉
[
ϕ − u 〈u, ϕ〉

]
= 3 〈u, ϕ〉2 u − |ϕ|2 u − 2 〈u, ϕ〉ϕ.

2. Direct computations show

d2

dt2 |t=0

[
1
2

∫
M

∣∣∣∣∣∇ u + tϕ
|u + tϕ|

∣∣∣∣∣2 dvg

]
=

∫
M

∣∣∣∣∣∣∇
(
dut

dt
|t=0

)∣∣∣∣∣∣2 +

〈
∇u,∇

(
d2ut

dt2 |t=0

)〉 dvg

=

∫
M

[
|∇ϕ̂|2 −

〈
∆gu, 3 〈u, ϕ〉2 u − |ϕ|2 u − 2 〈u, ϕ〉ϕ

〉]
dvg

=

∫
M

[
|∇ϕ̂|2 + |∇u|2

(
3 〈u, ϕ〉2 − |ϕ|2 − 2 〈u, ϕ〉2

)]
dvg

=

∫
M

[
|∇ϕ̂|2 − |∇u|2

(
|ϕ|2 − 〈u, ϕ〉2

)]
dvg

=

∫
M

[
|∇ϕ̂|2 − |∇u|2 |ϕ̂|2

]
dvg.

�

Proposition 2. Let

1. u ∈ C2(M; N) be a harmonic map;

2. ut ∈ C2([0, 1] × M; N) be a family of smooth variations of u, i.e.

u0 = u.

Then

d2

dt2 |t=0

[
1
2

∫
M
|∇ut|

2
g dvg

]
=

∫
M

[
|∇v|2g − trg

〈
RN (v,∇u) v,∇u

〉]
dvg,
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where

v =
dut

dt
|t=0 ∈ C2(M; u∗T N).

In particular,

KN ≤ 0⇒ u is stable:
d2

dt2 |t=0

[
1
2

∫
M
|∇ut|

2
g dvg

]
≥ 0.

Proof. 1. In local coordinates,

d
dt
|t=0

∂ut

∂xα
= ∇u∗T N

∂
∂t

∂ut

∂xα
|t=0 = ∇u∗T N

∂
∂xα

v;

d2

dt2 |t=0
∂ut

∂xα
= ∇u∗T N

∂
∂t
∇u∗T N

∂
∂xα

∂ut

∂t
|t=0

= ∇u∗T N
∂
∂xα
∇u∗T N

v v + RN

(
∂u
∂xα

, v
)

v.

2. Direct computations show

d2

dt2 |t=0

[
1
2

∫
M
|∇ut|

2
g dvg

]
=

∫
M

[
|∇v|2g +

〈
∇u,∇

(
d2ut

dt2 |t=0

)〉]
dvg

=

∫
M

[
|∇v|2g +

〈
∂u
∂xα

,∇u∗T N
∂
∂xα
∇u∗T N

v v
〉

+ trg

〈
RN (∇u, v) v,∇u

〉]
dvg

=

∫
M

|∇v|2g −
〈
∇u∗T N

∂
∂xα

∂u
∂xα

,∇u∗T N
v v

〉
g
− trg

〈
RN(v,∇u)v,∇u

〉 dvg

=

∫
M

[
|∇v|2g − trg

〈
RN (v,∇u) v,∇u

〉]
dvg.

�
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AN EXISTENCE THEOREM FOR STATIONARY COMPRESSIBLE
NAVIER-STOKES EQUATIONS WITH DIRICHLET BOUNDARY

CONDITIONS

ZUJIN ZHANG

ABSTRACT. In this paper, we show the existence of a solution to the stationary

compressible Navier-Stokes equations under Dirichlet boundary conditions. This

is [1, Page 121], and is delivered on Dec. 4th, 2010.

Theorem 1. (Existence/Dirichlet BVP). Let γ = 5/3, N = 3, p ∈ (1, 2). Then ∃ a

continuum C
(
⊂ Lq ∩W1,q, 1 ≤ q < 2

)
of solutions of div (ρu) = 0,

div (ρu ⊗ u) − µ∆u − ξ∇div u + a∇ργ = ρ f + g,
in Ω (1)

such that

1. C ∩ {(ρ, u,M) ; 0 ≤ M ≤ R} is bounded in L2 × H1
0 , ∀ R > 0;

2. (0, u0) ∈ C where u0 satisfies −µ∆u0 − ξ∇div u0 = g, in Ω,

u0 = 0, on ∂Ω;
(2)

3. ∀ M > 0, ∃ (ρ, u) ∈ C such that
∫

Ω

ρp = M.

Proof. Step I: Bounds for solution of the approximate problems: αρp + div (ρu) = α M
|Ω|
,

αρpu + div (ρu ⊗ u) − µ∆u − ξ∇div u + a∇ργ = ρ f + g,
in Ω. (3)

1.
∫

Ω

ρp = M;

Key words and phrases. existence of a solution, compressible Navier-Stokes equations, Dirichlet

boundary value problem.
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2. ‖u‖H1 ≤ C
(
1 + ‖ρ‖6/5

)
, ‖ρ‖γ ≤ C

(
1 + ‖u‖3/2H1

)
; which follows form the energy iden-

tity: ∫
Ω

{
α

M
|Ω|

|u|2

2
+ αρp |u|

2

2
+

aαγ
γ − 1

(
ργ − hργ−1

)
+µ |Du|2 + ξ |div u|2 − ρu · f − u · g

}
= 0.

3. ‖ρ‖2 ≤ C, ‖u‖H1 ≤ C.

Direct computations show

‖ργ‖r ≤

∥∥∥∥∥ργ − ?
Ω

ργ
∥∥∥∥∥

r
+ |Ω|1/r

?
Ω

ργ

≤ C ‖∇ργ‖W−1,r + C + C ‖u‖5/2H1

≤ C + C
∥∥∥ρ |u|2∥∥∥

r
+ C ‖u‖5/2H1

≤ C + C ‖ρ‖γr

∥∥∥|u|2∥∥∥ γ
γ−1 r

+ C ‖u‖5/2H1

≤ C + C ‖ρ‖γr ‖u‖
2
6 + C ‖u‖5/2H1

(
if γr = 3(γ − 1) = 2

)
.

Thus

‖ρ‖
γ
2 ≤ C

(
1 + ‖ρ‖2 ‖∇u‖22 + ‖u‖5/2H1

)
,

‖ρ‖1/32 ≤ C
(
1 + ‖ρ‖6/5

)
.

To proceed further, we split into two cases.

(a) When 6/5 ≤ p < 2, ‖ρ‖6/5 ≤ |Ω|
1/p−5/6

‖ρ‖p ≤ C.

(b) In case 1 < p < 6/5, ‖ρ‖6/5 ≤ ‖ρ‖
1−ϑ
p ‖ρ‖ϑ2 with

5
6

=
1 − ϑ

p
+
ϑ

2
⇒ ϑ =

6 − 5p
3(2 − p)

<
1
3
.

Step II: The second approximation scheme and continuum.

We approximate (3) further by

αρp + div (ρu) − ε∆ρ = αM
|Ω|
,

αM
|Ω|

u
2 + 1

2ρu · ∇u + αρp u
2 + 1

2div (ρu ⊗ u)

−µ∆u − ξ∇div u + a∇ργ + δ∇ρ2 = ρ f + g,

 in Ω,

∂ρ

∂n = 0, u = 0, on ∂Ω,

(4)
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where ε, δ ∈ (0, 1]. Here we add viscosity and artificial pressure.

We shall next establish the existence of a continuum (parameterized by M) of

solutions of (4), and by taking ε → 0+, then δ → 0+, then α → 0+, in the next step,

to conclude the proof of Theorem 1.

Before invoking Leray-Schauder’s fixed point theorem to show such a solution

continuum, we first establish some a priori estimates, which shall be useful later

on.

1.
∫

Ω

ρp = M.

2. Energy identity:∫
Ω

{
α

2
h |u|2 +

1
2
αρp |u|2 + µ |Du|2 + ξ |div u|2 + εaγργ−2 |∇ρ|2 + 2εδ |∇ρ|2

aαγ
γ − 1

(
ργ+p−1 − hργ−1

)
+ 2δα

(
ρp+1 − hρ

)}
=

∫
Ω

{ρu · f + u · g} .

3. ‖ρ‖3 ≤ C, ‖u‖H1 ≤ C, independent of ε ∈ (0, 1].

Notice that the improved regularity of ρ comes from the artificial pressure:

5
3
→ 2, 2→ 3.

We now show the existence of a solution continuum Cδ,ε
α to (4) by invoking the

following

Theorem 2. (Leray-Schauder). Let X be a Banach space, and T : X × [0, 1] → X be

compact. Assume

1. T (x, 0) = x, ∀ x ∈ X;

2. ∃ M > 0, s.t. x = T (x, σ), σ ∈ [0, 1]⇒ ‖x‖ ≤ M.

Then T (·, 1) has a fixed point.

The Banach space we live is chosen to be X = W1,∞×
(
W1,∞

)N
; and [0, 1] is rescaled

to be [0,M]. The compact mapping is defined as

T (M, ϕ, v) = (ρ, u) − (0, u0) ,
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where (ρ, u) satisfy

αρp + div (ρv) − ε∆ρ = αM
|Ω|
,

αM
|Ω|

u
2 + ρv · ∇v + 1

2ε∆ρv − µ∆u − ξ∇div u + a∇ργ + δ∇ρ2 = ρ f + g,

 in Ω,

∂ρ

∂n = 0, u = 0, on ∂Ω.

Notice that the compactness follows from the fact that ∩1≤q<∞W2,q ↪→↪→ W1,∞, and

the uniform bounds in Condition 2 of Theorem 2 follows readily from the classical

elliptic estimates in W2,q, 1 ≤ q < ∞ and a bootstrap argument.

Step III: Passage to limits.

Before passing to limit ε→ 0+, then δ→ 0+, then α→ 0+, we recall

Lemma 3. ([1, Appendix D]). Let (E, d) be a complete metric space and {Cn} be a

sequence of continua (closed, connected subsets) in E × [0,∞) with

(A1) Cn is unbounded in E ×R;

(A2) ∃ x0 ∈ E, s.t. (x0, 0) ∈ Cn;

(A3) Cn ∩ (E × [0,R]) ⊂ KR, KR compact in E ×R, ∀ R > 0; or equivalently

(A3’) Cn ∩ (E ∩ [0,R]) is compact:

(xn, tn) ∈ Cn, tn bounded⇒ xn relatively compact in E.

Then the limit continuum

C =
{
(x, t) ∈ E × [0,∞); ∃ {nk} , ∃ xnk → x, ∃ tnk → t,

(
xnk , tnk

)
∈ Cnk

}
satisfies

(C1) C is unbounded in E ×R:

∀ t ≥ 0, ∃ x ∈ E, s.t. (x, t) ∈ C;

(C2) (x0, 0) ∈ C;

(C3) C ∩ (E × [0,R]) ⊂ KR′ , ∀ R′ > R ≥ 0.

We now commence our passage to limits, ε → 0+, then δ → 0+, then α → 0+, by

invoking Lemma 3 to construct

Cδ,ε
α →ε Cδ

α →δ Cα →α C
(
this C being what we pursue

)
.
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1. ε→ 0+, for α, δ ∈ (0, 1] fixed.

The underlying E = Lq1 ×
(
W1,q2

)N
, 1 ≤ q1 < 3, 1 ≤ q2 < 2.

(A1) holds since
∫

Ω

ρp = M.

(A2) holds since (0, u0) ∈ Cδ,ε
α .

(A3’) Let 0 < εn → 0, 0 ≤ Mn → M, (ρn, un) ∈ Cδ,εn
α . We show the compactness

of (ρn, un) in E as

ρn ⇀ ρ ≥ 0 in L3; un ⇀ u in H1, un → u in Lp(1 ≤ p < 6), un → u a.e.;

∇
{
div un −

a
µ+ξ
ρ5/3

n −
δ
µ+ξ
ρ2

n

}
+

µ

µ+ξ
curl curl u

= (ρu · ∇) u + · · · bounded in
(
L3 · L6

)
· L2 ⊂ H1

⇒ ∇

{
div un −

a
µ + ξ

ρ5/3
n −

δ

µ + ξ
ρ2

n

}
,∇curl un bounded inH1

⇒ div un −
a

µ + ξ
ρ5/3

n −
δ

µ + ξ
ρ2

n compact in Ls

(
1 ≤ s <

3
2

)
; curl un compact in Lr(1 ≤ r < 2)

⇒ ρn → ρ in Lq1(1 ≤ q1 < 3)

⇒ div un, curl un, and thus Dun → div u, curl u,Du in Lq2(1 ≤ q2 < 2), respectively.

Thus we have a continuum Cδ
α of solutions of

αρp + div (ρu) = αM
|Ω|
,

αρpu + div (ρu ⊗ u) − µ∆u − ξ∇div u + a∇ρ5/3 + δ∇ρ2 = ρ f + g

 in Ω

satisfying (C1), (C2), (C3) in Lemma 3 and

Cδ
α ∩ {(ρ, u,M) ; 0 ≤ M ≤ R} is bounded in L3 × H1

0 ×R, ∀ R > 0,

and the energy inequality∫
Ω

{
α

2
h |u|2 +

1
2
αρp |u|2 + µ |Du|2 + ξ |div u|2 +

aαγ
γ − 1

(
ργ+p−1 − hργ−1

)
+ 2δα

(
ρp+1 − hρ

)}
≤

∫
Ω

{ρu · f + u · g} , ∀ (ρ, u,M) ∈ Cδ
α

(
h =

αM
|Ω|

)
.

2. δ→ 0+, for α ∈ (0, 1] fixed.
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The space we live now is E = Lq ×
(
W1,q

)N
, 1 ≤ q < 2. And the crucial key

point is the compact assertion (A3’), which is proved as

∇
{
div un −

a
µ+ξ
ρ5/3

n

}
+

µ

µ+ξ
curl curl un

= (ρnun · ∇) un + · · · bounded in
(
L2 · L6

)
· L2 ⊂ H6/7

(
by Step I

)
⇒

 div un −
a
µ+ξ
ρ5/3

n compact in Ls
(
1 ≤ s < 6

5

)
curl un compact in Lr(1 ≤ r < 2)

(
−1 +

3
6/7

=
3

6/5

)
⇒ ρn → ρ in Lq(1 ≤ q < 2)

⇒ div un, curl un, and thus Dun compact in Lq(1 ≤ q < 2).

Thus we find a continuum of solutions of (3) satisfying (C1), (C2), (C3) and

Cα ∩ {(ρ, u,M) ; 0 ≤ M ≤ R}

is bounded in Lmax{2,p+2/3} × H1
0 ×R, ∀ R > 0,

and the energy inequality∫
Ω

{
α

2
h |u|2 +

α

2
ρp |u|2 + µ |Du|2 + ξ |div u|2 +

aαγ
γ − 1

(
ργ+p−1 + hργ−1

)}
≤

∫
Ω

{ρu · f + u · g} , ∀ (ρ, u,M) ∈ Cα

(
h =

αM
|Ω|

)
.

3. α→ 0+ finally.

The space we work in now is E = Lp ×
(
W1,p

)N
, 1 ≤ p < 2. The details

being exactly the same as the passage to limit δ → 0+. And we conclude the

existence of such a continuum C of solutions of (1) stated in Theorem 1.

�
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AN EXISTENCE THEOREM FOR STATIONARY COMPRESSIBLE
NAVIER-STOKES EQUATIONS UNDER MODIFIED DIRICHLET

BOUNDARY CONDITIONS

ZUJIN ZHANG

ABSTRACT. Four types of boundary conditions are considered for the stationary

compressible Navier-Stokes equations. This is [1, Page 121], and is delivered on

Dec. 11th, 2010.

1. Introduction. In this short paper, we consider the following stationary incom-

pressible Navier-Stokes equations:

div (ρu) = 0

div (ρu ⊗ u) − µ∆u − ξ∇div u + ∇ (aργ) = ρ f + g

 in Ω, (1)

under boundary condition

(BC1) u · n = 0 on ∂Ω; or

(BC2)
curl u = 0 (N = 2)

curl u × n = 0 (N = 3)

 on ∂Ω; or

(BC3) (d · n + Au) × n = 0 on ∂Ω, with

d =
∇u + (∇u)t

2
is the deformation tensor,

A is a positive-definite matrix,

(Qx + u0) · n(x) , 0 on ∂Ω, ∀ antisymmetric N × N matrix Q and u0 ∈ R
N , unless Q = 0, u0 = 0,

ξ >
N − 2

N
µ; or

Key words and phrases. existence of a solution, compressible Navier-Stokes equations, modified

Dirichlet boundary value problem.
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(BC4)
(
∂u
∂n

+ Au
)
× n = 0 on ∂Ω, with

A is a nonpositive-definite (not necessarily symmetric) matrix,

ξ ≥ −
µ

N
.

2. Existence Result. The main result now reads

Theorem 1. Let N = 2 or N = 3, γ > 0, and p = p(γ,N) is large enough. Then there

exists a continuum C
(
⊂ Lq ×W1,q, 1 ≤ q < ∞

)
of solutions of (1) under (BC1), or (BC2),

or (BC3), or (BC4), satisfying

1. (0, u0) ∈ C, with u0 solves −µ∆u0 − ξ∇div u0 = 0, in Ω,

u0 satisfies (BC1), or (BC2), or (BC3), or (BC4).

2. ∀ M ∈ [0,∞), ∃ (ρ, u) ∈ C, such that
∫

ρp = M.

Proof. 1. We approximate (1) by
div (ρu) = 0, ρ ≥ 0, in Ω,

∫
Ω
ρp = M,

div (ρu ⊗ u) − µ∆u − ξ∇div u + ∇ (aργ + αρp) = ρ f + g, in Ω,

u satisfies (BC1), or (BC2), or (BC3), or (BC4),

(2)

with α ∈ (0, 1], and p > 3 is large enough.

2. Notice that the proof of

(a) the existence of a solution continuum Cα to (2); and

(b) the passage to limit Cα →α C;

are exactly the same as in [2].

3. Thus we need only to show a prior that

(ρ, u,M) ∈ Cα

0 ≤ M ≤ R < ∞

⇒

ρ bdd in L∞, u bdd in W1,q,

div u − a
µ+ξ
ργ − α

µ+ξ
ρp bdd in W1,q,

curl u bdd in W1,q, ∀ 1 ≤ q < ∞,

uniformly in α ∈ (0, 1].
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For this purpose, we shall consider N = 3 (N = 2 being similar and simple).

Our strategy is the usual (by now) bootstrap argument involving the Hodge

decomposition.

Write (2)2 in the form

∇

{
div u −

a
µ + ξ

ργ −
α

µ + ξ
ρp

}
+

µ

µ + ξ
curl curl u = (ρu · ∇) u + · · · . (3)

We use (3) to bootstrap the regularity of u, and then that of ρ by (2)2. Take first

ρ ∈ Lpi , ∇u ∈ Lqi , with p0 = p, q0 = 2, we have

∇

{
div u −

a
µ + ξ

ργ −
α

µ + ξ
ρp

}
, Dcurl u ∈ Lri ,

1
ri

=
1
pi

+

(
1
qi
−

1
3

)
+

1
qi

;

Du, aργ + αρp ∈ Lqi+1 ,
1

qi+1
=

1
ri
−

1
3

=
1
pi

+
2
qi
−

2
3

(
by (4)

)
.

Notice that pi+1 = pi = p, since we want to get the uniform bounds (indepen-

dent of α). Thus

1
qi+1

=
1
pi

+
2
qi
−

2
3

= 2i+1 1
q0

+

(
1
p
−

2
3

) (
1 + 2 + · · · + 2i

)
= 2i +

(
1
p
−

2
3

)
(2i+1 − 1) = 2i

[
−2

(
2
3
−

1
p

)
+ 1

]
+

2
3
−

1
p

<
1
3
, if i large.

Hence Du ∈ Lqi+1>3 ⇒ u ∈ L∞. From then on, we may bootstrap as

1
qi+1

=

(
1
p

+
1
qi

)
−

1
3

=
1
q0
− i

(
1
p
−

1
3

)
=

1
2
− i

(
1
p
−

1
3

)
< 0, if i large.

Consequently, Du ∈ Lq, 1 ≤ q < ∞, and

∇ (aργ + αρp) = · · · by (2)2 ⇒ ∇ (aργ + αρp) ∈ Lq, 1 ≤ q < ∞.

�

Remark 2. One may use many variants for the approximation of the stationary problem

(1), other than (2), or those in [2].

Remark 3. As we know, for (1),
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1. when M = 0, there exists an unique solution u of (1);

2. however, for M > 0 small, we do not have uniqueness of solutions of (1), see [1,

Remark 6.16, Page 117].

Thus, the existence result for small M > 0 could not be obtained by invoking (variants of)

implicit function theorem (to yield an unique branch of solutions).

3. A technical Lemma.

Lemma 4. Let

1. 0 ≤ ρ ∈ Lp(Ω), 1 ≤ p ≤ ∞;

2. u ∈ W1,q(Ω), 1 ≤ q ≤ ∞ with u · n = 0 on ∂Ω;

3.
1
p

+
1
q
≤ 1; and

4. div (ρu) = 0 in Ω.

Then

‖ϕ(ρ)‖r ≤
∥∥∥div u − ϕ(ρ)

∥∥∥
r
, ∀ ϕ ∈ C([0,∞)). (4)

Proof. We just prove (4) formally, with the verification being direct consequence of

regularizations.

div (ρu) = 0

⇒ div
[
β(ρ)u

]
= u · ∇β(ρ) + β(ρ)div u = u∇β(ρ) +

β(ρ)
ρ

[
−u · ∇ρ

]
=

[
β′(ρ) −

β(ρ)
ρ

]
u · ∇ρ

⇒ u · ∇ϕ(ρ) = div
[
β(ρ)u

]
for ϕ′(ρ) = β′(ρ) −

β(ρ)
ρ(

tβ′(t) − β(t) = tϕ′(t)⇒
[
β̃(s) = β (es)

]
β̃′(s) − β̃(s) = esϕ′(es)

)
⇒ 0 =

∫
Ω

div
[
β(ρ)u

]
=

∫
Ω

u · ϕ(ρ) = −

∫
Ω

ϕ(ρ)div u

⇒

∫
Ω

|ϕ(ρ)|p =

∫
Ω

[
ϕ(ρ) − div u

]
|ϕ(ρ)|p−2 ϕ(ρ) ≤ ‖ϕ(ρ) − div u‖p ‖ϕ(ρ)‖p−1

p

⇒ ‖ϕ(ρ)‖p ≤ ‖ϕ(ρ) − div u‖p .

�
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1. Introduction. In this paper, we consider the following stationary compressible

Navier-Stokes equations: div (ρu) = 0, ρ ≥ 0,

div (ρu ⊗ u) − µ∆u − ξ∇div u + a∇ργ = ρ f + g,
(1)

in

1. either (whole space case) Ω = RN ;

2. (exterior case) Ω = ωc, with ω a bounded smooth connected domain in RN ; or

3. (tube case) Ω = R × ω, with ω a bounded smooth connected domain in RN−1.

We couple (1) with physical relevant boundary conditions (that is, the flow is

constant at infinity),

1. in the whole space case,

ρ→ ρ∞, u→ u∞, as |x| → ∞;

2. in the exterior case, ρ→ ρ∞, u→ u∞, as |x| → ∞,

u|∂Ω = 0;

3. in the tube case,

ρ→ ρ∞± , u→ 0, as x1 → ±∞.

Notice that

1. If we insist the behavior of ρ, u at infinity to be zero, we would rather obtain

the trivial solution, see [1, Remark 6.2].

2. If we insist u∞ , 0, then the problem is closed related to the ”inflow” open

problem, see Sect. 4. We shall investigate this issue in a forthcoming paper.

3. If we insist ρ∞+ , ρ∞− in the tube case, we may construct however a non-

existence result. In fact, assuming

ρ∞(Ω), Du ∈ L2(Ω), u ∈ L2 ∩ L∞(Ω),

g = 0, f = 0 or ∇Φ with Φ smooth, vanishing fast enough as |x1| → ∞,
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and taking the inner product of (1)2 with u in L2((−R,R) × ω), 0 < R < ∞, we

find ∫
ω

dx′

[
1
2
ρ |u|2 +

aγ
γ − 1

ργ
]x1=R

x1=−R
−

[
µu ·

∂u
∂x1

+ ξudiv u
]x1=R

x1=−R


+

∫ R

−R

∫
ω

dx′
{
µ |Du|2 + ξ |div u|2

}
= 0.

Sending R→ ∞, we deduce

ρ∞+ ≤ ρ
∞
− .

Z In view of the aforementioned considerations, we shall concentrate ourselves

investigating (1) under boundary conditions stated above with ρ∞ > 0 or
(
ρ∞+ = ρ∞− = ρ∞ > 0

)
,

u∞ = 0.

We end this introduction by outlining the rest of this paper. In Sect. 2, we consider

(1) in Ω = RN . Three existence results are established. Section 3 is devoted to

extending the existence results in Sect. 2 to the exterior or tube cases. And finally,

an ”inflow” open problem is polished in Sect. 4.

2. Stationary compressible Navier-Stokes equations in the whole space. De-

tailed in this section are various existence results for the problem
div (ρu) = 0, ρ ≥ 0, in RN ,

div (ρu ⊗ u) − µ∆u − ξ∇div u + a∇ργ = ρ f + g, in RN ,

ρ→ ρ∞ > 0, u→ 0, as |x| → ∞.

(2)

Here we assume

1. g ∈ L1 ∩ L∞(RN) for simplicity;

2. N ≥ 3 for convenience ( to ensure the decay of Green’s function for second-

order elliptic operators, see Remark 3).
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2.1. (2) with general force f .

Theorem 1. Let N ≥ 3, γ > max
{
3,

N
2

}
. Then there exists a solution (ρ, u) of (2) such

that

ρ − ρ∞ ∈

 L3 ∩ L∞(RN), if N = 3,

L2 ∩ L
N

N−2 (γ−1)(RN), if N ≥ 4;
∇u ∈ L2(RN), u ∈ L

2N
N−2 (RN).

Remark 2. If N = 3, γ > 3, we have ρ ∈ L∞(RN), and may bootstrap using the Hodge

decomposition the regularity of

div u −
a

µ + ξ
ργ, curl u

to be in

W1,q
uni f (R

N) =

ϕ ∈ W1,q
loc (RN); sup

y∈RN

∫
y+B1

|ϕ|q + |Dϕ|q < ∞

 , ∀ 1 ≤ q < ∞,

and Du ∈ BMO(RN).

Remark 3. The behavior at infinity of (ρ, u) is not clear. However, the best possible

decay at infinity is:

|ρ(x) − ρ∞| ≤
C

|x|
N−1
γ−1

, |u(x)| ≤
C
|x|N−2 , |Du(x)| ≤

C
|x|N−1 .

In fact,

1. if we take f = ∇Φ ∈ L1 ∩ L∞(RN), Φ ∈ L
N

N−1 (RN), g ≡ 0, u ≡ 0, then

a∇ργ = ρ∇Φ⇒ ργ−1 − (ρ∞)γ−1
=
γ − 1

aγ
Φ;

2. if ρ = ρ∞, f ≡ 0, g ∈ C∞0 (RN), div g = 0, then u solves

−µ∆u − ξ∇div u = g,

thus u decays at most like 1
|x|N−2 , Du decays at most like 1

|x|N−1 .

Hence, it is natural to conjecture that
(

1
|x|q
∈ L

N
q ,∞

)
ρ − ρ∞ ∈ L

N(γ−1)
N−1 ,∞(RN), u ∈ L

N
N−2 ,∞(RN), Du ∈ L

N
N−1 ,∞(RN).



58 ZUJIN ZHANG

Proof of Theorem 1. Our proof involves the invading domain and vanishing

damping techniques, and is divided into five steps.

Step I: Formal a priori estimates.

First, multiplying (2)2 by u, we obtain the usual local energy identity (by (2)1):

div
{

u
[
ρ
|u|2

2
+

aγ
γ − 1

(
ργ − (ρ∞)γ−1 ρ

)]}
−µ∆
|u|2

2
+ µ |Du|2 − ξdiv

(
udiv u

)
+ ξ |div u|2 = ρu · f + u · g, in Rn.

Integrating then over Rn (taking into account of (2)3), we deduce∫
RN

[
µ |Du|2 + ξ |div u|2

]
=

∫
RN

[
ρu · f + u · g

]
. (3)

Using Sobolev inequality and assumptions of f , g, we have

‖u‖ 2N
N−2

+ ‖Du‖2 ≤ C
(
1 + ‖ρ‖∞+q

)
,

where q is specified later on.

Second, taking the divergence of (2)2, and using (2)3, we see

aργ = a (ρ∞)γ + (µ + ξ) div u + RiR j

(
ρuiu j

)
− (−∆)−1 div (ρ f + g) , in RN; (4)

‖ργ‖∞+
q
γ
≤ C

[
1 + ‖Du‖2 + ‖ρ‖∞+q ‖u‖

2
2N

N+2
+ ‖ρ‖∞+q

]
; (5)

with

1.
q
γ
≤ 2 < ∞ (Lq ⊂ Lq1 + Lq2 , q1 ≤ q ≤ q2);

2.
1
q

+
N − 2

N
≤
γ

q
:∥∥∥ρ |u|2∥∥∥

∞+
q
γ

≤
∥∥∥ρ |u|2∥∥∥ N

N+2 ,1/
(

1
q + N−2

N

) (Lp1 + Lp2 ⊂ Lq1 + Lq2 , q1 ≤ p1 ≤ p2 ≤ q2)

≤ ‖ρ‖∞+q ‖u‖
2

2N
N−2

.

Recalling the bounds of solutions to the discretized stationary compressible Navier-

Stokes equations (see [1, Theorem 6.1]), we set

q =

 2γ, if N = 3,
N

N−2 (γ − 1), if N ≥ 4.
(6)
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Combining (3) with (5), we gather

‖ρ‖
γ
∞+q ≤ C

(
1 + ‖ρ‖

2γ
γ−1
∞+q

)
.

Since γ > 3, we have consequently the following a priori bounds on

1. ρ in L∞ + Lq, u in L
2N

N−2 , Du in L2;

2. when N = 3, by (4), ργ − (ρ∞)γ in L2 + L3:

ρ |u|2 ∈ (L∞ + Lq) · L3 = L3 + L1/
(

1
2γ+ 1

3

)
⊂ L3 + L2;

using the bootstrap argument involving Hodge decomposition (see [1, Theo-

rem 6.3 and its proof on Page 71]), ρ in L∞;

thus ρ − ρ∞ in
(
L2 + L3

)
∩ L∞ = L3 + L∞:

|ργ − (ρ∞)γ| · 1
|ρ−ρ∞ |≤

ρ∞

2
= γξγ−1 |ρ − ρ∞| · 1

|ρ−ρ∞ |≤
ρ∞

2

≥ C |ρ − ρ∞| · 1
|ρ−ρ∞ |≤

ρ∞

2
⇒ (ρ − ρ∞) · 1

|ρ−ρ∞ |≤
ρ∞

2
∈ L2 + L3,

ρ − ρ∞ ∈ L2γ + L3γ & Lemma 5 ⇒ (ρ − ρ∞) · 1
|ρ−ρ∞ |>

ρ∞

2
∈ L1,

and by invoking Lemma 4 just before Step 2;

3. when N ≥ 4, by (4), ργ − (ρ∞)γ in L2 + L
N

N−2
γ−1
γ :

ρ |u|2 ∈ (L∞ + Lq) · L
N

N−2 = L
N

N−2 + L
N

N−2
γ−1
γ ,

thus ρ − ρ∞ in
(
L1 + L2

)
∩

(
L

N
N−2 (γ−1) + L∞

)
= L2 ∩ L

N
N−2 (γ−1) by the same reasoning

as the case when N = 3, and by using Lemma 4 just below.

We now state and prove some technical lemmas we have utilized.

Lemma 4. 1. Let 1 ≤ a ≤ b ≤ ∞, 1 ≤ c ≤ ∞. Then

(
La + Lb

)
∩ Lc =


Lc ∩ La, if c ≤ a,

Lc, if a ≤ c ≤ b,

Lb ∩ Lc, if c ≥ b.

(7)

2. Let 1 ≤ a ≤ b ≤ ∞, ≤ c ≤ d ≤ ∞. Then

(
La + Lb

)
∩

(
Lc + Ld

)
=

 Lb ∩ Lc, if b ≤ c,

Lc + Ld, if a ≤ c ≤ d ≤ b.
(8)
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Proof. 1. Claim. If f ∈ La + Lb, then

∃ 0 ≤ g1 ∈ La, 0 ≤ g2 ∈ Lb, s.t. | f | = g1 + g2.

In fact, if f = f1 + f2 ∈ La + Lb, then

| f | = min {| f | , | f1|} + (| f | − | f1|)+ ,

with 0 ≤ min {| f | , | f1|} ≤ | f1| ∈ La, 0 ≤ (| f | − | f1|)+ ≤ | f2| ∈ Lb.

2. We now prove (7). If f ∈
(
La + Lb

)
∩ Lc, then

0 ≤ g1, g2 ≤ | f | ⇒ g1 ∈ La ∩ Lc, g2 ∈ Lb ∩ Lc.

(a) If c ≤ a, then g2 ∈ La ∩ Lc, | f | = g1 + g2 ∈ La ∩ Lc.

(b) If c ≥ b, then g1 ∈ Lb ∩ Lc, | f | = g1 + g2 ∈ Lb ∩ Lc.

(c) If a ≤ c ≤ b, then f ∈ Lc ⇒ | f | = | f | · 1| f |<1 + | f | · 1| f |≥1 ∈ La + Lb.

3. We next show (8). If f ∈
(
La + Lb

)
∩

(
Lc + Ld

)
, then

0 ≤ g1, g2 ≤ | f | ⇒ g1, g2 ∈ Lc + Ld ⇒ g1 ∈ La ∩
(
Lc + Ld

)
, g2 ∈ Lb ∩

(
Lc + Ld

)
.

(a) If b ≤ c, then g1 ∈ La ∩ Lc ⊂ Lb ∩ Lc, g2 ∈ Lb ∩ Lc, | f | = g1 + g2 ∈ Lb + Lc.

(b) If a ≤ c ≤ d ≤ b, then Lc + Ld ⊂ La + Lb.

�

Lemma 5. Let f ∈ Lp + Lq, 1 ≤ p < q < ∞. Then

f · 1| f |≥t ∈ L1, ∀ 0 < t < ∞. (9)

Proof. As the claim in the proof of Lemma 4 shows

∃ 0 ≤ g1 ∈ Lp, 0 ≤ g2 ∈ Lq, s.t. | f | = g1 + g2.

Hence

{| f | ≥ t} ⊂
{
g1 ≥

t
2

}
∪

{
g2 ≥

t
2

}
,

and consequently,∫
| f | · 1| f |≥t ≤

∫
(g1 + g2) ·

(
1g1≥

t
2

+ 1g2≥
t
2

)
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≤

∫
g1 · 1g1≥

t
2

+

∫
g1 · 1g2≥

t
2

+

∫
g2 · 1g1≥

t
2

+

∫
g2 · 1g2≥

t
2

≡ I1 + I2 + I3 + I4. (10)

The terms I1, I4 are treated similarly as

I1 =

∫
g1 · 1g1≥

t
2
≤

(
2
t

)p−1 ∫
gp

1 ,

I4 =

∫
g2 · 1g2≥

t
2
≤

(
2
t

)q−1 ∫
gq

2.

Meanwhile, I2, I3 are dominated by Hölder inequality as

I2 =

∫
g1 · 1g2≥

t
2
≤

(∫
gp

1

) 1
p

·

∣∣∣∣∣{g2 ≥
t
2

}∣∣∣∣∣ p−1
p

≤ ‖g1‖p

[
2
t
‖g2‖q

] q(p−1)
p

,

I3 =

∫
g2 · 1g1≥

t
2
≤

(∫
gq

2

) 1
q

·

∣∣∣∣∣{g1 ≥
t
2

}∣∣∣∣∣ q−1
q

≤ ‖g2‖q

[
2
t
‖g1‖p

] p(q−1)
q

.

Gathering the last four displayed inequalities, (10) becomes∫
| f | · 1| f |≥t ≤

(
2
t

)p−1 ∫
gp

1 +

(
2
t

)q−1 ∫
gq

2 + ‖g1‖p

[
2
t
‖g2‖q

] q(p−1)
p

+ ‖g2‖q

[
2
t
‖g1‖p

] p(q−1)
q

< ∞.

�

Remark 6. If f ∈ Lp + L∞, 1 ≤ p < ∞, then checking the proof above yields

f · 1| f |≥2‖g2‖∞
∈ L1, (11)

for example. We will use this fact later in Step II.

Sept II: Approximate problems and uniform bounds independent of R ∈ (0,∞).

We now approximate (2) by
αρ + div (ρu) = αρ∞, ρ ≥ 0, in BR,

αρu + div (ρu ⊗ u) − µ∆u − ξ∇div u + a∇ργ = ρ f + g, in BR,

u = 0, on ∂BR,

(12)

where α ∈ (0, 1], R ∈ (0,∞). The existence of a solution pair
(
ρα,R, uα,R

)
of (12) is well

known (see [1, Sect. 6.2]).
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We shall establish the uniform bounds of the solution independent of R ∈ (0,∞),

so that we may pass to limit R→ ∞ in Step III.

For convenience of notations, we omit the subscript α,R in the solution pair(
ρα,R, uα,R

)
in this step.

1. Bounds depending on R ∈ (0,∞)—Energy-type. ρ ∈ L∞loc(BR) ∩ L2γ(BR), u ∈ W2,p
loc (BR), ∀ 1 ≤ p < ∞, if N = 3,

ρ ∈ L
N

N−2 (γ−1)(BR), if N = 4.

2. Bounds independent of R ∈ (0,∞).∫
BR

ρ = ρ∞ |BR| ;

∫
BR

{
α

2
ρ∞ |u|2 +

α

2
ρ |u|2 + µ |Du|2 + ξ |div u|2 +

aγ
γ − 1

(
ργ − ργ−1ρ∞

)}
≤

∫
BR

{ρu · f + u · g} ;

∫
BR

{
ργ − ργ−1ρ∞

}
=

∫
BR

{
ργ − ργ−1ρ∞ + (ρ∞)γ − (ρ∞)γ−1 ρ

}
=

∫
BR

{
ργ−1 − (ρ∞)γ−1

}
(ρ − ρ∞) (≥ 0)

=

∫
BR

{
ργ−1 − (ρ∞)γ−1

}
(ρ − ρ∞) ·

(
1ρ≤2ρ∞ + 1ρ>2ρ∞

)
≥ ν

[∫
BR

|ρ − ρ∞|2 · 1ρ≤2ρ∞ +

∫
BR

ργ · 1ρ>2ρ∞

]

ρ > 2ρ∞ ⇒ ρ − ρ∞ > ρ

2 , ρ
γ−1 − (ρ∞)γ−1 >

(
1 − 1

2γ−1

)
ργ−1

ρ∞

2 ≤ ρ ≤ 2ρ∞ ⇒ ργ−1 − (ρ∞)γ−1 = (γ − 1)ξγ−2(ρ − ρ∞), ξ ∈
(
ρ∞

2 , 2ρ
∞
)

0 ≤ ρ < ρ∞

2 ⇒ ρ∞ ≥ ρ∞ − ρ ≥ ρ∞

2 , (ρ
∞)γ−1

− ργ−1 ≥
(
1 − 1

2γ−1

)
(ρ∞)γ−1

 ;

∫
BR

{ρu · f + u · g} =

∫
BR

{[
(ρ − ρ∞) · 1ρ≤2ρ∞ + ρ∞ · 1ρ≤2ρ∞ + ρ · 1ρ>2ρ∞

]
u · f + u · g

}
≤

∥∥∥(ρ − ρ∞) · 1ρ≤2ρ∞
∥∥∥
∞
‖u‖ 2N

N−2
‖ f ‖ 2N

N+2
+

∥∥∥ρ∞ · 1ρ≤2ρ∞
∥∥∥
∞
‖u‖ 2N

N−2
‖ f ‖ 2N

N+2
+

∥∥∥ρ · 1ρ>2ρ∞
∥∥∥
γ
‖u‖ 2N

N−2
‖ f ‖a(

1
γ

+

(
1
2
−

1
N

)
+

1
a

= 1
)

ε ‖Du‖22 + C ‖ f ‖2N + C ‖ f ‖22N
N+2

+ ε
∥∥∥ρ · 1ρ>2ρ∞

∥∥∥γ
γ

+ C ‖ f ‖
2γ
γ−2
a ;



EXISTENCE FOR STATIONARY COMPRESSIBLE NSE 63∫
BR

{
α

2
ρ∞ |u|2 +

α

2
ρ |u|2 + µ |Du|2 + ξ |div u|2

}
+

∫
BR

{
|ρ − ρ∞|2 · 1ρ≤2ρ∞ + ργ · 1ρ>2ρ∞

}
≤ C.

Thus 

u is bounded in H1
0(BR),

ρ |u|2 ,
(
ργ−1 − (ρ∞)γ−1

)
(ρ − ρ∞) are bounded in L1,

(ρ − ρ∞)2
· 1ρ≤2ρ∞ , ρ · 1ρ>2γ∞ are bounded in L1,

ρ = ρ · 1ρ≤2ρ∞ + ρ · 1ρ>2ρ∞ is bounded in L∞ + Lγ.

3. Bounds independent of R ∈ (0,∞)—higher regularity.

(a)
?

BR

ργ is bounded in L∞.

?
BR

ργ ≥

(?
BR

ρ

)γ
= (ρ∞)γ ;

?
BR

ργ =

?
BR

ργ−1 (ρ − ρ∞) + ρ∞
?

BR

ργ−1 ≤
C
RN + ρ∞

(?
BR

ργ
) γ−1

γ

≤
C
RN +

γ − 1
γ

?
BR

ργ +
1
γ

(ρ∞)γ ,

?
BR

ργ ≤ (ρ∞)γ +
Cγ
RN .

(b) ρ is bounded in L∞ + L2γ when N = 3.

∇

(
ργ −

?
BR

ργ
)

= ρ f + g − αρu − div (ρu ⊗ u) + µ∆u + ξ∇div u = ∇F + div (ρu ⊗ u) + G(
F ∈ L2, G = αρu ∈ (L∞ + Lγ) · L2 ∩ L6 =

(
L

2γ
γ+2 + L2

)
∩

(
L

6γ
γ+6 + L6

)
= L2 ∩ L

6γ
γ+6 by (8)

)
,

∥∥∥∥∥∥ργ −
?

BR

ργ
∥∥∥∥∥∥

2+6

≤ C
(
1 + ‖ρu ⊗ u‖2

)
≤ C

(
1 + ‖ρ‖∞+2γ +

∥∥∥|u|2∥∥∥2∩a

)
(
1
2

=
1

2γ
+

1
a
, γ > 3⇒ 1 ≤ a < 3

)
,

‖ρ‖
γ
∞+2γ ≤ C

(
1 + ‖ρ‖∞+2γ

) (
L2γ + L6γ + L∞ = L2γ + L∞

)
,

‖ρ‖∞+2γ ≤ C.
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(c) ρ − ρ∞ is bounded in L2 ∩ L2γ, when N = 3.∫
BR

|ρ − ρ∞|2 =

∫
BR

|ρ − ρ∞|2 · 1ρ≤2ρ∞ +

∫
BR

|ρ − ρ∞|2 · 1ρ>2ρ∞ ≤

(
1 +

∫
BR

ργ · 1ρ>2ρ∞

)
≤ C,

∫
BR

|ρ − ρ∞|2γ =

∫
BR

|ρ − ρ∞|2γ · 1ρ≤2ρ∞ +

∫
BR

|ρ − ρ∞|2γ · 1ρ>2ρ∞

≤ C
(∫

BR

|ρ − ρ∞|2 · 1ρ≤2ρ∞ +

∫
BR

ρ2γ · 1ρ>2ρ∞

)
≤ C

(
by (11)

)
.

(d) ρ is bounded in L∞ + L
N

N−2 (γ−1), ρ − ρ∞ is bounded in L2 ∩ L
N

N−2 (γ−1), when

N = 4.

(e) D
{

div u −
a

µ + ξ
ργ

}
is bounded inH r

loc, with r

 < ∞, if N = 3,

= 1
q +

(
1
2 −

1
N

)
+ 1

2 , if N ≥ 4;

div u −
a

µ + ξ
ργ is compact in Lp

loc, with p <

 ∞, if N = 3,
N

N−2
γ−1
γ
, if N ≥ 4.

Step III: Passage to limit R→ ∞.

We show in this step (
ρα,R, uα,R

)
→R (ρα, uα) ,

by invoking [1, Theorem 6.4,Page 81]. The key point is to ensure∫
RN

{
ρα − ρθα

1
θ

}
u · ∇ϕn → 0, as n→ ∞,

where ϕ is a cut-off function, ϕn = ϕ
(
·

n

)
. This is in fact true since

ρ − ρ∞ ∈ L2!

Thus sending R→ ∞ in (12), we obtain a solution pair (ρα, uα) of
αρ + div (ρu) = αρ∞, in RN ,

αρu + div (ρu ⊗ u) − µ∆u − ξ∇div u + a∇ργ = ρ f + g, in RN ,

|u| → 0, as |x| → ∞,

(13)

and the following energy inequality:∫
RN

{
α

2
ρ∞ |uα|2 +

α

2
ρα |uα|2 + µ |Duα|2 + ξ |div uα|

2
+

αγ

γ − 1

(
ργα − 1 − (ρ∞)γ−1

)
(ρα − ρ∞)

}
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≤

∫
RN
{ραuα · f + uα · g} .

Step IV: Uniform bounds independent of α ∈ (0, 1]

This is done exactly the same as Step I. We omit the subscript α in the solution

pair (ρα, uα) in this step.

‖u‖ 2N
N−2

+ ‖Du‖2 ≤ C
(
1 + ‖ρ‖∞+q

)
;

α

∫
RN

{
|u|2 + ρ |u|2

}
≤

(∫
RN

ρ |u|2
)1/2 (∫

RN
ρ | f |2

)1/2

+ ‖u‖2 ‖g‖2

⇒

(
α

∫
RN

{
|u|2 + ρ |u|2

})1/2

≤ C
(
1 + ‖ρ‖∞+q

)
;

aργ = a (ρ∞)γ + (µ + ξ) div u + RiR j

(
ρuiu j

)
− (−∆)−1 (ρ f + g) − α (−∆)−1 div (ρu)

⇒ ‖ρ‖
γ
∞+q ≤ C

(
1 + ‖ρ‖

2γ
γ−1
∞+q

)

α ‖ρ‖2+s ≤ C

(
α
∥∥∥√ρu

∥∥∥
2

)
‖ρ‖1/2∞+q with 1

s = 1
2 + 1

2q

1
s −

1
N < γ

q ⇐


1
2 −

1
N = N−2

2N < 2γ−1
γ−1

N−2
2N =

γ

q −
1

2q , if N ≥ 4
1
2 + 1

2·2γ −
1
3 <

1
2 =

γ

2γ , if N = 3


⇒

 ‖ρ‖∞+q ≤ C, ‖u‖ 2N
N−2
≤ C, ‖Du‖2 ≤ C,

α ‖u‖2 ≤ C, α ‖ρu‖2+s ≤ C,
√
α ‖u‖2 ≤ C,

√
α
∥∥∥√ρu

∥∥∥
2
≤ C;

⇒ ρ − ρ∞ bounded in L1 + Lr

r =

 3, if N = 3

2, if N ≥ 4


⇒ ρ − ρ∞ bounded in


(
L1 + L3

)
∩ L∞ = L3 ∩ L∞, if N = 3(

L1 + L2
)
∩ (Lq + L∞) = L2 ∩ Lq= N

N−1 (γ−1), if N ≥ 4

Step V: Passage to limit α→ 0+.

We now send α → 0+ in the solution pair (ρα, uα) of (13). Up to a subsequence,

we may assume

ρα ⇀ ρ in Lq
loc, with ρ ∈

 L3 ∩ L∞, if N = 3,

L2 ∩ Lq, if N ≥ 4;
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uα ⇀ u, in L
2N

N−2 , uα → u, in Lp
loc

(
1 ≤ p <

2N
N − 2

)
with u ∈ L

2N
N−2 , Du ∈ L2;

div un −
a

µ + ξ
ργ converges strongly and a.e. in Lp

Loc

(
1 ≤ p <

q
γ

)
.

Thus to invoke Theorem 6.4 in [1, Page 81] to see the strong convergence of ρα, we

need to verify, by writing r = ρ − ρθ
1
θ
∈

 L3 ∩ L∞, if N = 3,

L2 ∩ Lq, if N ≥ 4,
, that

∫
RN

r |u · ∇ϕn| → 0, as n→ ∞, (14)

where ϕ is a cut-off function, ϕn = ϕ
(
·

n

)
.

1. Verification of (14) when N ≥ 4.∫
RN

r |u · ∇ϕn| ≤

(∫
n≤|x|≤2n

|r|2
)1/2

·

(∫
n≤|x|≤2n

|u|
2N

N−2

) N−2
2N

·

(∫
n≤|x|≤2n

)1/N

≤ C
(∫

n≤|x|≤2n
|r|2

)1/2

· ‖u‖ 2N
N−2
→ 0, as n→ ∞.

2. Verification of (14) when N = 3.

Noticing∫
RN

r |u · ∇ϕn| ≤

(∫
n≤|x|≤2n

|r|3
)1/3

·

(∫
n≤|x|≤6

|u|6
) 1

6

·

(∫
n≤|x|≤2n

)1/2

, (15)

and
C
n
· n

3
2 = Cn

1
2 , we need to find another way to overcome this difficulty.

Recall from [1, Page 84],

0 ≤
1 − θ
θ

a
µ + ξ

{
ργ+θ − ργ · ρθ

}
ρθ

1
θ−1
≤ div (ur) .

Thus multiplying the above inequality by ϕn, we get from (15) that∫
Bn

{
ργ+θ − ργ · ρθ

}
ρθ

1
θ−1
≤ Cn

1
2 .

Taking θ =
1
2

and noticing that

fn ⇀ f , f a
n ⇀ f b, f b

n ⇀ f b

fn = f 1−σ
n f σn =

(
f a
n
) 1−σ

a
(

f b
n

)σ
b

⇒ f ≤ f a
1−σ

a
· f b

σ
b

(
0 <

1 − σ
a

,
σ

b
< 1

)
,
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we have

ρ = ρ ≤ ργ+1/2
1−σ
γ+1/2
· ρ1/2

σ
1/2

ργ ≤ ργ+1/2
γ(1−τ)
γ+1/2
· ρ1/2

γτ
1/2

1−σ
γ+1/2 +

γ(1−τ)
γ+1/2 = 1 = σ

1/2 +
γτ

1/2

⇒ ρργ ≤ ργ+1/2 · ρ1/2

(
σ + γτ =

1
2

)

⇒
{
ργ+1/2 − ργ · ρ1/2

}
ρ1/2 ≥ ρργ − ργ · ρ1/2

2
= ργ

(
ρ − ρ1/2

2
)

= ργr

⇒

∫
B2n

ργr ≤ Cn
1
2

⇒


∫

n≤|x|≤2n
r ≤ C

(∫
n≤|x|≤2n

ργr +
∫

n≤|x|≤2n

∣∣∣ργ − (ρ∞)γ
∣∣∣ r 1

4 r
3
4

)
≤ C

(
n

1
2 +

(∫
n≤|x|≤2n

∣∣∣ργ − (ρ∞)γ
∣∣∣2)1/2

·
(∫

n≤|x|≤2n
r
) 1

4
· ‖r‖

3
4
3

)
⇒

∫
n≤|x|≤2n

r ≤ C
(
1 + n

1
2
)
≤ Cn

1
2

⇒

∫
n≤|x|≤2n

r |u · ∇ϕn| ≤
C
n

∫
n≤|x|≤2n

r ≤
C

n1/2 → 0, as n→ ∞ (u ∈ L∞) .

2.2. (2) with small force f up to a gradient.

2.3. (2) with force f bounded by a normalization function.

3. Stationary compressible Navier-Stokes equations in an exterior domain or a

tube.

4. The ”inflow” open problem.
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1. (a) Let {xk}nk=1 ⊂ (0, π), and define

x =
1

n

n∑
k=1

xi.

Show that
n∏
k=1

sinxk
xk

≤
(

sinx

x

)n
.

Proof. Direct computations show(
ln

sinx

x

)′′
= (ln sin x− lnx)′′ =

−1

sin2 x
+

1

x2
> 0,

for all x ∈ (0, π). Thus ln
sinx

x
is a convex function in (0, π). Jensen’s

inequality then yields

1

n

n∑
k=1

ln
sinxk
xk

≤ ln
sinx

x
.

The exponential of this above inequality is the desired result.

(b) From
∞∫
0

e−x
2

dx =

√
π

2
,

calculate the integral

∞∫
0

sin
(
x2
)

dx.
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Proof. Consider the sector in R2 enclosed by the following three curves
I : 0 ≤ z ≤ R,

II : Reiθ, 0 ≤ θ ≤ π
4
,

III : rei
π
4 , 0 ≤ r ≤ R.

Cauchy’s integration theorem then yields

0 =

∫
I

+

∫
II

+

∫
III

 eiz2dz. (1)

Noticing

(i)
∫
I

eiz
2

dz =

R∫
0

eix
2

dx,

(ii) ∣∣∣∣∣∣
∫
II

eiz
2

dz

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
π
4∫

0

eiR
2e2iθ · iReiθdθ

∣∣∣∣∣∣∣
≤ R

π
4∫

0

e−R
2 sin 2θdθ

≤ R

π
4∫

0

e−R
2· 2
π
·2θdθ

=
π

4R

(
1− e−R2

)
→ 0, as R→∞,

(iii)
∫
III

eiz
2

dz = −
R∫

0

eir
2ei

π
2 · ei

π
4 dr = ei

π
4

R∫
0

e−r
2

dr,

we have, by sending R→∞ in (1), that

∞∫
0

eix
2

dx = ei
π
4

∞∫
0

e−r
2

dr.
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Taking the imaginary part of this above equality gives
∞∫
0

sin(x2)dx =

√
π

2
√

2
.

2. Let f : R→ R be any function. Prove that the set

C =

{
x0 ∈ R; f(x0) = lim

x→x0
f(x)

}
is a Gδ-set.

Proof. By definition,

C = ∩∞k=1Ck,

where

Ck =

{
x0 ∈ R; ∃ δx0 > 0, s.t. |x− x0| < δx0 ⇒ |f(x)− f(x0)| <

1

k

}
is an open set. In fact,

x0 ∈ Ck ⇒ U(x0, δx0) ⊂ Ck.

3. Consider the ODE

ẋ = −x+ f(t, x),

where  |f(t, x)| ≤ ϕ(t) |x| , (t, x) ∈ R×R,
∞∫
ϕ(t)dt <∞.

Prove that every solution approaches zero as t→∞.

Proof. For all t ∈ [0,∞), we have

∞ >

t∫
0

ϕ(s)ds ≥
t∫

0

∣∣∣∣ ẋ(s) + x(s)

x(s)

∣∣∣∣ ds =

t∫
0

∣∣∣∣(esx(s))′

esx(s)

∣∣∣∣ ds
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≥

∣∣∣∣∣∣
t∫

0

d (esx(s))

∣∣∣∣∣∣ =
∣∣etx(t)− x(0)

∣∣ .
Thus

lim
t→∞

x(t) = lim
t→∞

e−t ·
[
etx(t)

]
= 0.

4. Solve the PDE  ∆u = 0, in R+ ×R,

u = g, on {x1 = 0} ×R,

where

g(x2) =

 1, if x2 > 0,

−1, if x2 < 0.

Proof. It is standard (easy to verfiy) that

u(x) =

∫
{y1=0}×R

u(y)
∂G

∂n
(x, y)dS(y),

where

G(x, y) =
1

2π
[ln |y − x| − ln |y − x̃|]

is the Green’s function for {x1 > 0}, with x̃ the reflection of x in the plane

{x1 = 0}.

Direct computations show

∂G

∂n
(x, y) = −∂G

∂y1
(x, y) = − 1

2π

[
y1 − x1
|y − x|2

− y1 + x1
|y − x̃|

]
= − 1

2π

−2x1

|y − x1|2
(|y − x| = |y − x̃|)

=
x1

π |y − x|2
.
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Thus

u(x) =

∫
{y1=0}×R

u(y)
x1

π |y − x|2
dS(y)

= −x1
π

∞∫
−∞

g(y2)

x21 + (y2 − x2)2
dy2

= −x1
π

 1

x1

0∫
−∞

−1

1 +
∣∣∣y2−x2x1

∣∣∣2d
y2 − x2
x1

+
1

x1

∞∫
0

1

1 +
(
y2−x2
x1

)2d
y2 − x2
x1


= − 1

π

[
− arctan

y2 − x2
x1

∣∣∣∣y2=0

y2=−∞
+ arctan

y2 − x2
x1

∣∣∣∣y2=∞
y2=0

]

=
2

π
arctan

x2
x1
, x = (x1, x2) ∈ R2.

5. Let K ∈ C ([0, 1]× [0, 1]). For f ∈ C[0, 1], the space of continuous functions on

[0, 1], define

Tf(x) =

1∫
0

K(x, y)f(y)dy.

Prove that Tf ∈ C[0, 1]. Moreover,

Ω =
{
Tf ; ‖f‖sup ≤ 1

}
is precompact in C[0, 1].

Proof. (a) Tf ∈ C[0, 1].

|Tf(x1)− Tf(x2)| ≤
1∫

0

|K(x1, y)−K(x2, y)| |f(y)| dy

→ 0, as |x1 − x2| → 0, (2)

by the uniform continuity of K in x and y.

(b) Ω is precompact in C[0, 1].

This follows readily from
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(i) the unform boundedness of f ∈ Ω:

‖f‖sup ≤ 1,

(ii) the equicontinuity of f ∈ Ω, that is, (2),

(iii) and the Ascoli-Azerá theorem.

6. Prove the Poisson summation formula

∞∑
n=−∞

f(x+ 2nπ) =
1

2π

∞∑
k=−∞

f̂(k)eikx,

for

f ∈ S(R) =
{
f ∈ L1

loc(R); (1 + |x|m)
∣∣f (n)(x)

∣∣ ≤ Cm,n, ∀m,n ≥ 0
}
.

Here

f̂(ξ) =

∫
R

f(x)e−ixξdx.

Proof. Define

h(x) =
∞∑

n=−∞

f(x+ 2nπ).

Then h is periodic with periodical 2π. And hence the coefficients of its Fourier

series are

ak =
1

2π

2π∫
0

h(x)e−ikxdx =
1

2π

∞∑
n=−∞

2π∫
0

f(x+ 2nπ)e−ikxdx

=
1

2π

∞∑
n=−∞

2(n+1)π∫
2nπ

f(y)e−ik(y−2nπ)dy

=

∞∫
−∞

f(x)e−ikxdx = f̂(k).
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Consequently,
∞∑

n=−∞

f(x+ 2nπ) = h(x) =
∞∑

k=−∞

ake
ikx =

∞∑
k=−∞

f̂(k)eikx.
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