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To my parents

1 1.1 lim
x→0+

(
(1 + x)1/x

e

)1/x

)�.

lim
x→0+

(
(1 + x)1/x

e

)1/x

= Exp

[
lim
x→0+

1
x

ln(1 + x)− 1

x

]
= Exp

[
lim
x→0+

x− (1 + x) ln(1 + x)

(1 + x)x2

]
= Exp

[
lim
x→0+

1− (1− ln(1 + x))

2x

]
= Exp

[
lim
x→0+

− ln(1 + x)

2x

]
= e−

1
2 .

1.2 lim
n→∞

ln n

√(
1 +

12

n2

)(
1 +

22

n2

)
· · ·
(

1 +
n2

n2

)

)�.

lim
n→∞

ln n

√(
1 +

12

n2

)(
1 +

22

n2

)
· · ·
(

1 +
n2

n2

)
= lim

n→∞

1

n

n∑
k=1

ln

[
1 +

(
k

n

)2
]

=

∫ 1

0

ln(1 + x2)dx

= x ln(1 + x2)|10 −
∫ 1

0

2x2

1 + x2
dx

= ln 2 +
π

2
− 2.
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1.3 lim
(x,y)→(0,0)

(
|x|α sin

1

y
+ |y|β cos

1

x

)

)�.

lim
(x,y)→(0,0)

(
|x|α sin

1

y
+ |y|β cos

1

x

)
= lim

(x,y)→(0,0)
|x|α sin

1

y
+ lim

(x,y)→(0,0)
|y|β cos

1

x
= 0 + 0

= 0.

1.4

∫ e2

e

ln lnx

x lnx
dx

)�. ∫ e2

e

ln lnx

x lnx
dx =

∫ 2

1

ln t

t
dt =

(ln t)2

2
|21 =

(ln 2)2

2
.

1.5

∮
C

(x+ y)dx− (x− y)dy

x2 + y2
,Ù¥C��±x2 + y2 = a2�_���

�.

)�. ∮
C

(x+ y)dx− (x− y)dy

x2 + y2

=

∫ 2π

0

a(cos θ + sin θ)(−a sin θ)− a(cos θ − sin θ)(a cos θ)

a2
dθ

=

∫ 2π

0

(−1)dθ = −2π.

2 ?Ø?ê
∞∑
n=1

1

np(lnn)q
�Âñ5,Ù¥p > 0, q > 0.
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)�. 1) p > 1

d lim
n→∞

1/[np(lnn)q]

1/np
= lim

n→∞

1

(lnn)q
= 09'��O{��?êÂ

ñ;

2) p = 1

d

∫ ∞
3

1

x(lnx)q
=

∫ ∞
ln 3

dt

tq
9È©�O{�

a) 0 < q ≤ 1�?êuÑ;

b) q > 1�?êÂñ;

3) p < 1

�r ∈ (p, 1)d lim
n→∞

1/[np(lnx)q]

nr
= lim

n→∞

nr−p

(lnx)q
= lim

x→∞

e(r−p)x

xq
= +∞9

'��O{��?êuÑ.

5P. p < 1�^�4� lim
x→∞

eαx

xβ
= +∞,ù´Ï�

eαx

xβ
>

1

([β] + 2)!

(αx)[β]+2

xβ
>

α[β]+2

([β] + 2)!
x (x > 1).

3 y²2 < e < 3.

y². dex�TaylorÐªex =
∞∑
k=1

xk

k!
�

2 = 1 + 1 < e =
∞∑
k=1

xk

k!
< 1 + 1 +

∞∑
k=2

1

2k−1
= 3.

4 �f(x, y)'ux, yþ´��ëY¼ê.

1) Þ~`²f(x, y)�±Ø´��ëY¼ê.

2) y²�f(x, y)'uxüN�,f(x, y)´��ëY¼ê.
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y². 1) �

f(x, y) =


xy

x2+y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

=k�.

2) ∀(x0, y0) ∈ R2,dK¿,

a) f(x, y0)3x = x0?ëY,k

∀ε > 0,∃δ1 > 0, s.t. |x−x0| ≤ δ1 ⇒ |f(x, y0)−f(x0, y0)| < ε

2

b) f(x0 − δ1, y), f(x0 + δ1, y)Ñ3y = y0?ëY,kéþã?¿

�ε,

∃δ2 > 0, s.t. |y−y0| ≤ δ2 ⇒

|f(x0 − δ1, y)− f(x0 − δ1, y0)| < ε
2

|f(x0 + δ1, y)− f(x0 + δ1, y0)| < ε
2

u´é∀(x, y) ∈ [x0 − δ1, x0 − δ1]× [y0 − δ2, y0 + δ2],

• ef(·, y)4O,K

f(x, y) ≤ f(x0 + δ, y) < f(x0 + δ1, y0) +
ε

2
< f(x0, y0) + ε

f(x, y) ≥ f(x0 − δ, y) > f(x0 − δ1, y0)− ε

2
> f(x0, y0)− ε

• ef(·, y)4~,K

f(x, y) ≥ f(x0 + δ, y) > f(x0 + δ1, y0)− ε

2
> f(x0, y0)− ε

f(x, y) ≤ f(x0 − δ, y) < f(x0 − δ1, y0) +
ε

2
< f(x0, y0) + ε

u´k�.

5 -x1 = a, x2 = b, xn+2 =
xn+1 + xn

2
, n = 1, 2, 3, · · ·.Á¦ lim

n→∞
xn.
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)�. dK¿,

xn+1−xn = −1

2
(xn−xn−1) = · · · = (−1

2
)n−1(x2−x1) = (−1

2
)n−1(b−a)

u´

|xn+p−xn| ≤

∣∣∣∣∣
n+p−1∑
k=n

(xk+1 − xk)

∣∣∣∣∣ ≤ (b−a)

n+p−1∑
k=n

(
1

2
)n−1 ≤ 1

2n−2
(b−a)→ 0 (n→∞)

{xn}´Cauchy�,{xn}Âñ,�4��x.

2d

xk+1 − xk =

(
−1

2

)k−1

(b− a)

�

xn+1 = x1 +
n∑
k=1

(xk+1 − xk) = a+ (b− a)
n∑
k=1

(
−1

2

)k−1

ü>n→∞�4�,k

x = a+ (b− a)
1

1− (−1
2
)

=
a+ 2b

3
.

6 �f(x)´[0, 1]þ�ëY¼ê,0´f(x)3[0, 1]þ���":,¿�f ′+(0) >

0. Áy²

∫ 1

0

x

f(x)
dxÂñ.

y². dK¿9ëY¼ê�0�5,e�ü«�¹k�=k�«u):

1) f(x) > 0,∀x ∈ (0, 1]

2) f(x) < 0,∀x ∈ (0, 1]

qf ′+(0) > 0,= lim
x→0+

f(x)

x
> 0,l∃δ > 0, x ∈ (0, δ]⇒ f(x)

x
> 0=f(x) >

0.

��¹1)u),=f(x) > 0,∀x ∈ (0, 1],l

∫ 1

0

x

f(x)
dx�±0�×:.
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2d

lim
x→0+

x/f(x)

1/
√
x

= lim
x→0+

x

f(x)

√
x =

1

f ′+(0)
· 0 = 0

9'��O{�

∫ 1

0

x

f(x)
dxÂñ.

7 ¦I =

∫∫∫
Ω

z cos(x2 + y2)dxdydz,Ù¥

Ω = {(x, y, z) ∈ R3 | z ≥ 0, x2 + y2 + z2 ≤ 1}.

)�.

I =

∫∫∫
Ω

z cos(x2 + y2)dxdydz

=

∫ 1

0

(∫∫
x2+y2≤1−z2

z cos(x2 + y2)dxdy

)
dz

= 2π

∫ 1

0

(
z

∫ √1−z2

0

r cos r2dr

)
dz

= π

∫ 1

0

z sin(1− z2)dz

=
π

2
(1− cos 1)

= π sin2 1

2
�

8 éx ∈ R,Pρ(x) = minn∈Z|x− n|,Ù¥Z´�ê8.Áy²:

1) ρ(x)´Rþ±Ï�1�ëY¼ê;

2) f(x) =
∞∑
n=0

ρ(10nx)

10n
´Rþ�ëY¼ê.

y². 1) ∀x0 ∈ R,∃n ∈ Z, s.t. n ≤ x0 < n+ 1.

a) x0 = n

http://www.sciencenet.cn/u/zjzhang/


èÆk) · · · · · · uia.china@gmail.com· · · · · ·Üy<�� 7

d�,ρ(x0) = 0; x0 + 1 = n + 1, ρ(x + 1) = 0 = ρ(x0). �

�x ∈ (x0 −
1

2
, x0 +

1

2
)�, ρ(x) = x− x0,k

lim
x→x0

ρ(x) = lim
x→x0

(x− x0) = 0 = ρ(x0)

b) x n < x0 ≤ n+
1

2
d�,ρ(x0) = x− n;n+ 1 < x0 + 1 ≤ (n+ 1) + 1

2
, ρ(x0 + 1) =

(x0 + 1)− (n0 + 1) = x0 − n = ρ(x0), �

δ = min{x0 − n, n+
1

2
− x0} > 0,

�x ∈ (x0 − δ, x0 + δ)�,ρ(x) = x− n,�k

lim
x→x0

ρ(x) = lim
x→x0

(x− n) = x0 − n = ρ(x0)

c) n+
1

2
< x0 < n+ 1

d�,ρ(x0) = n+1−x0;n+1+ 1
2
< x0 +1 ≤ n+2, ρ(x0 +1) =

(n+ 2)− (x0 + 1) = (n+ 1)− x0 = ρ(x0), �

δ = min{x0 − n−
1

2
, n+ 1− x0} > 0,

�x ∈ (x0 − δ, x0 + δ)�,ρ(x) = n+ 1− x,�k

lim
x→x0

ρ(x) = lim
x→x0

(n+ 1− x) = n+ 1− x0 = ρ(x0)

lf´Rþ±Ï�1�ëY¼ê.

2) ²w�, ∣∣∣∣ρ(10nx)

10n

∣∣∣∣ ≤ 1

10n

dWeierstrass�O{�¼ê�?ê

∞∑
n=0

ρ(10nx)

10n
��Âñ.

2d1),
ρ(10nx)

10n
´ëY�, (L4?)f(x)����Âñ�,��

ëY�¼ê�?ê�Ú,´ëY�.
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