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To my parents

1 �A,B�~ê,¦

lim
x→0+

(
e
A
x + e

B
x

)
.

)�. dé¡5Ø��A ≤ B,K

�ª = lim
x→0+

e
B
x

(
e
A−B
x + 1

)
=


0, if B < 0,

1, if B = 0, A < B,

2, if B = 0, A = B,

+∞, if B > 0.

2 (½λ�Û��,¼ê

f(x) =

 xλ sin
1

x
, x 6= 0,

0, x = 0.

3x = 0?ëY,��,�êëY.

)�. • �λ > 0�, lim
x→0

f(x) = 0,lf(x)3x = 0?ëY.

• �λ > 1�,

lim
x→0

f(x)− f(0)

x
= lim

x→0
xλ−1 sin

1

x
= 0,

lf(x)3x = 0?��.

• �λ > 2�,

x 6= 0⇒ f ′(x) = λxλ−1 sin
1

x
− xλ−2 cos

1

x
,



lim
x→0

f ′(x) = 0 = f ′(0),

=f ′(x)3x = 0?ëY.

http://www.sciencenet.cn/u/zjzhang/


èÆk) · · · · · · uia.china@gmail.com· · · · · ·Üy<�� 2

3 �0 < x < y < 1½ö1 < x < y,K
y

x
>
yx

xy
.

y². • é¼êf(t) = t− ln(t+ 1), t > −1,d

f ′(t) = 1− 1

t+ 1
=

t

t+ 1

{
< 0, −1 < t < 0,

> 0, t > 0.

�

−1 < t < 0 ½ö t > 0⇒ f(t) > 0,

=

−1 < t < 0 ½ö t > 0⇒ t > ln(t+ 1).

• é¼êg(t) =
ln t

1− t
, t > 0,d

g′(t) =
t(1− t) + ln t

(1− t)2
=

1
t
− 1− ln

(
1
t
− 1 + 1

)
(1− t)2

> 0,

��0 < x < y < 1½ö1 < x < y�,

lnx

1− x
= g(x) < g(y) =

ln y

1− y
,

=

x1−y < y1−x,
y

x
>
yx

xy
.

4 O�È© ∫ 2π

0

dθ

2 + cos θ
.

)�.

�ª =

∫ π

−π

dθ

2− cos θ
=

∫ 0

−π
+

∫ π

0

dθ

2− cos θ

=

∫ π

0

dθ

2 + cos θ
+

∫ π

0

dθ

2− cos θ
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=

∫ π

0

4dθ

4− cos2 θ
=

∫ π
2

−π
2

4dθ

4− sin2 θ
=

∫ π
2

0

8dθ

4− sin2 θ

=

∫ π
2

0

8dθ

3 + cos2 θ
=

∫ π
2

0

8 sec2 θdθ

3 sec2 θ + 1
=

∫ π
2

0

8d tan θ

3 tan2 θ + 4

=

∫ ∞
0

8dx

3x2 + 4
=

8

4
· 2√

3
·
∫ ∞
0

d
√
3x
2(√

3x
2

)2
+ 1

=
2
√

3

3
π.

5 �f(x)3[a, b]þëY,3(a, b)S��,� f(a) = 0, f(x) > 0,�x ∈
(a, b]. ¦y: Ø�3~êM > 0¦�0 ≤ f ′(x) ≤Mf(x),� x ∈ (a, b].

y². ^�y{.e

∃ M > 0, s.t. x ∈ (a, b]⇒ 0 ≤ f ′(x) ≤Mf(x).

K

x ∈ (a, b]⇒ d ln f(x) ≤Mdt.

u(x, b]þ¦Èk

ln f(b)− ln f(x) ≤M(b− x),

=

eln f(b)−M(b−x) ≤ f(x).

qfëY,

0 < eln f(b)−M(b−a) ≤ f(a) = 0.

gñ.

6 O�È© ∫∫∫
V

2z√
x2 + y2

dv,
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Ù¥V´²¡ã/

D =
{

(x, y, z) ; x = 0, y ≥ 0, y2 + z2 ≤ 1, 2y − z ≤ 1
}

7z¶^=�±¤)¤�ã/.

)�. ^²¡z = t ∈ [−1, 1]��D©¡¦È,k

�ª =

∫ 3
5

−1
zdz

∫∫
x2 + y2 ≤

(
z + 1

2

)2
1√

x2 + y2
dxdy

+

∫ 1

3
5

zdz

∫∫
x2+y2≤1−z2

1√
x2 + y2

dxdy

=

∫ 3
5

−1
z · 2π · z + 1

2
dz +

∫ 1

3
5

z · 2π ·
√

1− z2dz

=
32π

375
+

128π

375

=
32π

75
.

7 ¦ý¥¡
x2

96
+ y2 + z2 = 1

þå²¡3x+ 4y + 12z = 228�CÚ���:.

)�. • dý¥¡�§

x2

96
+ y2 + z2 = 1

�
x

48
dx+ 2ydy + 2zdz = 0,

Ùþ:(x, y, z)�{���( x
96
, y, z

)
,
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• 3¤�(yào)¦�:(x, y, z)þ,k

x

96
3

=
y

4
=

z

12
,



(x, y, z) =

(
9,

1

8
,
3

8

)
½ö

(
−9,−1

8
,−3

8

)
.

q ∣∣∣∣3 · 9 + 4 · 1

8
+ 12 · 3

8
− 228

∣∣∣∣
√

32 + 42 + 122
=

196

13
,∣∣∣∣3 · (−9) + 4 ·

(
1

8

)
+ 12 ·

(
−3

8

)
− 228

∣∣∣∣
√

32 + 42 + 122
=

260

13
= 20,

��C:�

(
9,

1

8
,
3

8

)
, ��:�

(
−9,−1

8
,−3

8

)
.

8 �¼êf(x)3x = 0ëY,¿�

lim
x→0

f(2x)− f(x)

x
= A,

¦y:f ′(0)�3,¿�f ′(0) = A.

y². dK¿,

∀ ε > 0, ∃ δ > 0, s.t. |x| < δ ⇒
∣∣∣∣f(2x)− f(x)

x
− A

∣∣∣∣ < ε

2
.

u´

−ε
2
· |x|

2
< f(x)− f

(x
2

)
<

ε

2
· |x|

2
,

−ε
2
· |x|

22
< f

(x
2

)
− f

( x
22

)
<

ε

2
· |x|

22
,

· · ·
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¦Úk

−ε
2
· |x| ·

n∑
k=1

1

2k
< f(x)− f

( x
xn

)
− Ax

n∑
k=1

1

2k
<
ε

2
· |x| ·

n∑
k=1

1

2k
,

-n→∞,�

−ε |x| < f(x)− f(0)− Ax < ε |x| ,

= ∣∣∣∣f(x)− f(0)

x
− A

∣∣∣∣ < ε,

f ′(0)�3,¿�f ′(0) = A.

9 �f(x)´[−1, 1]þ�ëY¼ê,K

lim
y→0+

∫ 1

−1

yf(x)

x2 + y2
dx = πf(0).

y². • é∀ η ∈ (0, 1),k�e:∣∣∣∣∫ 1

−1

yf(x)

x2 + y2
dx− πf(0)

∣∣∣∣
≤

∣∣∣∣∫ −η
−1

+

∫ 1

η

yf(x)

x2 + y2
dx

∣∣∣∣
+

∣∣∣∣∫ η

−η

yf(x)

x2 + y2
dx−

∫ η

−η

yf(0)

x2 + y2
dx

∣∣∣∣
+

∣∣∣∣∫ η

−η

yf(0)

x2 + y2
dx− πf(0)

∣∣∣∣
=: I1 + I2 + I3.

• ,�P sup
x∈[−1,1]

|f(x)| = M <∞, �|y| ≤ 1.é?¿�½�ε > 0,

F df(x)3x = 0?�ëY5,

∃ η > 0, s.t. |x| ≤ η ⇒ |f(x)− f(0)| < ε

3π
,
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I2 ≤ max
|x|≤η
|f(x)− f(0)| ·

∫ η

−η

|y|
x2 + |y|2

dx

= max
|x|≤η
|f(x)− f(0)| · 2 ·

∫ η

0

d x
|y|

1 +
(
x
|y|

)2
≤ π ·max

|x|≤η
|f(x)− f(0)|

≤ ε

3
.

F éþã�½�η > 0,

I1 ≤ 2M |y| ·
∫ 1

η

dx

η2

=
2M(1− η)

η2
|y|

<
ε

3
,

�|y| < δ1 = δ1(ε) = δ1(ε, η) =
εη2

3M(1− η)
�.

F Ó�/,

I3 ≤ |f(0)| ·
∣∣∣∣2 arctan

η

|y|
− π

∣∣∣∣ < ε

3
,

�|y| < δ2 = δ2(ε) = δ2(η)�.

l∀ ε > 0, ∃ δ = min {δ1, δ2} > 0, s.t.

|y| < δ ⇒
∣∣∣∣∫ 1

−1

yf(x)

x2 + y2
dx− πf(0)

∣∣∣∣ < ε.

=

lim
y→0+

∫ 1

−1

yf(x)

x2 + y2
dx = πf(0).
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