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To Professor Yao

May 3rd, 2010

1 �ä.

1.1 �ê�{xn}÷vé?¿��ê p, lim
n→∞

(xn+p − xn) = 0, K {xn}
Âñ.

)�. �. 'Xé xn =
n∑
i=1

1

i
Òk

lim
n→∞

(xn+p − xn) = lim
n→∞

(
1

n+ 1
+ · · ·+ 1

n+ p

)
= 0, ∀ p ≥ 1.

�{xn}uÑ.

1.2 � f(x) 3 [a, b] þ Riemann �È, K f(x) 3 [a, b] þ�½k�

¼ê.

)�. �. ?��äkk�õ�a�mä:�¼ê f þ´

Riemann �È�, � f vk�¼ê, ù´ Darboux w�·�

�, ¦`?��¼ê�õ�Uk1�amä:.

1.3 f(x)3«m [a, b]þ??��, K f ′(x)3 [a, b]þ�½ Riemann

�È.

)�. �. 'Xéu¼ê

f(x) =

 xα sin
π

xβ
, x ∈ (0, 1],

0, x = 0,

Ù¥ 1 < α < β + 1,
β

α
∈ N. N´��

• f(x) 3«m [0, 1] þ??��, ��¼ê�

f ′(x) =

 αxα−1 sin
π

xα
− βπxα−β−1 cos

π

xβ
, x 6= 0,

0, x = 0.
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• f ′(x) 3 [0, 1] Ø Riemann �È. ¯¢þ, f ′(x) ´Ã.�:∣∣∣∣f ′( 1

n
1
α

)∣∣∣∣ =
∣∣∣βπnβ+1−α

α

∣∣∣→∞, (n→∞) .

5P. d 1.2 Ú 1.3, ·�����¼êäk�¼ê�§´Ä�È

´vk7,éX�.

1.4 e��¼ê f(x, y) 3 (x0, y0) :��, K f(x, y) 3 (x0, y0) :�

¤k���êÑ�3.

)�. é. U½Â=k. AO�,

∇vf = v · ∇f = df (v) , ∀ v ∈ Rn.

1.5 È©

∫ +∞

a

f(x)dx Âñ, g(x) ´ [a,+∞) þ�üNk.¼ê, K∫ +∞

a

f(x)g(x)dx Âñ.

)�. é. ùÒ´Í¶� Abel �O{, �ÏLÈ©1�¥�½n

y². 'X∣∣∣∣∫ A2

A1

f(x)g(x)dx

∣∣∣∣
=

∣∣∣∣g(A1)

∫ ξ

A1

f(x)dx+ g(A2)

∫ A2

ξ

f(x)dx

∣∣∣∣
≤ M

(∣∣∣∣∫ ξ

A1

f(x)dx

∣∣∣∣+

∣∣∣∣∫ A2

ξ

f(x)dx

∣∣∣∣) (M = sup |g(x)|)

→ 0 (∞← A1 < A2) .

2 O�.

2.1 lim
n→∞

n∑
i=1

i

n2 + n+ i
.
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)�. d

n
1

n2 + n+ n
≤

n∑
i=1

i

n2 + n+ i
≤ n · 1

n2 + n
,

9Y%=�

�4� = 0.

2.2

∫ 1

0

lnxdx.

)�.

�È© = x lnx− x|10 = −1.

5P.

• ùp^�
lim
x→0+

x lnx = 0.

• î��)�I���4�o.

2.3 ¦?ê
∞∑
n=1

(−1)n
2n+ 1

n
x2n Âñ��Ú¼ê.

)�. P

un = (−1)n
2n+ 1

n
x2n,

K

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣ = |x|2 ,



• � |x| < 1 �, �?êýéÂñ;

• � x = ±1 �, �?ê =
∞∑
n=1

(−1)n
2n+ 1

n
uÑ. Ï�Ï�Ø

ªu 0.

• � |x| > 1 �, �?êuÑ.
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e¡Ò |x| < 1 ¦Ú¼ê. ¢Sþ,

�?ê = 2
∞∑
n=1

(
−x2

)n
+
∞∑
n=1

(−x2)
n

n

= 2 · −x
2

1 + x2
+
∞∑
n=0

∫ −x2
0

tndt

=
−2x2

1 + x2
+

∫ −x2
0

∞∑
n=0

tndt

=
−2x2

1 + x2
− ln

(
1 + x2

)
.

2.4 O��È© I =

∮
C

xdy − ydx
3x2 + 4y2

, Ù¥ C �ý� 2x2 + 3y2 = 1, ÷

_����.

)�. ^4�IC� x =
cos θ√

2
, y =

sin θ√
3
, �

I =

∫ 2π

0

(
cos θ√

2
· cos θ√

3
− sin θ√

3
· sin θ√

2

)
dθ

3 · cos2 θ

2
+ 4

sin2 θ

2

=
√

6

∫ 2π

0

dθ

9 cos2 θ + 8 sin2 θ

=
√

6

∫ 2π

0

sec2 θdθ

9 + 8 tan2 θ

=
√

6

[∫ π
2

0

+

∫ 3π
2

π
2

+

∫ 2π

3π
2

]
d tan θ

9 + 8 tan2 θ

=
√

6 · 1

6
√

2

[∫ π
2

0

+

∫ 3π
2

π
2

+

∫ 2π

3π
2

]
d

2
√

2 tan θ

3

1 +

(
2
√

2 tan θ

3

)2

=

√
3

6

[π
2

+ π +
π

2

]
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=

√
3

3
π.

2.5 ¦

∫∫
Σ

xdydz + ydzdz + zdxdy, Ù¥ Σ ´ yoz ²¡¥��

y = z2 7 y ¶¤)¤�^=¡3 0 ≤ y ≤ 1 �Ü©�	ý.

)�. • 'u Σ �£ãéJÖj.

• £Á Gauss úª, éu 1w«� Ω,∫∫
∂Ω

Pdydz+Qdzdx+Rdxdy =

∫∫∫
Ω

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dxdydz.

• u´

�¡È© = 3

∫∫
x2+z2≤y≤1

dxdydz −
∫∫

x2+z2=1

dzdx

= 3

∫ 1

0

πydy + π

=
5π

2
.

3 Qã¼ê� {fn(x)} Ø��Âñ� f(x) �©Û½Â, ¿^½Ây²

fn(x) = xn 3 [0, 1] þØ��Âñ.

y². • ¼ê� {fn(x)} Ø��Âñ� f(x) �©Û½Â.

∃ ε0 > 0, ∀ N > 0, ∃ n > N,& xn, s.t. |fn(xn)− f(xn)| ≥ ε0.

• fn(x) = xn 3 [0, 1] þØ��Âñ.

¢Sþ,

f(x) = lim
n→∞

fn(x) =

{
0, x ∈ [0, 1),

1, x = 1.

 ∣∣∣∣fn(1− 1

n

)
− f

(
1− 1

n

)∣∣∣∣ =

(
1− 1

n

)n
→ e−1 > 0.
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4 � f(x) 3 [a,+∞) þ��ëY, φ(x) 3 [a,+∞) þëY�÷v

lim
x→+∞

[f(x)− φ(x)] = 0. y²: φ(x) 3 [a,+∞) þ��ëY.

y². • d lim
x→+∞

[f(x)− φ(x)] = 0 �

∀ ε > 0, ∃ X > 0, s.t. x ≥ X ⇒ |f(x)− φ(x)| < ε/6;

•  f(x) 3 [a,+∞) þ��ëY,

∃ δ1 > 0, s.t. |x− x′| < δ1 ⇒ |f(x)− f(x′)| < ε/6;

• �k� x, x′ ≥ X, |x− x′| < δ1 �,

|φ(x)− φ(x′)|

≤ |φ(x)− f(x)|+ |f(x)− f(x′)|+ |f(x′)− φ(x′)|

< ε/2; (1)

• yq φ 3 [a,X] þëY, ��ëY,

∃ δ2 > 0, s.t.
a ≤ x, x′ ≤ X

|x− x′| < δ2

}
⇒ |φ(x)− φ(x′)| < ε/2; (2)

• l·�k(Ø. ¯¢þ, � δ = min {δ1, δ2}, Ké x, x′ ∈
[a,+∞), x1 < x2,

N e a ≤ x < x′ ≤ X,

(2)⇒ |φ(x)− φ(x′)| < ε/2 < ε;

N e a ≤ x ≤ X < x′,

(1) & (2)

⇒ |φ(x)− φ(x′)| ≤ |φ(x)− φ(X)|+ |φ(X)− φ(x′)| < ε;
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N e X < x < x′ <∞,

(1)⇒ |φ(x)− φ(x′)| < ε/2 < ε.

5 �²¡ x+ y+ z = 3�n¶u A,B,C n:, O ��I�:, P (x, y, z)

´n�/ ABC þ�:, ± OP �é��, n�I²¡�n¡���

�N, Á¦Ù��NÈ.

)�. ± OP �é��, n�I²¡�n¡���NNÈ

V = xyz

= xy (3− x− y)

≤
[
x+ y + (3− x− y)

3

]3

= 1,

Ù¥�Ò¤á��=�

x = y = z = 1.

6 � f(x)´4«m [a, b]þ�ëY��¼ê,P f−1(0) = {x ∈ [a, b]; f(x) = 0}.
b� f−1(0) 6= ∅, �é x ∈ f−1(0), ¤á f ′(x) 6= 0. y²:

6.1 f−1(0) ´k�8;

6.2 f−1(0) ¥¦ f ′(x) > 0 �:��ê�¦ f ′(x) < 0 �:��ê�

õ�� 1, =¤á ∣∣∣∣∣∣
∑

x∈f−1(0)

sgnf ′(x)

∣∣∣∣∣∣ ≤ 1.

y². 6.1 • äó é x ∈ f−1(0), ∃ δx > 0, s.t.

y ∈ {(x− δx, x+ δx) ∩ [a, b] ≡ U (x, δ)} − {x} ⇒ f(y) 6= 0. (3)
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¯¢þ, d f ′(x) 6= 0 �

∃ δx > 0, s.t. ξ ∈ U (x, δ)⇒ f ′(ξ) 6= 0,



f(y) = f(y)− f(x) = f ′(ξyx)(y − x) 6= 0.

• f−1(0) ´k.48.

k.´w,�, Ï� f−1(0) ⊂ [a, b].

45½w,, Ï�

f−1(0) 3 x→ x⇒ f(x) = f
(

lim
n→∞

xn

)
= lim

n→∞
f(xn) = 0.

• ùÒk(Ø. ¢Sþ, d Heine−Borel k�CX½n,

∃ {U (xi, δi)}mi=1 , s.t. f
−1(0) ⊂ ∪mi=1U (xi, δi) ,



f−1(0) = ∪mi=1

[
f−1(0) ∩ U (xi, δi)

]
= ∪mi=1 {xi} (d (3)) .

6.2 Ø�� 6.1 ¥�E� {xi} üO, =

x1 < x2 < · · · < xn.

• äó f ′(xi) · f ′(xi+1) < 0, i = 1, 2, · · · ,m− 1.

¯¢þ, Ø�� f ′(xi) < 0, KÏ (xi, xi+1) Ã":, 

f(x) < 0, ∀ x ∈ (xi, xi+1)

(ÄKdëY¼ê0�½ná�gñ). ²w�,

0 6= f ′(xi+1) = f ′−(xi+1) = lim
x→xi+1−

f(x)− f(xi+1)

x− xi+1

≥ 0,

 f ′(xi+1) > 0.
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• ù�, ·�l1��":m©?Ø, �� sgnf ′(xi) ´�O�

u 1 ½ −1 �,  ∣∣∣∣∣∣
∑

x∈f−1(0)

sgnf ′(x)

∣∣∣∣∣∣ ≤ 1.

7 7.1 )~�©�§ ydx+ (x2y − x) dy = 0.

7.2 ®�¼ê y(x) �g���÷v

y(x) = e2x +

∫ x

0

(x− t) y(t)dt,

¦ y(x).

y². 7.1

ydx+
(
x2y − x

)
dy = 0

⇒ xdy − ydx = x2ydy

⇒ d
y

x
= d

y2

2
(x 6= 0)

⇒ y

x
=
y2

2
+ C

⇒ y = x

(
y2

2
+ C

) (
=LÞ5, x �±� 0 


)
.

7.2 • z IDE � ODE.

y(x) = e2x +

∫ x

0

(x− t) y(t)dt, y(0) = 1

⇒ y′(x) = 2e2x +

∫ x

0

y(t)dt, y′(0) = 2

⇒ y′′(x) = 4e2x = y(x). (4)

• ¦àg ODE �Ï).

y′′(x)− y(x) = 0

⇒ y(x) = c1e
x + c2e

−x.
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• ¦ (4) �A).

N´�y
4

3
e2x ´ (4) ��A).

• ¦� IDE �).

dþãüÚ9U\�n� (4) �Ï)�

y(x) = c1e
x + c2e

−x +
4

3
e2x,

Ù÷vÐ©^� y(0) = 1, y′(0) = 2.

u´

c1 + c2 +
4

3
= 1

c1 − c2 +
8

3
= 2

⇒


c1 = −1

2

c2 =
1

6

� IDE �)�

y(t) = −1

2
ex +

1

6
e−x +

4

3
e2x.
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