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To my parents

1 y²:

1.1 ex sinx− x(1 + x) = O(x3), x→ 0.

y².

lim
x→0

ex sinx− x(1 + x)

x3

= lim
x→0

(1 + x+ x2/2 + o(x2)) (x− x3/6 + o(x4))− x− x2
3

= lim
x→0

x3/3 + o(x3)

x3

=
1

3
.

1.2 cosx+ sinx > 1 + x− x2, x ∈ (0,+∞).

y². �

f(x) = cos x+ sinx− 1− x+ x2,

K

f ′(x) = − sinx+ cosx− 1 + 2x, f ′′(x) = − cosx− sinx+ 2 > 0.

l

x > 0⇒ f ′(x) > f ′(0) = −0 + 1− 1 + 0 = 0,

x > 0⇒ f(x) > f(0) = 1 + 0− 1− 0 + 0 = 0.

1.3 �f´[−1, 1]þ��È¼ê,Kk∫∫∫
x2+y2+z2≤1

f(z)dxdydz = π

∫ 1

−1
f(u)(1− u2)du.
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y².∫∫∫
x2+y2+z2≤1

f(z)dxdydz =

∫ 1

−1

(∫∫
x2+y2≤1−z2

f(z)dxdy

)
dz

=

∫ 1

−1
f(z)

(∫∫
x2+y2≤1−z2

dxdy

)
dz

= π

∫ 1

−1
f(z)(1− z2)dz

= π

∫ 1

−1
f(u)(1− u2)du.

2 2.1 Qãê8�þ(.9e(.�½Â.

)�. �S´���ê8,êξ¡�S�þ(e)(.,XJ

• s ∈ S ⇒ s ≤ (≥)ξ,

• ∀ε > 0,∃sε ∈ S, s.t. sve > (<)ξ − ε.

2.2 �S´��kþ.�ê8,^SaL«S���²£,= Sa = {s+a |
s ∈ S}, Ù¥a´��¢ê.Áy²:

supSa = supS + a.

y². duSkþ.,d(.�n,supS´k½Â�.  ysupS +

a´Sa�þ(.:

• s′ = s+ a ∈ Sa ⇒ s′ ≤ supS + a,

• ∀ε > 0,∃sε ∈ S, s.t. sε > supS−ε,lé s′ = s+a ∈ Sa,k

s′ > (supS + a)− ε.

2.3 (½ê8

S =

{
(−1)n3n

2 − 1

2n2
| n = 1, 2, 3, · · ·

}
�þ(.Úe(..
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)�. ê8S�þ(.´
3

2
,ù´Ï�

•
(−1)n3n

2 − 1

2n2
≤ 3n2 − 1

2n2
≤ 3

2
,

• é∀ε > 0,du

lim
k→∞

(−1)2k 3(2k)
2 − 1

2(2k)2
=

3

2
,

l

∃N > 0, s.t. n ≥ N ⇒ (−1)2k 3(2k)
2 − 1

2(2k)2
>

3

2
− ε.

éue(.´−3

2
�y²aq.

3 Dirichlet¼ê

D(x) =

{
1, x �knê,

0, x �Ãnê.

Á©O^

3.1 4�½Â,

3.2 CauchyÂñOK,

y²�x→ 1�,D(x)�4�Ø�3.

y². • ^4�½Ây:

∃ ε0 > 0,∀ δ > 0,∃ u ∈ Qc ∩ U(1, δ),
s.t. |D(u)−D(1)| = |0− 1| = 1 ≥ ε0.

• CauchyÂñOKy:

∃ ε0 > 0,∀ δ > 0,∃ r ∈ Q ∩ U(1, δ), u ∈ Qc ∩ U(1, δ),
s.t. |D(r)−D(u)| = |1− 0| = 1 ≥ ε0.
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5P. �,\��±|^Heine8(�ny².

4 4.1 �¼ê�{fn(x)}�{gn(x)}3«mIþ©O��Âñuf(x)�g(x),
�b½f(x), g(x)Ñ3Iþk..Áy²:

fn(x) · gn(x)⇒ f(x) · g(x)(3Iþ)

y². dK¿,

• ∃M > 0, s.t. x ∈M ⇒ |f(x)| ≤M, |g(x)| ≤M

• ∀ε > 0,

∃δ1 > 0, s.t. x′, x′′ ∈ I, |x′ − x′′| < δ1 ⇒ |f(x′)− f(x′′)| < ε
2M
,

∃δ2 > 0, s.t. x′, x′′ ∈ I, |x′ − x′′| < δ2 ⇒ |g(x′)− g(x′′)| < ε
2M
.

�δ = min{δ1, δ2} > 0,K�x′, x′′ ∈ I, |x′ − x′′| < δ�,

|f(x′)g(x′)− f(x′′)g(x′′)|

= |f(x′)g(x′)− f(x′)g(x′′) + f(x′)g(x′′)− f(x′′)g(x′′)|

≤ |f(x′)| · |g(x′)− g(x′′)|+ |g(x′′)| · |f(x′)− f(x′′)|

< M
ε

2M
+M

ε

2M
= ε.

4.2 XJ��Ñ^�{fn(x)}�{gn(x)} ©O��Âñuf(x)�g(x),U
Ä�yk{fn(x) · gn(x)}��Âñuf(x) · g(x)?�`²nd.

y². ØU�y.~fXe: �fn(x) = gn(x) = x + 1
n
, f(x) =

g(x) = x, x ∈ R, Kk

• {fn(x)} , sedgn(x)��Âñ.

∀ε > 0,∃N =

[
1

ε

]
+ 1 > 0, s.t. |fn(x)− f(x)| =

1

n
< ε
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• {fn(x) · gn(x)}Ø��Âñ.

∃ε0 = 1
2
,∀N > 0,∃n0 = N2 > N, x0 = N2,

s.t. |fn0(x0)gn0(x0)− f(x)g(x)| > N
2
≥ 1

2
= ε0.

5 f(x)3[a, b]þ�È,¿�3x = b?ëY.y²:

lim
n→∞

n+ 1

(b− a)n+1

∫ b

a

(x− a)nf(x)dx = f(b).

y². duf�È,lk.,

∃M > 0, s.t. x ∈ [a, b]⇒ |f(x)| ≤M.

qf3x = b?ëY,

∀ε > 0,∃δ ∈ (0, b− a), s.t. x ∈ [b− δ, b]⇒ |f(x)− f(b)| < ε

2
.

5¿�
n+ 1

(b− a)n+1

∫ b

a

(x− a)ndx = 1,

·�k ∣∣∣∣ n+ 1

(b− a)n+1

∫ b

a

(x− a)nf(x)dx− f(b)
∣∣∣∣

=

∣∣∣∣ n+ 1

(b− a)n+1

∫ b

a

(x− a)n[f(x)− f(b)]dx
∣∣∣∣

≤ n+ 1

(b− a)n+1

∫ b−δ

a

(x− a)n|f(x)− f(b)|dx

+
n+ 1

(b− a)n+1

∫ b

b−δ
(x− a)n|f(x)− f(b)|dx

≤ 2M
n+ 1

(b− a)n+1

∫ b−δ

a

(x− a)ndx

+
ε

2

(
1− (b− a− δ)n+1

(b− a)n

)
≤ 2M

(
1− δ

b− a

)n+1

+
ε

2
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duéT�½�δ,k

lim
n→∞

(
1− δ

b− a

)n+1

= 0,

l

∃N > 0, s.t. n ≥ N ⇒
(
1− δ

b− a

)n+1

<
ε

4M

=k ∣∣∣∣ n+ 1

(b− a)n+1

∫ b

a

(x− a)nf(x)dx− f(b)
∣∣∣∣ < 2M

ε

4M
+
ε

2
= ε.

6 �

a1 > 0, an+1 = 1 +
3an

4 + an
, n = 1, 2, 3, · · ·

y²:ê�{an}k4�,¿¦Ù�.

y². �¼ê

f(x) = 1 +
3x

4 + x
= 4− 12

x+ 4
,

K

f ′(x) =
12

(x+ 4)2
∈
(
0,

3

4

)
(∀x ∈ (0,+∞))

u´

|an+1−an| = |f(an)−f(an−1)| <
3

4
|an−an−1| < · · · <

(
3

4

)n−1
|a2−a1|

l

|an+p − an+1| ≤
n+p−1∑
k=n+1

|ak+1 − ak|

< |a2 − a1|
n+p−1∑
k=n+1

(
3

4

)k−1
< |a2 − a1|4

(
3

4

)n
→ 0 (n→∞)

Bk{an}´Cauchy�, �Âñua.3S�L�ª¥-n→∞,ka = 2.
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7 �

f(x) =
∞∑
n=1

1

n2 ln(1 + n)
xn,

y²:

7.1 f(x)3[−1, 1]þëY,

7.2 f(x)3x = −1?��,

7.3 lim
x→1−

f ′(x) = +∞,

7.4 f(x)3x = 1?Ø��.

y². • �
an =

1

n2 ln(1 + n)

KÂñ�»

R =
1

lim
n→∞

|an+1|/|an|
= 1.

é
∞∑
n=1

1

n2 ln(1 + n)

k
1

n2 ln(1 + n)
≤ 1

n2
(n ≥ 2)

lÂñ; é
∞∑
n=1

(−1)n

n2 ln(1 + n)

dLeibniz�O{�Âñ. u´kf(x)3[−1, 1]þëY.

• ex ∈ (−1, 1),k

f ′(x) =
∞∑
n=1

xn−1

n ln(1 + n)
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∞∑
n=1

(−1)n

n ln(1 + n)

Âñ,l

f ′+(−1) = lim
x→1−

f ′(x) =
∞∑
n=1

(−1)n

n ln(1 + n)

• ky²��Ún:

Ún. ��?ê
∑∞

n=1 anx
n �Âñ�»�R,�an ≥ 0,Kk

lim
x→R−

∞∑
n=1

anx
n =

∞∑
n=1

anR
n.

éuR = 0,Ø^y². éuR > 0,duê�

{
n∑
k=1

akR
k

}
´4O

�.e

F Ùkþ.,K
∞∑
n=1

anR
n Âñ,l

∞∑
n=1

anx
n 3x = R?�ë

Y,k�.

F ÙÃþ.,K
∞∑
n=1

anR
n = +∞, u´

∀ M > 0,∃ N > 0, s.t.
N∑
n=1

anR
n > M + 1

�d

lim
x→R−

N∑
n=1

an(R
n − xn) = 0

�

∃δ > 0, s.t. x ∈ [R− δ, R)⇒
N∑
n=1

an(R
n − xn) < 1
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l

∞∑
n=1

anx
n ≥

N∑
n=1

anx
n

= −
N∑
n=1

an(R
n − xn) +

N∑
n=1

anR
n

> M + 1−
N∑
n=1

an(R
n − xn)

> M

=

lim
x→R−

∞∑
n=1

anx
n = +∞ =

∞∑
n=1

anR
n

y£LÞ5y²K8.

lim
x→1−

f ′(x) = lim
x→1−

∞∑
n=1

xn−1

n ln(1 + n)
=
∞∑
n=1

1

n ln(1 + n)

du?ê

∞∑
n=1

1

n ln(1 + n)
uÑ(^'�ÚÈ©�O{), �ÙÜ©

Ú4O,kÙ�u+∞.

• d

lim
x→1−

f(x)− f(1)
x− 1

= lim
x→1−

f ′(ξx) = +∞ (x ≤ ξx ≤ 1)

l�y.
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