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To my parents

1 1.1 lim
n→∞

n
√
2004n + 2005n

)�. d

2005 ≤ n
√
2004n + 2005n ≤ 2005

n
√
2

� lim
n→∞

n
√
2004n + 2005n = 2005.

1.2 lim
x→0

(cosx)
1

sin2 x

)�.

lim
x→0

(cosx)
1

sin2 x = Exp

[
lim
x→0

ln cosx

sin2 x

]
= Exp

[
lim
x→0

− sinx

2 sinx cos2 x

]
= e−1/2.

1.3 lim
n→∞

1p + 2p + · · ·+ np

np+1

)�.

lim
n→∞

1p + 2p + · · ·+ np

np+1
= lim

n→∞

1

n

n∑
k=1

(
k

n

)p
=

∫ 1

0

xpdx =
1

p+ 1
.

1.4 ¦?ê
∞∑
n=0

(−1)n

2n+ 1
x2n+1�Ú¼êÚÂñ«�.

)�. �

an =

(−1)k 1
2k+1

, n = 2k + 1

0, n = 2k
n = 1, 2, · · ·
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K

lim sup
n→∞

n
√
|an| = 1

lÂñ�»�1,q?ê

∞∑
n=0

(−1)n

2n+ 1

dLeibniz�O{�Âñ,u´Âñ��[−1, 1].

2ö,�f(x) =
∞∑
n=0

(−1)n x
2n+1

2n+ 1
,Ù3[−1, 1]þ��Âñ,k

f(x) =
∞∑
n=0

∫ x

0

(−1)nζ2ndζ

=

∫ x

0

∞∑
n=0

(−1)nζ2ndζ

=

∫ x

0

1

1 + ζ2
dζ

= arctanx.

2 �f(x)3(a, b)þëY,¿�lim
x→a

f(x), lim
x→b

f(x)�3.y²:f(x)3(a, b)þ

��ëY.

y². �

F (x) =


limx→a f(x), x = a

f(x), x ∈ (a, b)

limx→b f(x), x = b

KF (x)3[a, b]þëY,��ëY,�k3(a, b)þ��ëY,=f(x)3(a, b)þ

��ëY.
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3 ef(x)3x0�+�(x0 − δ, x0 + δ)þk½Â,¿�3x0?���êÚm

�ê�3.y²:f(x)3x0?ëY.

y². d

lim
x→x+0

[f(x)− f(0)] = lim
x→x+0

f(x)− f(x0)
x− x0

(x− x0)

= 0

= lim
x→x−0

f(x)− f(x0)
x− x0

(x− x0) = lim
x→x−0

[f(x)− f(0)].

�

lim
x→x+0

f(x) = f(x0) = lim
x→x−0

f(x)

=f(x)3x0?ëY.

4 O��È©

I =

∮
L

x− y
x2 + y2

dx+
x+ y

x2 + y2
dy

Ù¥L�÷ý�
x2

a2
+
y2

b2
= 1�_����.

)�. �ε > 0¿©�,¦�x2+y2 ≤ ε2�¹u
x2

a2
+
y2

b2
= 1. dGreenú

ª,�

I =

∮
L

x− y
x2 + y2

dx+
x+ y

x2 + y2
dy =

∮
x2+y2=ε2

x− y
x2 + y2

dx+
x+ y

x2 + y2
dy = 2π.

5 �f(x)3(0, 1]þëY,¿�

lim
x→0+

f(x) = A, lim
x→0+

f(x) = B

y²:∀ξ ∈ [A,B],∃xn ∈ (0, 1), s.t. lim
n→∞

f(xn) = ξ.
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y². dK¿,

sup
δ>0

inf
0<x<δ

f(x) = A ≤ ξ ≤ B = inf
δ>0

sup
0<x<δ

f(x)

=

δ > 0⇒ inf
0<x<δ

f(x) ≤ ξ ≤ sup
0<x<δ

f(x)

AO�δ = 1/n(n = 1, 2, · · · ),k

0 < yn, zn <
1

n
s.t. f(yn) < ξ +

1

n
, f(zn) > ξ − 1

n

·��Eê�{xn}Xe:

1) f(yn) > ξ − 1
n
½öf(zn) < ξ + 1

n

�xn = yn½zn;

2) f(yn) ≤ ξ − 1
n
�f(zn) ≥ ξ + 1

n

d�,

f(yn) ≤ ξ − 1

n
< ξ +

1

n
≤ f(zn)

dëY¼ê�0�5,

∃xn ∈ (yn, zn)½ö(zn, yn), s.t. f(xn) = ξ

u´{xn}k5�:

1) xn ∈ (0, 1)� lim
n→∞

xn = 0

2) lim
n→∞

f(xn) = ξ.

6 �f(x)´Rnþ�¼ê,÷v lim
|x|→∞

f(x) = +∞,Ù¥ x = (x1, · · · , xn),

|x| =

(
n∑
k=1

x2k

)1/2

. y²:�3x0 ∈ Rn ¦�f(x0) = inf
x∈Rn

f(x).
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y². dK¿,

∃A1 > 0, |x| > A1 ⇒ |f(x)| > 1

f3k.48{x||x| ≤ |A1|}þëY,k���m1.

1) m1 ≤ 1

m1Ò´f����

2) m1 > 1

�3n > m1,éTn,qdK¿,

∃An > A1 > 0 s.t. |x| > An ⇒ f(x) > n

Ó�,f3{x||x| ≤ |An|}þk���mn(≤ m1).·�kmn´f��

��.

nþ,∃x0 ∈ Rn, s.t. f(x0) = m = inf
x∈Rn

f(x).

7 �f1(x) ∈ R[a, b],-

fn+1(x) =

∫ x

a

fn(t)dt, n = 1, 2, · · ·

y²:{fn(x)}3[a, b]þ��Âñu".

y². df1(x) ∈ R[a, b]�f1k.,

∃M > 0, s.t. x ∈ [a, b]⇒ |f1(x)| ≤M

d

|fn+1(x)| ≤
∫ x

a

|fn(t)|dt ≤
∫ x

a

M(t− a)n−1

(n− 1)!
dt =

M(x− a)n

n!

9êÆ8B{�

|fn+1(x)| ≤
M(x− a)n

n!
≤ M(b− a)n

n!
→ 0(n→∞)

lfn ⇒ 0u[a, b].
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8 �f(x, t)´�.«�

{(x, t) | −∞ < x <∞, |t− t0| < δ}

þ���ëY¼ê,¿�'ux÷vLipschitz^�,=�3~êL¦�é

?¿�t ∈ (t0 − δ, t0 + δ), x, y ∈ (−∞,∞)k

|f(x, t)− f(y, t)| ≤ L|x− y|

y²:Ð�¯K dx
dt

= f(x, t)

x(t0) = x0

3«m[t0 − β, t0 + β]þk��ëY�), Ù¥0 < β < min

{
δ,

1

L

}

y². �[t0 − β, t0 + β]þ�¼ê�x0(t) = x0

xn(t) = x0 +
∫ t
t0
f(xn−1(ζ), ζ)dζ(n = 1, 2, · · · )

K f(x0, t)��t�¼ê3[t0 − β, t0 + β]þëY,k���M .

|x1(t)− x0(t)| ≤
∫ t

t0

|f(x0, ζ)|dζ

≤ Mt,

|x2(t)− x1(t)| ≤
∫ t

t0

|f(x1, ζ)− f(x0, ζ)|dζ ≤ L

∫ t

t0

|x1 − x0|dζ

≤ ML(t− t0)2

2!
,

|x3(t)− x2(t)| ≤
∫ t

t0

|f(x2, ζ)− f(x1, ζ)|dζ ≤ L

∫ t

t0

|x2 − x1|dζ
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≤ ML2(t− t0)3

3!
,

· · ·

|xn+1 − xn(t)| ≤
∫ t

t0

|f(xn, ζ)− f(xn−1, ζ)|dζ ≤ L

∫ t

t0

|xn − xn−1|dζ

≤ MLn(t− t0)n+1

(n+ 1)
.

l

|xn+1 − xn(t)| ≤
MLn(t− t0)n+1

(n+ 1)!
≤ MLnβn+1

(n+ 1)!

≤ Mβ
(βL)n

(n+ 1)!

¼ê�?ê
∞∑
n=1

(xn+1 − xn(t))ýé���Âñ

=k¼ê�{xn(t)}��Âñ,�xn(t) ⇒ x(t)u[t0−β, t0+β],Kkx(t)ë
Y�dLipschitz^�,f(xn(t), t) ⇒ f(x(t), t) 3

xn(t) = x0 +

∫ t

t0

f(xn−1(ζ), ζ)dζ

¥-n→∞,kx(t) = x0 +
∫ t
t0
f(x(ζ), ζ)dζ.u´x(t)´Ð�¯K�).

http://www.sciencenet.cn/u/zjzhang/

