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Impulsive synchronization of networked nonlinear dynamical systems

L Introduction

Multi-agent systems

m Recently, multi-agent systems have been intensively studied in
various disciplines.

m The goal of multi-agent systems is to generate a desired
collective behavior by local interaction among the agents, such
as group consensus, group coordination, oscillator
synchronization and so on.

m In the real word the communication topologies of the
multi-agent systems are dynamically changing over time. Very
recently some consensus, synchronization and coordination
problems of multi-agent systems have received much attention.
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L Introduction

Impulsive control protocol

m Impulsive control is widely used in various applications, such
as ecosystems, financial systems, mechanical systems with
impacts, orbital transfer of satellite.

m Recently, the problem for impulsive synchronization of chaotic
systems and complex networks has sparked the interest of
many researchers.

m However, impulsive control protocol for multi-agent systems
has received relatively little attention.
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L Introduction

Impulsive control protocol

m In [1] Several criteria related to the eigenvalues and
eigenvectors of coupling matrix for synchronizing a kind of
impulsively coupled complex dynamical systems were
established.

[1] X.P. Han, J.A. Lu, X.Q. Wu, Synchronization of
impulsively coupled systems, Int. J. Bifur. Chaos 18 (2008)
1539-1549.

m In [2], the authors investigated the problem of average
consensus in delayed networks of dynamic agents with
impulsive effects.

[2] Q.J. Wu, L. Xiang, J. Zhou, Average consensus in delayed
networks of dynamic agents with impulsive effects, in: J. Zhou
(Eds.), Complex Sciences, Springer, Berlin, 2009, pp.
1124-1138.



Impulsive synchronization of networked nonlinear dynamical systems

L Introduction

Impulsive control protocol

m In [3], the authors introduced impulsive control protocols for
multi-agent linear continuous dynamic systems. The
convergence analysis of the impulsive control protocol for
networks with fixed and switching topologies is presented,
respectively.

[3] H.B. Jiang, J.J. Yu, C.G. Zhou, Consensus of multi-agent
linear dynamic systems via impulsive control protocols, Int. J.
Systems Sci., 2010, doi:10.1080,/00207720903267366.

m In [4], the authors studied synchronization problems of
complex dynamical networks (CDNs) via distributed impulsive
control.

[4] Z.H. Guan, ZW. Liu, G. Feng, Y.W. Wang,
Synchronization of complex dynamical networks with
time-varying delays via impulsive distributed control, IEEE
Trans. Circuits Syst.-I, doi:10.1109/TCSI.2009.2037848.
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L Preliminaries
LUndirected graph

Preliminaries—Undirected graph

A weighted adjacency matrix & = [a;;] € RM*N | where a;; = 0

and a;; = aj; > 0,9 # j. a;; > 0 if and only if there is an edge
between vertex 7 and vertex j. For an unweighted graph ¢, <7 is a
0-1 matrix. The out-degree of vertex i is defined as follows
degyy (i) = 7, aij. Let 7 be the diagonal matrix with the
out-degree of each vertex along the diagonal and call it the degree
matrix of &. The Laplacian matrix of the weighted graph is

defined as Ly = & — o/. For an unweighted graph ¢,

Ly = [lijlnxn, (2.1)
where
“/%L 1= ja
lzg = _17 .7 € f/Via (22)

0, otherwise.



Impulsive synchronization of networked nonlinear dynamical systems
L Preliminaries
LUndirected graph

Lemma—Undirected graph

Lemma (1)

Let L be the Laplacian of an undirected graph ¢ with N vertices,
AL < Ay < --- < Ay be the eigenvalues of L. Let

1y =(1,1,--- ,1)T € RN and e; € R, ¢;(i) = 1, ¢;(j) = 0,

j # 1. Then

(1) 0 is an eigenvalue of L and 1y is the associated eigenvector,
thatis, L1y = 0;

(2) If 4 is connected, then A\; = 0 is the algebraically simple
eigenvalue of L.

(3) If 0 is the simple eigenvalue of L, then it is an n multiplicity
eigenvalue of L ® I,, and the corresponding eigenvectors are
Iyv®e;, 1 =1,2,--- ,n.
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L Preliminaries

L Undirected graph

Lemma—Undirected graph

Lemma (2)

Let L be the Laplacian of an undirected connected graph & with N
vertices, 0 = A\; < Ay < --- < Ay be the eigenvalues of L. Then
(1) The eigenvalues of LL are 0 = (A\1)? < (A2)2 < -+ < (An)2
(2) The eigenvalues of LLL are 0 = (A1) < (M\2)? < --- < (\n)3.
(3) Let c1 = (A2)?/An, c2 = (AN)3/ A2, then LL > ¢; L and

LLL < csl.
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L Directed graph

Example-Directed graph

O—O0—00—0—0 OQ—0—00—-0—0
I | ]
W—O—O—0—0O —@—Z(D—(é)
% %
O—D—00—0O—~6 O—CQ—O0—-0—0
S L NLIN N
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L Preliminaries

L Directed graph

Preliminaries—Directed graph

The graph is said to be balanced if and only if every vertex's
in-degree and out-degree are equal, i.e. -7 aj; = > 7 aij,
i=1,2,---,N. If the graph is balanced, then 1L = 0.

Given C = [¢;;] € RV, it is said that C' > 0 (C' is nonnegative)
if all its elements ¢;; are nonnegative, and it is said that C' > 0 (C
is positive) if all its elements ¢;; are positive. Further, C > D if
C—D>0,and C > D if C — D > 0. If a nonnegative matrix

C € R™ ™ satisfies C1 = 1, then it is said to be stochastic. A
square matrix C € RV*N is said to be doubly stochastic if both C
and C7T are stochastic.
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L Preliminaries

L Directed graph

Lemma—Directed graph

Let L be the graph Laplacian of the network. We refer to
P =1 —¢cL as Perron matrix of a graph ¢4 with parameter ¢.

Lemma (3)

Let 4 be a directed graph with n nodes and maximum degree

d = max;()_;; a;j). Then, the perron matrix P with parameter
e € (0,1/d] satisfies the following properties.

(1) P is a row stochastic nonnegative matrix with a trivial
eigenvalue of 1;

(2) All eigenvalues of P are in a unit circle;

(3) If 4 is a balanced graph, then P is a doubly stochastic matrix.
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L Problem Formulation

Dynamics of MAS

Here we consider a system consisting of N agents indexed by
i=1,2,...,N. The dynamics of each agent is

i(t) = f(z'(t),t) + ul(t),2'(t) e Rt >t >0,i=1,2,...,N,

(3.1)
where z°(t) = (2i(t), 25(t),..., 2, ()T € R™ and ui(t) € R™ are
the state and the control input of agent ¢ at time ¢, respectively;
f(z'(t),t) € R™ is the nonlinear vector field function of agent i at
time ¢.
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L Problem Formulation

Impulsive control protocol

The control input of agent ¢ is designed as

+o0
u'(t) = d(t—ty)Br Y (2(t) —2'(t),k €Ny, i=1,2,...,N,
k=1 JENi(t)

(3.2)
where the discrete instants ¢ satisfy
0<ty<t1 <ty < - <tp_1<tp<---,and
limy_, 400 tp = +00, 6(t) is the Dirac delta function, i.e., §(t) =0
fort #0, and [ 6(t)dt = 1. By € R™*", k € Ny are impulsive
matrices to be designed later, .#;(t) is the set of neighbors of
agent ¢ at time t. Without loss of generality, we assume that
lim, .+ 2%(t) = 2°(t), which means that the solution z*(¢) is right
continuous at time tg.
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L Problem Formulation

Impulsive control protocol

From (3.1) and (3.2) we have

tr+e

Tty +e) —a'(ty —e) = / (f(2'(s),s) +u'(s))ds,

tr—e

where £ > 0 is sufficiently small. As ¢ — 0%, this becomes to
Az'(ty) = By > (29(t;,) — 2'(t;)), where
JEN;

i — (Y (Y () — 1 i
4:6 (tr) = 2*(t}) x (ty ), 2'(t}) hmt_ni x'(t) and
z'(t,) = hmt—n; x"(t). This implies that the agent i will suddenly
update its state variable according to the state variables of itself
and its neighbors at the instants ;. Thus the control input u‘(t) is
called an impulsive control protocol.
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L Problem Formulation

Main problem

For simplicity, in the following we choose By = bil,, k € N,.
Then under the impulsive control protocol (3.2), the dynamics of
agent ¢ satisfies the following equations

$l(t) :f(l‘i.(t)vt)at?é‘tka . ‘
Azt(ty) = ' (tf) —a'(ty) =b, X (@I(ty) —a'(t),i=1,2,..
JEA(ty)
(3.3)

Definition (1)

For system (3.1), the agents are said to be synchronized under the
impulsive control protocol (3.2) if

lim ||e"(t)|| =0,i,7=1,2,...,N, (3.4)

t—+00

where e (t) = x'(t) — 27 (t).
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L Case I: Undirected networks

Assumption

Assumption (1)

For any x(t),y(t) € Q C R™, there exists a constant 6 = (1),
such that

(x(t) —y(®))" (f(2(t), 1) = F(y(t), 1)) < O(z(t)—y(t)" (2(t) —y(?)),

where Q) is a bounded set.
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Network With Fixed Topology

In this section, we provide the analysis of the impulsive
synchronization problem for network with fixed topology, i.e.

G (t) = ¥ for time t.

Let z(t) = (z(t), 2%(t),..., 2N ()T, then system (3.3) can be
described as

@(t) = F(x(t),t),t # t,
{ Ax(ty) = (bkL®I)k( o)k eN,. (4.1)

where F(a(t),t) = (f(z'(t), 1), F(z2(£).1), - , F(a™ (£), )7

Then, we get

{ i(t) = F(x(t),t),t # tg, (4.2)
z(th) = (Iny — bpL) ® I,)z(t; ), k € Ny. '
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LCase I: Undirected networks
L Network With Fixed Topology

Main results—Theorem 1

Theorem (1)

Consider system (3.1) with Assumption 1. Assume that the graph
@ of the network is connected. If there exist discrete instants
and impulsive constants by such that the conditions (i) and (ii)
hold, then the agents are synchronized under the impulsive control
protocol (3.2).

(i) There exist two constants 8; and (2 such that

0< B <tp—tg1 < P2 <+oo, k€N,

(ii) There exist some constants 0 < oy < 1 and 0 < v < 1 such
that (1 — ay)L — 2b,LL + (bx)?LLL < 0, and

ake%(tk_t’cfl) <~v<1, keNy.
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Proof of Theorem 1

Consider the Lyapunov function candidate

N

N
V() =) Vilz@®) =) > (@) —2'(t)" (@ (t) - 2'(t))/2

i=1 i=1 jeH
=27 (t)(L ® I,)x(t) /2.

Taking the Dini derivative of V' (z(t)) for t € [tx_1,tx), k € N4, by
Assumption 1, we obtain DTV (z(t)) < 20V (x(t)). Then

V(@() < XDV (@t ), t € [thor, te) k € Ny (43)
L]
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Network With Fixed Topology

On the other hand, when k € N, by condition (ii) we have
V(z(t])) < anV(z(ty))-
By mathematical induction, one can easily show that

V(a(t) < H DI Gb0V (2(t), ¢ € [t te), k € N,
(4.4)
From conditions (i) and (ii), we get

V(z(t)) < 2Pk (2(t5),t € [tr1,tr),k € Ny, k > 2.

Thus V(z(t)) — 0 as ¢t — co. Since the graph ¢ of the network is
connected, it follows that ||z%(t) — 27 (t)|| — 0 as t — oo,
7. 9=1.2 N []
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L Network With Fixed Topology

Main results—Corollary 1

Corollary (1)

Consider system (3.1) with Assumption 1. Assume that the graph
%4 of the network is connected. Choose b, = p, k € N, and
0<p< Cl/CQ, where ¢; = ()\2)2/)\]\[, Ccy = ()\N)g/)\g. Choose
ar=qg>0,keN,, and 1 —c1p < g < 1. If we choose the
equidistant impulsive interval Aty =t —tx_1 = A, k € Ny, such

that
A lné
0<A<—
20’
then the agents are synchronized under the impulsive control
protocol (3.2).
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L Networks With Switching Topologies

Networks With Switching Topologies

In this section, we provide the analysis of the impulsive
synchronization problem for networks with switching topologies.
Here we consider m graphs indexed by 4, %, - ,%,,. We define
a switching signal o : [tg, +o0) — {1,2,--- ,m}. The switching
signal is a piecewise constant right continuous function. Suppose
that o(t,) = 7, and its graph is %Tk_ with the Laplacian LT;Z’

where 7, € {1,2,--- ,m}, k € N_.
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L Networks With Switching Topologies

Networks With Switching Topologies

Under the impulsive control protocol (3.2), the dynamics of agent i
satisfies the following equations

B(1) = F((0),0),1 # b, -
Azi(ty) =2 (t) —2'(t,) =br > (29(t,) —2%(t,)),i=1,2,..
JEA(ty,)
(4.5)
Let z(t) = (z(t), 2%(t),..., 2N ()T, then system (4.5) can be
described as

#(t) = F(z(t),0),t # ty,
{ Ax(ty) = (=bpL - @ I’;)x(t,;),k eN,. (4.6)
Then we get
():F(x(t)at)at#tka 47
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L Networks With Switching Topologies

Main results—Theorem 2

Theorem (2)

Consider system (3.1) with Assumption 1. Assume that the
networks are switching and the graphs &;, i = 1,2,--- ,m, are
connected. If there exist discrete instants ¢; and impulsive
constants by such that the conditions (i) and (ii) hold, then the
agents are synchronized under the impulsive control protocol (3.2).
(i) There exist two constants (31 and (3 such that

0< B <tp—trp_1<pBy<+00, ke Ng;

(ii) There exist some constants 0 < oy < 1 and 0 < v < 1 such
that

_ 2
L —2L- L + ()L

—apl_ - <0
+1 1 Tk+1 ka_7

T+l Tk+1 Tk+1

and og,e?t—t-1) <y < 1, k € N,
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L Case II: Directed networks

L Networks With Switching Topologies

Case |l: Directed networks

Assumption (2)

For any x(t),y(t) € Q C R"™, there exists a constant 6 = 6(£2),
such that || f(x(t),t) — f(y(t), )| < O]|lz(t) — y(t)]|, where 2 is a
bounded set.

Assumption (3)

The graphs 4;, i = 1,2,--- ,m of the networks are strongly
connected and balanced.

Let 2(t) = (z'(t), 22(t),..., 2N (t))T, then the system (3.3) can
be described as

{ B(t) = Fx(t),t),t # ty,

z(ty) = (P ® In)a(ty), k € Ny (5.1)

where Pt7 = IN — bkLT*-
k k
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L Case II: Directed networks

L Networks With Switching Topologies

Case |l: Directed networks

Define

_ 1 i 1 7

(1) = 7 22" (1) = (AT @ L)a(t),
then by Assumption 2 and Lemma 2 we have

#(if) = (17 @ L)(P, © L)a(r)
— %(ﬂpt; ® Ip)z(t;)

= Z(ty).
Therefore the dynamics of x satisfies the following equations

B(t) = 1SN @ (0,00 £ b
{ ) — s ke Ny (5:2)
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L Networks With Switching Topologies

Main results—Theorem 3

Theorem (3)

Consider system (3.1) with Assumptions 2 and 3. If there exist
discrete instants t;, and impulsive constants by, such that the
conditions (i)-(iii) hold, then the consensus is said to be achieved
under the impulsive control protocol (3.2).

(i) There exist two constants (31 and P2 such that

0< B <ty —tg—1 < Po<+oo, ke Ny,

(ii) There exists some constants by, > 0, d; > 0 such that

Pt; =1Iy— bker‘ are nonnegative matrices with positive diagonal
entries and every nonzero entry of Pt; is no smaller than 6y;

(iii) There exists a constant ji > 0 such that
(1—82/N)et—te-1) <y < 1, k € Ny.
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L Simulations

Example 1

Consider the following networked nonlinear dynamical system,
which consists of two duffing systems,

() = f(z'(t),t) +ul(t),i = 1,2, (6.1)

i, T4
F@(t),t) = (a5(t), 21(t) — (21(1))? — 6ah(t) +y cos(wt))T,
0 =0.25, v = 0.4, w = 1. The control input of agent i is designed
as

(1), k € Ny,

2. ken,. (02

8 8
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L Simulations

Example 1

By some computation we get Ay = 2, c; = (A\2)?/A\2 = 2,

c2 = (X2)3/Xa =4, 6 = 11. For simplicity, choose the impulsive
constants 0 < by =p=0.2 < c¢1/ca, a, = q=0.6, k € N, and
the equidistant impulsive interval

Aty =ty —tp_1 = A =0.02 < In(1/¢)/(20) = 0.0232. From
Corollary 1, we know that the synchronization is achieved. The
initial values are chosen as z'(0) = (3 — 1)7, 2%(0) = (-1 2)7.
Simulation results are shown in Figs. 1-2.
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L Simulations

Simulation results—Example 1

Fig.1 The time histories of e?(t)
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L Simulations

Simulation results—Example 1

Fig.2 The phase graph of z!(t), z(t) and Z(t)

-2 -1 0 1 2 3
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L Simulations

Example 2

The chaotic Chua’s circuit is used as agent of the networked
nonlinear dynamical system. The state equation of agent 7 is

(1) = n(==21(t) + 25(t) — 11 (1)),
#5(t) = (1) — 24(0) + 74(0) (63)
a5(t) = —Bry(t),
where I(z}(t)) = bz} (t) + 0.5(a — b) (|2} (t) + 1| — |2} (1) — 1)).
When n =10, 8 =18, a = —4/3 and b= —3/4, system (6.3) is

chaotic.



Impulsive synchronization of networked nonlinear dynamical systems

L Simulations

Example 2

Fig.3 Schematic representation of 4, %, %3 and ¥,
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L Simulations

Example 2

In the following, we give simulation results of the synchronization
problem for networks with switching topologies. Here we consider
4 graphs indexed by %,%,%;,%,. We define a switching signal
o [to,+o0) — {1,2,3,4},0(t) =4 — ((k — 1) mod 4),

t € [tg—1,tx). For simplicity, choose the impulsive constants

b = p=0.25, k € N, and the equidistant impulsive interval
Aty =t —tp_1 = A =0.01, ap = 0.9, k € Ny. It is easy to
check that aye??(te—te-1) = 4 = 0.9979 < 1, where 6 = 5.1623.
Thus the conditions (i) and (ii) in Theorem 2 are satisfied.
Simulation results are shown in Figs. 4-6.
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L Simulations

Simulation results—Example 2

Fig.4 The time histories of e%' (), i = 2, 3,4
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L Simulations

Simulation results—Example 2

Fig.5 The time histories of 5" (), i = 2, 3,4
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L Simulations

Simulation results—Example 2

Fig.6 The time histories of e5'(t), i = 2,3,4

e21)

5 —9 e 1t)
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L Simulations

Example 3

The chaotic Chua’s circuit is used as agent of the networked
nonlinear dynamical system. The state equation of agent 7 is

1(t) = n(=ai(t) + z5(t) — U1 (1)) + ui(t),
25(t) = 21(t) — z5(t) + 25(t) + us(?), (6.4)
5(t) = —pay(t) + us(),

where [(z%(t)) = bxi(t) + 0.5(a — b) (|24 (t) + 1| — |24 (t) — 1]),
i=1,2,---,10. Whenn =10, 8 =18, a = —4/3, b= —3/4 and
u'(t) = 0, system (6.3) is chaotic. The graphs 4;, i = 1,2,3,4, are
shown in Fig. 7.



a
£
o
1]
o
@
g
£
<
c
©
o
c
e
o
9}
7}
c
5}
g
=]

chroniza

y
L Simulations

Impulsive syn

Example 3

Fig.7 Schematic representation of 4, %, %3 and ¥,
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L Simulations

Example 3

We define a switching signal

o [to,+o0) — {1,2,3,4},0(t) = ((k— 1) mod 4) + 1,

t € [tg—1,tx). For simplicity, choose the impulsive constants

by =p=10.2, k € N4, and the equidistant impulsive interval

Aty =t —tx_1 =7 =0.00003, k£ € Ny. It is easy to check that
(1 — (6;)%/N)e*te—te1) < (1 — (8)2/N)e* = = 0.9998 < 1,
where § = 0.2, § = 31.7763. Thus the conditions (i)- (iii) in
Theorem 3 are satisfied. The initial values are randomly chosen in
the interval [—5, 5]. Simulation results are shown in Figs.8. The
simulation results show that the impulsive control protocol is
efficient to solve the consensus problem for the networks with
switching topologies.



Impulsive synchronization of networked nonlinear dynamical systems

L Simulations

Simulation results—Example 3

Fig.8 The phase graph of z%(t), i = 1,2,---,10 and Z(t)
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Conclusions

m We have investigated the problem of impulsive
synchronization of networked nonlinear dynamical systems.

m Case |: Undirected networks. A design scheme of the discrete
instants and impulsive constants is given for network with fixed
topology by the largest and the second smallest eigenvalues of
the Laplacian matrix and a design procedure is given for
networks with switching topologies.

m Case |I: Directed networks. Sufficient conditions are given to
guarantee the impulsive consensus of the networked nonlinear
dynamical system in directed networks with switching
topologies. Furthermore how to design the impulsive control
protocol is also presented.

m The future work is to consider the impulsive synchronization
problem of networked nonlinear dynamical systems with
stochastic topologies.
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