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To my parents

1 {�K

1.1 lim
x→1

sin2(1− x)
(x− 1)2(x+ 2)

=?

)�.

�ª = lim
x→1

sin2(x− 1)

(x− 1)2
· 1

x+ 2
=

1

3
.

1.2 y = arccos
1

1 + x2
, K y′ =?

)�.

y′ = − 1

1−
(

1
1+x2

)2 · −2x
(1 + x2)2

=
2x

(1 + x2)
√
x4 + 2x2

=
2 · sgn(x)

(1 + x2)
√
x2 + 2

.

1.3

∫
ln2 xdx =?

)�.

�ª = x ln2 x−
∫

2 lnxdx

= x ln2 x− 2

(
x lnx−

∫
dx

)
= x ln2 x− 2x lnx+ 2x+ C.

1.4 z = yx sin
x

y
, K dz =?
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)�.

z = ex ln y sin
x

y

zx = yx · ln y · sin x
y
+ yx · cos x

y
· 1
y

zy = yx · x
y
· sin x

y
+ yx cos

x

y
· −x
y2

dz = zxdx+ zydy

= yx−1 sin
x

y
(y ln ydx+ xdy) + yx−2 cos

x

y
(ydx− xdy) .

1.5 D = {(x, y); x2 + y2 ≤ 1}, K
∫∫

D

ex
2+y2dxdy =?

)�.

�ª =

∫ 1

0

2πrer
2

dr = π (e− 1) .

1.6 L = {(x, y); x2 + y2 = 1},���^����,K

∫
L

xdy − ydx =?

)�.

�ª = −2
∫∫

D

dxdy = −2π.

2 �äK

2.1 e lim
n→∞

xn = 0, K lim
n→∞

n
√
xn = 0.

)�. �. 'X`

lim
n→∞

1

n
= 1,

�

lim
n→∞

1
n
√
n
= 1

(
1 ≤ n
√
n ≤ 1 +

√
2

n− 1

)
.
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2.2 e f(x)3 (0,∞)þ��,��¼ê f ′(x)k.,K f(x)3 (0,∞)

þ��ëY.

)�. é. ¢Sþ, e|f(x)| ≤M , K ∀ ε > 0, ∃ δ = ε/M > 0, s.t.

|x− x′| < δ ⇒ |f(x)− f(x′)| = |f ′(ξ)| |x− x′| ≤Mδ = ε.

2.3 e f(x) 3 [a, b] þ�È, F (x) =

∫ x

a

f(t)dt 3 x0 ∈ (a, b) þ��,

K F ′(x0) = f(x0).

)�. �. 'X`

f(x) =

{
1, x = 0,

x, x ∈ [−1, 0) ∪ (0, 1].

K f(x) �È�

F (x) =

∫ x

−1
f(t)dt = −1

2
+
x2

2
, x ∈ [−1, 1],

�

F ′(0) = 0 6= f(0).

2.4 e
∞∑
n=1

(a2n−1 + a2n) Âñ, � lim
n→∞

an = 0, K
∞∑
n=1

an Âñ.

)�. é. ¢Sþdb�, ∀ ε > 0, � N = N(ε) ¿©��,

• N ´óê, P ´óê,∣∣∣∣∣
N+P∑
n=N+1

an

∣∣∣∣∣ < ε;

• N ´óê, P ´Ûê,∣∣∣∣∣
N+P∑
n=N+1

an

∣∣∣∣∣ ≤
∣∣∣∣∣
N+P−1∑
n=N+1

an

∣∣∣∣∣+ |aN+P | < ε;
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• N ´Ûê, P ´óê,∣∣∣∣∣
N+P∑
n=N+1

an

∣∣∣∣∣ ≤ |aN+1|+

∣∣∣∣∣
N+P−1∑
n=N+2

an

∣∣∣∣∣+ |aN+P | < ε;

• N ´Ûê, P ´Ûê,∣∣∣∣∣
N+P∑
n=N+1

an

∣∣∣∣∣ ≤ |aN+1|+

∣∣∣∣∣
N+P∑
n=N+2

an

∣∣∣∣∣ < ε;

3 ¦4� lim
t→x

(
sin t

sinx

) x
sin t−sin x

. Pd4�� f(x), ¦¼ê f(x) �mä:,

¿�Omä:a..

)�. � x 6= kπ, k ∈ Z �,

lim
t→x

(
sin t

sinx

) x
sin t−sin x

= Exp

(
x lim
t→x

1

sin t− sinx
ln

sin t

sinx

)
= Exp

(
x lim t→ x

1

cos t
· sinx
sin t

· cos t
sinx

)
= Exp

(
x lim
t→x

1

sin t

)
= e

x
sin x .

�

f(x) = e
x

sin x , x 6= kπ, k ∈ Z,

Ùmä:� {kπ}k∈Z, � 0 ´��mä:, {kπ}k 6=0 ´1�amä:.

4 � f ′(x) 3 [0, a] þëY, � f(0) = 0. y²:∣∣∣∣∫ a

0

f(x)dx

∣∣∣∣ ≤ Ma2

2
,

Ù¥ M = sup
0≤x≤a

|f ′(x)|.
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y². é ∀ x ∈ [0, a],

|f(x)| = |f(0) + f ′(ξx)x| ≤Mx,

� ∣∣∣∣∫ a

0

f(x)dx

∣∣∣∣ ≤ ∫ a

0

|f(x)| dx ≤
∫ a

0

Mxdx =
Ma2

2
.

5 e¼ê f(x, y) 3 R2 þé x ëY, ��3 L > 0, é ∀ x, y′, y′′ ∈ R,

|f(x, y′)− f(x, y′′)| ≤ L |y′ − y′′| .

¦y: f(x, y) 3 R2 þëY.

y². d

|f(x′, y′)− f(x, y)| ≤ |f(x′, y′)− f(x′, y)|+ |f(x′, y)− f(x, y)|

≤ L |y′ − y|+ |f(x′, y)− f(x, y)| ,

9¤�^�B�(Ø.

6 ¦e�È©

I =

∫∫
S

f(x, y, z)dS (a > 0),

Ù¥ S = {(x, y, z); x2 + y2 + z2 = a2},

f(x, y, z) =

{
x2 + y2, z ≥

√
x2 + y2,

0, z <
√
x2 + y2.

)�.

�ª =

∫∫
x2+y2≤a2

2

(x2 + y2)
a√

a2 − (x2 + y2)
dxdy

http://www.sciencenet.cn/u/zjzhang/


èÆk) · · · · · · uia.china@gmail.com· · · · · ·�� 6

= a

∫ a√
2

0

2πr · r2 · a√
a2 − r2

dr

= 2πa2
∫ a√

2

0

r3√
a2 − r2

dr

= 2πa5
∫ π

4

0

sinθ dθ

=
πa5

6

(
8− 5

√
2
)
,

Ù¥���Ú´Ï�∫
sin3 θdθ =

∫ (
1− cos2 θ

)
dθ

= − cos θ +
1

3
cos3 θ + C.

7 � 0 < r < 1, x ∈ R.

7.1 ¦y:
1− r2

1− 2r cosx+ r2
= 1 + 2

∞∑
n=1

rn cosnx.

7.2 ¦y:

∫ π

0

ln(1− 2r cosx+ r2)dx = 0.

y². 7.1 d

2 cosnx · cosx = cos(n+ 1)x+ cos(n− 1)x,

�

2r · rn cosnx · cosx = rn+1 cos(n+ 1)x+ r2 · rn−1 cos(n− 1)x,

�eP

f(x) =
∞∑
n=1

rn cosnx,

K

2r cosx · f(x) = [f(x)− r cosx] + r2 [f(x) + 1] ,
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=

f(x) =
−r2 + r cosx

1− 2r cosx+ r2
,

u´

1 + 2
∞∑
n=1

rn cosnx = 1 + 2f(x) =
1− r2

1− 2r cosx+ r2
.

7.2 ∫ π

0

ln(1− 2r cosx+ r2)dx

= x ln(1− 2r cosx+ r2)|π0 −
∫ π

0

2rx sinx

1− 2r cosx+ r2
dx

= 2π ln(1 + r)− 2r

1− r2

∫ π

0

x sinx

(
1 + 2

∞∑
n=1

rn cosnx

)
dx

= 2π ln(1 + r)− 2r

1− r2

·

{∫ π

0

x sinxdx+
∞∑
n=1

rn
∫ π

0

x [sin(1 + n)x+ sin(1− n)x] dx

}

= 2π ln(1 + r)− 2r

1− r2

[
π +

∞∑
n=1

rn · π · (−1)
n

n+ 1

∞∑
n=2

rn · π · (−1)
n−2

n− 1

]
(
m ∈ Z− {0} ⇒

∫ π

0

x sinmxdx = π · (−1)
m−1

m

)
= 2π ln(1 + r)− 2πr

1− r2

{
−1− 1

r
[ln(1 + r)− r] + ln(1 + r)

}
(
ln(1 + r) =

∞∑
n=0

(−1)n r
n+1

n+ 1

)
= 0

8 a > 0, b > 0, a1 = a, a2 = b, an+2 = 2 +
1

a2n+1

+
1

a2n
, n = 1, 2, · · ·. ¦

y: {an} Âñ.
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y². dÏ�úª�

2 ≤ an ≤ 2 +
1

22
· 2 =

5

2
,



|an+2 − an+1| ≤
∣∣∣∣ 1

a2n+1

− 1

a2n

∣∣∣∣+ ∣∣∣∣ 1a2n − 1

a2n−1

∣∣∣∣
≤ 5

16
(|an+1 − an|+ |an − an−1|) .

�eP

bn ≡ |an+1 − an| ≥ 0,

K

bn+1 ≤
5

16
(bn + bn−1) .

·�äó:

∃ 0 < r < 1, C = C(a, b, r) > 0, s.t. 0 ≤ bn ≤ Crr
n. (1)

��äó¤á, K
∞∑
n=1

bn Âñ,  {an} Âñ.

 y (1). ¢Sþ, ?� 0 < r < 1 ÷v

5

16
r + 1 ≤ r2

(
'X r =

15

17

)
,

2�

C = C(a, b, r) = max

{
b1
r
,
b2
r2

}
,

KdêÆ8B{´� (1) ¤á.
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