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1 O�.

1.1 lim
n→∞

ln n

√(
1 +

1

n

)(
1 +

2

n

)
· · ·
(

1 +
n

n

)
.

)�.

�ª = lim
n→∞

{
1

n

[
ln

(
1 +

1

n

)
+ · · ·+ ln

(
1 +

n− 1

n

)]
+

ln 2

n

}
=

∫ 1

0

ln (1 + x) dx

=

∫ 2

1

lnxdx

= x lnx− x|21
= 2 ln 2− 1.

1.2 lim
n→∞

1 · 3 · · · · · (2n− 1)

2 · 4 · · · · · (2n)
.

)�. d

2k =
(2k − 1) + (2k + 1)

2
>
√

(2k − 1) (2k + 1), k = 1, 2, · · · , n,

�

0 <
1 · 3 · · · · · (2n− 1)

2 · 4 · · · · · (2n)
<

1√
2n+ 1

,



�ª = 0.

1.3 lim
x→+∞

{(
x3 + 3x

) 1
3 −

(
x2 − 2x

) 1
2

}
.
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)�.

�ª = lim
x→+∞

(
1 +

3

x2

) 1
3

−
(

1− 2

x

) 1
2

1

x

= lim
t→0+

(1 + 3t2)
1
3 − (1− 2t)

1
2

t

= lim
t→0+

[
1

3

(
1 + 3t2

)− 2
3 · 6t− 1

2
(1− 2t)−

1
2 · (−2)

]
= 1.

1.4

∫ π

0

x sinx

1 + cos2 x
dx.

)�. dCþO�x! π − x�∫ π

0

x sinx

1 + cos2 x
dx =

∫ π

0

(π − x) sinx

1 + cos2 x
dx,



�ª =
π

2

∫ π

0

sinx

1 + cos2 x
dx

=
π

2

∫ 1

−1

1

1 + t2
dt

=
π2

4
.

1.5 lim
x→∞,y→a

(
cos

y

x

) x3

x+y3

.

)�.

�ª = Exp

[
lim

x→∞,y→a

x3

x+ y3
ln cos

y

x

]
= Exp

[
lim

x→∞,y→a

x3

x+ y3
· (−2) · y

2

x2

]
(

ln cos
y

x
∼ cos

y

x
− 1 = −2 sin2 y

x
∼ −2

y2

x2

)

http://www.sciencenet.cn/u/zjzhang/


èÆk) · · · · · · uia.china@gmail.com· · · · · ·Üy<�� 3

= Exp

[
−2 lim

x→∞,y→a

y2

1 + y3

x

]
= e−2a

2

1.6

∮
L

xdy − ydx
x2 + y2

,Ù¥L´ØL�:�{ü4�.

)�. P

P =
−y

x2 + y2
, Q =

x

x2 + y2
,

K
∂Q

∂x
− ∂P

∂y
= 0,

dGreenúª,

• e03L�SÜ,K�ª= 0;

• e03L�	Ü,K�ε > 0¿©�,¦�B (0, ε)��¹3L�S

Ü,

�ª =

∫
B(0,ε)

xdy − ydx
x2 + y2

=
1

ε2

∫ 2π

0

ε cos θ · (ε cos θ)− ε sin θ · (−ε sin θ) dθ

=

∫ 2π

0

dθ

= 2π.

2 �f(0) = 0,f ′(0) > 1.y²∃ δ > 0, s.t. x ∈ (0, δ)⇒ f(x) ≥ x.

y². ·�b�f30����+�[0, δ1]þ�gëY��,

f(x) = f(0) + f ′(0)x+
f ′′ (ξx)

2
x2

≥ x+ [f ′(0)− 1]x+ Ax2(
A = inf

x∈[0,δ1]
f ′′ (x)

)
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= x+ [f ′(0)− 1 + Ax]x

> x,

�

x <
f ′(0)− 1

A
= δ,

�.

5P. �,,XJ�b�f30����+�[0, δ1]þëY���´�±

�.'X

f(x) = f(0) + f ′(ξx)x
(
ξx ∈ (0, x),¥�½n

)
> x (�Ò5) .

3 Áy²f(x) = x−23(0, 1)þØ��ëY,�é?Ûδ > 0,3 [δ, 1)þ��

ëY.

y². • f(x) = x−23(0, 1)þØ��ëY. Ï�∣∣∣∣ 2n − 1

n

∣∣∣∣ =
1

n
→ 0 (n→∞) ,

� ∣∣∣∣f ( 2

n

)
− f

(
1

n

)∣∣∣∣ =
3

4
n2 →∞ (n→∞) .

• f(x) = x−23[δ, 1)þ��ëY,Ù¥δ ∈ (0, 1)?¿. Ï�

|f ′(x)| =
∣∣−2x−3

∣∣ ≤ 2δ−3 <∞,



|f(x)− f(x′)| ≤ 2δ−3 |x− x′|
(
¥�½n

)
→ 0 (|x− x′| → 0) .
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4 �0 < α < β,λ�¢ëê.P

fλ(x) = xα − xβ − λ.

y²�3Λ > 0,¦�é?Ûλ ∈ [0,Λ),Ñ�3δ > 0, a > 0,÷vfλ (a) ≥
δ.

y². Ù¢ý´vtÃù�K8���o...

∃ Λ =
1

2

(
1

2α
− 1

2β

)
> 0, ∀ λ ∈ [0,Λ), ∃ a =

1

2
, δ = Λ,

fλ(a) = 2Λ− λ

> Λ

= δ.

5 �p > 0.?Ø?ê
∞∑
n=1

xn

np
�ñÑ5.

)�. �	?ê
∞∑
n=1

|x|n

np
,d

lim
n→∞

|x|n+1

(n+ 1)p
· n

p

|x|n
= lim

n→∞

(
n

n+ 1

)p
|x| = |x| .



• �|x| < 1�,�?êýéÂñ;

• �|x| = 1�,d
∞∑
n=1

(−1)n

np
Âñ,9

∞∑
n=1

1

np

{
uÑ, �p ≤ 1,

Âñ, �p > 1,

�

N �x = −1,p ≤ 1�,�?ê^�Âñ;
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N �p > 1�,�?êýéÂñ;

N �x = 1,p ≤ 1�,�?êuÑ;

• �|x| > 1�,�?êuÑ.

6 �f(x)3[a, b]þk.,P

f+ (x) = max {f(x), 0} , f− (x) = max {−f(x), 0} .

y²f(x)3[a, b]þ�È�¿©7�^�´f+(x),f−(x)3[a, b]þþ�

È,¿� ∫ b

a

f(x)dx =

∫ b

a

f+(x)dx+

∫ b

a

f−(x)dx.

y². 5¿�

f(x) = f+(x) + f−(x),

·�=Ly²�d5. 5¿�

• fëY⇒ f+ =
|f |+ f

2
, f− =

|f | − f
2
ëY;

• f+, f−ëY⇒ f = f+ + f−ëY;



f �ØëY:8´"ÿ8⇔ f+, f− �ØëY:8´"ÿ8,

u´ (¢CnØ)

f�È⇔ f+, f−�È.

5P. �f´[a, b]þk.¼ê,Kf´Riemann�È�¿©7�^�

´:f�ØëY:8´"ÿ8.

7 f(x, y)éü�C�þëY,�'uÙ¥��C�üN,K§Ò´ü�C

�·ÜëY�.
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y². Ø��f'uyüO.é?¿�½�(x0, y0),

• df'uyëY, ∀ ε > 0, ∃ δ1 > 0, s.t.

|y − y0| ≤ δ1 ⇒ |f(x, y0)− f(x0, y0)| < ε/2; (1)

• df'uxëY, ∃ 0 < δ < δ1, s.t.

|x− x0| ≤ δ ⇒

{
|f(x, y0 + δ)− f(x0, y0 + δ)| < ε/2,

|f(x, y0 − δ)− f(x0, y0 − δ)| < ε/2,
(2)

yé?¿�(x, y)÷v|x− x0| ≤ δ, |y − y0| ≤ δ, k

•

f(x, y) ≤ f(x, y0 + δ)
(
d f 'u yüO

)
≤ f(x0, y0 + δ) + ε/2 (d (2)1)

≤ f(x0, y0) + ε (d (1)) ,

•

f(x, y) ≥ f(x, y0 − δ)
(
d f 'u yüO

)
≥ f(x0, y0 − δ) + ε/2 (d (2)2)

≥ f(x0, y0)− ε (d (1)) .

ùÒy�
(Ø.

8 �ëY¼êf(x)÷vf(1) = 1,P

F (t) =

∫
x2+y2+z2≤t2

f
(
x2 + y2 + z2

)
dxdydz.

y²:F ′(1) = 4π.
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y². • kz{F ,

F (t) = 4π

∫ t

0

r2f(r2)dr,

• 2O�,

F ′(t) = 4πt2f(t2),

F ′(1) = 4πf(1) = 4π.

9 ¡f(x)´à¼ê,XJé?¿�λ ∈ (0, 1),þk

f (λx+ (1− λ) y) ≤ λf(x) + (1− λ) f(y).

9.1 Á�Ñà¼ê�AÛ)º;

9.2 ef(x)´«mIþ�à¼ê,Á?Øf(x)3Iþ�ëY5;

9.3 ef(x)ek.,=�3~êM ,¦�é?Ûx,Ñkf(x) ≥M ,¯f(x)´

Äk���?y²\�(Ø.

y². 9.1 é(fã�þü:���ão3fã��þ�.

9.2 é∀ x1, x2, x3 ∈ I ÷v x1 < x2 < x3, P

λ =
x3 − x2
x3 − x1

,

x2 = λx1 + (1− λ)x3,

f(x2) = f (λx1 + (1− λ)x3)

≤ λf(x1) + (1− λ) f(x3)

=
x3 − x2
x3 − x1

f(x1) +
x2 − x1
x3 − x1

f(x3),

=

f(x2)− f(x1)

x2 − x
≤ f(x3)− f(x1)

x3 − x1
,

f(x2)− f(x1)

x2 − x
≤ f(x3)− f(x2)

x3 − x2
.
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u´é?¿�½�x ∈ Io(I�SÜ),

h > k ⇒ f(x+ h)− f(x)

h
>
f(x+ k)− f(x)

k
>
f(x)− f(x− δ

δ
,

Ù¥δ > 0¿©�. é∀ hl → 0+,{
f(x+ hl)− f(x)

hl

}∞
l=1

ü~ke.,4��3.{ü�Øã�±`²4��¤À��A

Ïf�Ã', f ′+(x)�3. aq�,f ′−(x)��3. u´f�më

Y,ëY.

�Ik�½mà:�, f3�à:�ëY,½3mà:mëY.

9.3 eI´4�,Kf�½�3���. ¢Sþ, -m = inf f(x), K

∃ xn ∈ I, s.t. m ≤ f(xn) < m+ 1/n.

dWeierstrassà:½n,

∃ {nk} ⊂ {n} , s.t. xnk
→ x ∈ I,



m ≤ f(x) = lim
k→∞

f(xnk
) ≤ lim

k→∞
(m+ 1/nk) = m,

=

f(x) = m.

�´eIØ´4�, @Ò�7
. �{ü�~f´f(x) = x, x ∈
(0, 1).

http://www.sciencenet.cn/u/zjzhang/

