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1 O�.

1.1 lim
x→0

∫ x2
0

sin
3
2 tdt∫ x

0
t (t− sin t) dt

..

)�.

�ª = lim
x→0

2x sin
3
2 x2

x (x− sinx)

= lim
x→0

2x4

x · x3
6

= 12.

1.2

∫
arctan

√
xdx..

)�.

�ª = x arctan
√
x−

∫
1

1 + x
· 1
2
x−

1
2 · xdx

= x arctan
√
x− 1

2

∫
x

1
2

1 + x
dx

= x arctan
√
x−

∫
y

1 + y2
· ydy

(
y =
√
x
)

= x arctan
√
x− y + arctan y + C

= (x+ 1) arctan
√
x−
√
x+ C.

1.3

∫ 2

1

dx

∫ x

√
x

1

y
e−xdy +

∫ 4

2

dx

∫ 2

√
x

1

y
e−xdy.

)�.

�ª =

∫ 2

1

dy

∫ y2

y

1

y
e−xdx
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=

∫ 2

1

(y − 1) e−ydy

= −ye−y
∣∣2
1

= −2e−2 + e−1.

1.4 ¦�Ô�y2 = 4x�§3(1, 2)?�{�¤�¤�k�«��¡È.

)�. 3(1, 2)?,
dx

dy
=

1

2
· 2 = 1,


{��§�

y − 2 = − (x− 1) , x = 3− y,

Ù��Ô��u

(1, 2) , (9,−6) .

u´¤¦¡È

S =

∫ 2

−6
dy

∫ 3−y

y2

4

dx

=

∫ 2

−6

(
3− y − y2

4

)
dy

=

(
2y − y2

2
− y3

12

)∣∣∣∣2
−6

= 3 · 8− 1

2
· (−32)− 1

12
· 224

= 24 + 16− 56

3

=
64

3
.

1.5 ¦�?ê
∞∑
n=1

(−1)n−1x
2n−1

n
�Âñ��Ú¼ê.
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)�. • £Áéu?ê
∞∑
n=1

an, (1)

e

lim sup
n→∞

∣∣∣∣an+1

an

∣∣∣∣ < 1,

K(1)Âñ.

¢Sþ,

1 > lim sup
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = inf
k
sup
n≥k

∣∣∣∣an+1

an

∣∣∣∣
⇒ é 1 > r > 0, ∃ Nr > 0, s.t. k ≥ Nr  

∣∣∣∣an+1

an

∣∣∣∣ ≤ r

⇒ |an| ≤ r |an−1| ≤ · · · ≤ rn−Nr |aNr |

⇒
∞∑
n=1

an k`?ê a1 + · · ·+ aNr−1 + |aNr |
∞∑

n=Nr

rn−Nr

⇒
∞∑
n=1

an Âñ.

• y¦Âñ�.

du

lim
n→∞

|x|2n+1

n+ 1
· n

|x|2n−1
= |x|2 ,




N �|x| < 1�, ��?êýéÂñ;

N �x = −1�, ��?ê=
∞∑
n=1

(−1)n

n
, �^�Âñ;

N �x = 1�, ��?ê=
∞∑
n=1

(−1)n−1

n
, ½�^�Âñ;

N �|x| > 1�, ��?êuÑ.
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• 2¦Ú¼ê.

��?ê =
2

x

∞∑
n=1

(−1)n x
2n

2n

=
−2
x

∫ x

0

[
∞∑
n=1

(−1)n t2n−1
]
dt

=
−2
x

∫ x

0

1

t

∞∑
n=1

(
−t2
)n
dt

=
−2
x
s

∫ x

0

1

t
· t2

1 + t2
dt

=
−1
x

∫ x

0

2t

1 + t2
dt

= −1

x
ln
(
1 + t2

)
|x0

= − ln (1 + x2)

x
.

5P. �x = 0�,

lim
x→0

ln (1 + x2)

x
= lim

x→0
x = 0.

1.6 O�­¡È©

∫
L

(ex sin y − b (x− y)) dx+ (ex cos y − ax) dy,Ù¥L´

l(2a, 0)÷­�y =
√
2ax− x2�:(0, 0)��ã.

)�. • ­�y =
√
2ax− x2, =

x2 − 2ax+ y2 = 0, y ≥ 0,

(x− a)2 + y2 = a2, y ≥ 0.

• P
P = ex sin y − b (x− y) , Q = ex cos y − ax,

K
∂P

∂y
= ex cos y − b, ∂Q

∂x
= ex cos y − a,
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∂Q

∂x
− ∂P

∂y
= b− a.

• dGreenúª,

�­�È© =

∫∫
(x−a)2+y2≤a2

y≥0

(b− a) dxdy −
∫ 2a

0

(−bx) dx

= (b− a) · 1
2
· πa2 + b · 1

2
· (2a)2

=
(π + 4) a2b− πa3

2
.

2 y²: lim
n→∞

sinn Ø�3.

y². • du«m[
2kπ +

π

4
, 2kπ +

3π

4

]
, k = 0, 1, 2, · · ·

�Ý�
π

2
> 1, 
�3�ê

nk ∈
[
2kπ +

π

4
, 2kπ +

3π

4

]
;

• Ón, �3�ê

mk ∈
[
2kπ +

5π

4
, 2kπ +

7π

4

]
;

• u´e lim
n→∞

sinn = a �3, K[√
2

2
, 1

]
3 lim

k→∞
sinnk = a = lim

k→∞
sinmk ∈

[
−1, −

√
2

2

]
,

gñ!

http://www.sciencenet.cn/u/zjzhang/


èÆk) · · · · · · uia.china@gmail.com· · · · · ·�� 6

3 �¼êf : [a, b] → [a, b]÷v|f(x)− f(y)| ≤ L |x− y|α, Ù¥L, α��
~ê. y²:

3.1 �α > 1�, f(x)ð�~ê;

3.2 �L < 1, α = 1�, �3���ξ ∈ [a, b], ¦�f (ξ) = ξ.

y². 3.1 �α > 1�, d

0 ≤
∣∣∣∣f(y)− f(x)y − x

∣∣∣∣ ≤ L |y − x|α−1 → 0, (y → x) ,

�

f ′(x) = 0, ∀ x ∈ [a, b]

(ùp�à:��ê, mà:m�ê), u´f ð�~ê.

3.2 �L < 1, α = 1�, ?�ξ0 ∈ [a, b], �ê�

ξn = f (ξn−1) , n ≥ 1. (2)

d

|ξn − ξn−1| ≤ L |ξn−1 − ξn−2| ,

�{ξn}∞n=1´Ø ê�, 
4��3, ��ξ. u(2)¥-n→∞, |

^f�ëY5, k

ξ = f (() ξ).

ey��5. �η�÷vη = f(η), K

|ξ − η| = |f (ξ)− f (η)| < L |ξ − η| ,


ξ = η.

4 y²: k.¼êf(x)3«mIþ��ëY�¿©7�^�´é?�

�ε > 0Ú x, y ∈ I, o�3�êM , ¦��

∣∣∣∣f(x)− f(y)x− y

∣∣∣∣ > M�Ò

k|f(x)− f(y)| < ε.
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y². • ù�K8�V´`f��ëY�duf3���SØUË
Ä��x³ (ÄK�ú�N
).

• �K8vkéf\k.^�. ��{ü�~ff(x) = x, x ∈ R`
²k.´7L�.

• 7�5.

^�y{. e(ØØ¤á,K∃ ε0 > 0, ∀ n ∈ N, ∃ {xn} , {yn} , s.t.∣∣∣∣f(xn)− f(yn)xn − yn

∣∣∣∣ > n, |f(xn)− f(yn)| > ε0.

=k

|xn − yn| <
2K

n
,

(
K = sup

x∈I
|f(x)|

)
,

ù�f��ëYgñ.

• ¿©5.

Ó�´^�y{. e(ØØ¤á, K∃ ε0 > 0, {xn} , {yn} , s.t.

|xn − yn| <
1

n
, |f(xn)− f(yn)| > ε0,

=k ∣∣∣∣f(xn)− f(yn)xn − yn

∣∣∣∣ > nε0.

db�, é
ε0
2
> 0, �In¿©�, Òk

|f(xn)− f(yn)| <
ε0
2
,

gñ!

5 �f : R2 → R2´ëYN�, eéR2¥?Ûk.48K, f−1 (K)þ´k

.�, y²f (R2)´48.

y². • �%�é.
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• ^�y{. ef (R2)Ø´48, K

∃ {xn} ⊂ R2, s.t. f(xn)→ y /∈ f
(
R2
)
.


8Ü

A = {f(xn)}∞n=1 ∪ {y}

��R2¥�k.48 (k.´Ï�4��3, 
45´du4�

��), Ù�� f−1 (A) ´k.�. yÏ

xn ∈ f−1(A),

9 Weierstrass à:½n,

∃ {nk} ⊂ {n} , s.t. xnk
→ x.

d f �ëY5,

lim
k→∞

f (xnk
) = f(x) = y ∈ f

(
R2
)
,

gñ!

6 y²��¼ê f(x, y) =
√
xy 3: (0, 0) ?ëY, fx(0, 0), fy(0, 0) �

3, � f(x, y) 3: (0, 0) ?Ø��.

y². • f(x, y) = √xy 3: (0, 0) ?ëY.

¯¢þ, ∀ ε > 0, ∃ δ = ε > 0, s.t.

0 < x < δ

0 < y < δ

}
⇒ |f(x, y)− f(0, 0)| = √xy < ε.

• fx(0, 0), fy(0, 0) �3.

d

x > 0⇒
∣∣∣∣f(x, 0)− f(0, 0)x

∣∣∣∣ = 0 =

∣∣∣∣f(0, y)− f(0, 0)y

∣∣∣∣ ,
�

fx(0, 0) = 0 = fy(0, 0).
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• f(x, y) 3: (0, 0) ?Ø��.

ù´Ï�

1

n
→ 0

⇒

∣∣∣∣∣∣∣∣
f

(
1

n
,
1

n

)
− f(0, 0)√(

1
n

)2
+
(
1
n

)2
∣∣∣∣∣∣∣∣ =

1

n
√
2
1

n

=
1√
2
9 0.

7 �f(x) =
∞∑
n=1

1

2n + x
, y²:

7.1 f(x) 3 [0,∞) þ��, ���ëY;

7.2 �~È©

∫ ∞
0

f(x)dx uÑ.

y². • f(x) 3 [0,∞) þ��, ���ëY.

P

un =
1

2n + x
,

K

u′n = − 1

(2n + x)2
,


(L4?)

•
∞∑
n=1

un Âñ,

• u′n ëY,

•
∞∑
n=1

u′n ��Âñ,

dÅ�¦�,

f ′(x) = −
∞∑
n=1

1

(2n + x)2
, ∀ x ≥ 0.
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q

|f ′(x)| ≤
∞∑
n=1

1

22n
=

1

4
· 1

1− 1

4

=
1

3
,

� f ��ëY.

• �~È©
∫ ∞
0

f(x)dx uÑ.

¯¢þ, d ∣∣∣∣∣
∫ 2k

2k−1

∞∑
k=1

1

2n + x
dx

∣∣∣∣∣ ≥
∫ 2k

2k−1

1

2k + x
dx

≥ 2 · 2k−1

2 · 2k

=
1

2
> 0, ∀ k ≥ 1,

9 Cauchy ÂñOK, �¤?Ø��~È©(¢�~, �(uÑ.
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