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1. Some results from geometry

N Surjectivity of Gauss map

Let Ω
(
⊂ RN ,N ≥ 2

)
be smooth, simple-connected, bounded and open. Then

{n(x); x ∈ ∂Ω} = S N−1. (1)

Proof. This is geometrically obvious. The analytical proof is as follows.

� {n(x); x ∈ ∂Ω} ⊂ S N−1 is OK, since |n(x)| = 1.

� We proceed to show

S N−1 ⊂ {n(x); x ∈ ∂Ω} .

To this end, choose a fixed ball B ⊂ Ω. For n ∈ S N−1, let H be the
tangent space of ∂B such that n ⊥ H( see Figure 1). Consider

{H + tn; 0 ≤ t < ∞} ,

since Ω is bounded, we have

0 < t0 = sup
{
t > 0; (H + tn) ∩Ω , ∅

}
< ∞.

F By continuity, (H + t0n) ∩ Ω is a finite union of line segments
(which may degenerate to points).

F Claim (H + t0n) is the tangent space of ∂Ω at x0 (thus, n ⊥
(H + t0n) = Tx0∂Ω, n = n(x0) as desired).
Indeed, for any v ∈ Tx0∂Ω, let

γ : (−ε, ε)→ ∂Ω, γ(0) = x0, γ̇(0) = v.
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Figure 1: Surjectivity of Gauss map

Then

(γ(h) − γ(0)) · n ≤ 0

⇒

{ γ(h)−γ(0)
h · n ≤ 0, h > 0

γ(h)−γ(0)
h · n ≥ 0, h < 0

⇒
(
taking limits

)
0 ≤ v · n ≤ 0

⇒ v · n = 0
⇒ v ∈ (H + t0n)
⇒ Tx0∂Ω ⊂ (H + t0n)
⇒ Tx0∂Ω = (H + t0n)

(
by linear algebra

)
.

Here we take (H + t0n) as a linear space assuming x0 to be 0.

�

N Relations to the second fundamental form.

Let Ω
(
⊂ RN ,N ≥ 2

)
be a smooth, simple-connected, bounded and open.

Assume that u ∈ C∞(Ω) satisfying u · n = 0 on ∂Ω, where n is the unit
outward normal vector of ∂Ω. Then

(u · ∇) n · u =

N∑
i, j=1

u j∂ jniui = B (u, u) = 〈S (u) , u〉 =

N∑
i=1

λi

∣∣∣ui
∣∣∣2 . (2)
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Here

� ui is the components of u under some orthonormal principal directions
ei, to which the corresponding principle curvatures are λi.

� B is the second fundamental form of ∂Ω.

� S is the shape operator.

Proof. Fixed a given point x ∈ ∂Ω we are calculating, let {ei}
N
i=1 ⊂ Tx∂Ω be

an orthonormal basis such that

S (ei) = λiei,

where S (v) = ∇vn, v ∈ Tx∂Ω is the shape operator.

Then one has

u =

N∑
i=1

uiei,

and

(u · ∇) n · u = ∇un · u
= S (u) · u (= B(u, u))

= S

 N∑
i=1

uiei

 ·
 N∑

j=1

u je j


=

N∑
i=1

〈S (ei) , ei〉 |u|2

=

N∑
i=1

λi ·
∣∣∣ui

∣∣∣2 .
�

Remark. One is referred to [? ? ] for details of Gauss map, shape oper-
ator, principle curvatures (directions), and other fundamental concepts in
Riemannian Geometry. Cheers!
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2. 6.4 The compactness result

• Statement of the result If
{

q ≥ 2
q > γ ,then

ρn → ρ

{
in Lp, if (??) or periodic
in Lp

loc, if RN ∀ 1 ≤ p < q.

Remark. N The reason for the convergence in local sense is twofold.
The one comes from the compact imbedding H1

local ⊂⊂ L<
2N

N−2 , and the
other is the utilization of weak-weak-convergence method.

N Recall that in (??), we have

ρn → ρ, in Lq (K1 × (0,T )) ,

where

K1 =

{
Ω, if periodic or RN (N ≥ 3) ,
⊂⊂ Ω, Dirichlet or R2.

The local sense follows as

� Dirichlet: in order to apply the nonlocal operator (−4)−1 div , we
need cut-off!

� R2: no global control of Lp-norm on un.

• Proof of the compactness result
We remark first that the proof here is similar in the spirit of that in Sub-
subsection ??, however, we do not need to consider the nonlocal operator
(−4)−1 div or invoke any Lp bounds of un, our result is global if the domain
is bounded!

The proof is made up of the following four steps.

N The inequality satisfied by (ε + ρ)θ, where 0 < θ � 1 to be specified
later on.
Recall that (ε + ρ)θ is weak limit of (ε + ρn)θ (in L

q
θ for example), and

the (ε > 0) is placed so that we are away from zones of vacuum.
Claim

θαn (ε + ρn)θ + div
{
(ε + ρn)θ un

}
− εn4 (ε + ρn)θ (3)
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≥ θ [hn + εdiv un + αnεθ] (ε + ρn)θ−1 + (1 − θ) (ε + ρn)θ div un.

The formal proof of (3) is as follows. (??), together with the following
observations:

�

(ε + ρn)θ = (ρn)θ + θ (ξn)θ−1 ε ≥ (ρn)θ + θ (ε + ρn)θ−1 ε

(ρn < ξn < ε + ρn)
⇒ θαn (ε + ρn)θ ≥ θαn (ρn)θ + θ [αnεθ] (ε + ρn)θ−1 ;

�

div
{
(ε + ρn)θ un

}
= (ε + ρn)θ div un + θ (ε + ρn)θ−1 un · ∇ρn

= θ (ε + ρn)θ−1 div (ρnun) + (ε + ρn) div un

−θ (ε + ρn)θ−1 [
(ε + ρn) − ε

]
div un

= θ (ε + ρn)θ−1 div (ρnun) + (1 − θ) (ε + ρn)θ div un

+θ [εdiv un] (ε + ρn)θ−1 ;

�
∂i (ε + ρn)θ = θ (ε + ρn)θ−1 ∂iρ

n, ∀ 1 ≤ i ≤ N,

4 (ε + ρn)θ = θ (θ − 1) (ε + ρn)θ−2
|∇ρn|

2 + θ (ε + ρn)θ−1
4ρn,

−εn4 (ε + ρn)θ = εnθ (1 − θ) (ε + ρn)θ−2
|∇ρn|

2

−εnθ (ε + ρn)θ−1
4ρn

≥ −εnθ (ε + ρn)θ−1
4ρn;

implies (3) (by multiplying (??) by θ (ε + ρn)θ−1).
While the justifications invoking regularization needs only

θ

q
+

1
2
≤ 1⇒ θ ≤

q
2
.

We now write (3) into a form suitable for weak limits as

θαn (ε + ρn)θ + div
{
(ε + ρn)θ un

}
− εn4 (ε + ρn)

≥ θ [hn + αnεθ] (ε + ρn)θ−1 + θ (ε + ρn)θ−1 div un

+ (1 − θ) (ε + ρn)θ
{
div un − b (ρn)γ

}
+ (1 − θ) b (ε + ρn)θ (ρn)γ .

Taking weak limits in the above inequality as n→ ∞, noticing
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� αn → α;

� un → u in Lp or Lp
loc 1 ≤ p <

2N
N − 2

, and
N − 2

2N
+
θ

q
≤ 1 θ ≤ 1

is OK;
� εn → 0;
� hn → h in L1;
� div un − b (ε + ρn)γ → div u − bργ in La or La

loc where

1 ≤ a < min
{

2,
q
γ

}
, and

θ

q
+

1
a
≤ 1⇒ 0 < θ ≤ q

(
1 −

1
a

)
< min

{q
2
, q − γ

}
; (4)

we obtain

θα(ε + ρ)θ + div
{
(ε + ρ)θu

}
(5)

≥ θ [h + αεθ] (ε + ρ)θ−1 + θε (ε + ρ)θ−1 div u

+ (1 − θ) (ε + ρ)θ
{
div u − bργ

}
+ (1 − θ) b(ε + ρ)θ ργ

= θ [h + αεθ] (ε + ρ)θ−1 + θε (ε + ρ)θ−1 div u

+ (1 − θ) (ε + ρ)θdiv u + (1 − θ) b
{
(ε + ρ)θ ργ − (ε + ρ)θργ

}
.

N The inequality satisfied by (ε + ρ)θ
1
θ

.

Formally, multiplying (5) by
1
θ

(ε + ρ)θ
1
θ−1

yields

α(ε + ρ)θ
1
θ

+ div
{

(ε + ρ)θ
1
θ

u
}

(6)

=
1
θ

(ε + ρ)θ
1
θ−1 [

θα(ε + ρ)θ + θ(ε + ρ)θdiv u + u · ∇(ε + ρ)θ
]

=
1
θ

(ε + ρ)θ
1
θ−1 [

θα(ε + ρ)θ + div
{
(ε + ρ)θu

}
− (1 − θ) (ε + ρ)θdiv u

]
≥ [h + αεθ] (ε + ρ)θ−1

· (ε + ρ)θ
1
θ−1

+ ε(ε + ρ)θ−1div u · (ε + ρ)θ
1
θ−1

+
1 − θ
θ

b
{
(ε + ρ)θ ργ − ργ(ε + ρ)θ

}
(ε + ρ)θ

1
θ−1
.
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Figure 2: A concave, slowly increasing function

≡ Iε1 + Iε2 + Iε3 .

However, the justification is a bit delicate, in the same spirit as in

Subsubsection ??. Multiplying (5) by
1
θ
β′R

(
(ε + ρ)θ

)
βR

(
(ε + ρ)θ

) 1
θ−1

,

where β has the graph as in Figure 2 , and βR (·) = Rβ
(
·

R

)
. Noticing

that

�

α(ε + ρ)θβ′R
(
(ε + ρ)θ

)
βR

(
(ε + ρ)θ

) 1
θ−1

= αtβ′R(t)βR(t)
1
θ−1

(
t = (ε + ρ)θ

)
≤ αβR(t)

1
θ = αβR

(
(ε + ρ)θ

) 1
θ

.

Indeed, we need only show

tβ′R(t) ≤ βR(t)⇐ tβ′
( t
R

)
≤ Rβ

( t
R

)
⇐ xβ′(x) ≤ β(x)

(
x =

t
R

)
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⇐ 0 ≤
[
xβ′(x) − β(x)

]′
= β′′(x), (7)

which is OK by Fig 2.
�

div
{
βR

(
(ε + ρ)θ

) 1
θ

u
}

=
1
θ
βR

(
(ε + ρ)θ

) 1
θ−1

β′R

(
(ε + ρ)θ

)
u · ∇(ε + ρ)θ + βR

(
(ε + ρ)θ

) 1
θ

div u

=
1
θ
βR

(
(ε + ρ)θ

) 1
θ−1

β′R

(
(ε + ρ)θ

)
div

{
(ε + ρ)θu

}
+βR

(
(ε + ρ)θ

) 1
θ−1

[
βR

(
(ε + ρ)θ

)
−

1
θ
β′R

(
(ε + ρ)θ

)
(ε + ρ)θ

]
div u.

We obtain

βR

(
(ε + ρ)θ

) 1
θ

+ div
{
βR

(
(ε + ρ)θ

) 1
θ

u
}

≥ [h + αεθ] (ε + ρ)θ−1β′R

(
(ε + ρ)θ

)
βR

(
(ε + ρ)θ

) 1
θ−1

+ε (ε + ρ)θ−1 div u · β′R
(
(ε + ρ)θ

)
βR

(
(ε + ρ)θ

) 1
θ−1

+
1 − θ
θ

b
{
(ε + ρ)θ ργ − (ε + ρ)θργ

}
β′R

(
(ε + ρ)θ

)
βR

(
(ε + ρ)θ

) 1
θ−1

+β
(
(ε + ρ)θ

) 1
θ−1 [

βR

(
(ε + ρ)θ

)
− β′R

(
(ε + ρ)θ

)
(ε + ρ)θ

]
div u

= Iε,R1 + Iε,R2 + Iε,R3 + Iε,R4 .

Now it is the right time to take R→ ∞, observing that
�

Iε,R1 ≥ (h + αεθ) (ε + ρ)θ−1βR

(
(ε + ρ)θ

) 1
θ−1

1
(ε+ρ)θ≤R

≥ (h + αεθ) (ε + ρ)θ−1(ε + ρ)θ
1
θ−1

1
(ε+ρ)θ≤R

≥ 0,

thus by Fatou’s lemma, lim inf
R→∞

Iε,R1 ≥ Iε1 inD′, that is,

lim inf
R→∞

∫
Iε,R1 φdx ≥

∫
lim
R→∞

Iε,R1 φdx
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=

∫
Iε1φdx, ∀ 0 ≤ φ ∈ D′.

� ∣∣∣Iε,R2

∣∣∣ ≤ Cε ·
(
εθ−1

∣∣∣∣div u
∣∣∣∣) · (ε + ρ)

1−θ

≤ Cεθ
∣∣∣∣div u

∣∣∣∣ · (ε + ρ)
1−θ
,

which is bounded in L1; thus lim
R→∞

Iε,R2 = Iε2 , in L1 by Lebesgue
dominated convergence theorem;

� Due to (??),

(ε + ρ)θ ργ − (ε + ρ)θργ ≥ 0, a.e.,

Iε,R3 ≥ 1−θ
θ

b
{
(ε + ρ)θ ργ − (ε + ρ)θργ

}
(ε + ρ)θ

1
θ

1
(ε+ρ)θ≤R

≥ 0,

and again by Fatou’s lemma, lim
R→∞

Iε,R3 ≥ Iε3 inD′;
� ∣∣∣Iε,R4

∣∣∣ ≤ ∣∣∣∣βR (t)
1
θ − βR (t)

1
θ−1 β′R(t)t

∣∣∣∣ · |div u|
(
t = (ε + ρ)θ

) (
by (7)

)
≤ Ct

1
θ |div u| 1t≥R

→ 0, in L1
loc

(
div u ∈ L2, ρ ∈ L2

)
;

we find the desired inequality (6).

N Passage to limit ε→ 0+.
In this circumstance, we shall invoke Lebesgue dominated conver-
gence theorem, thus the following dominated functions are needed:

� We’ve already shown

∣∣∣Iε2 ∣∣∣ ≤ C
∣∣∣∣div u

∣∣∣∣ · (1 + ρ)1−θ
∈ L1

loc

(
1
2
,

1
2

+
1 − θ

2
≤ 1

)
;

� and for ∀ 0 ≤ φ ∈ C∞c ,

0
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≤

∫ (
Iε2 + Iε3

)
φ

≤

∫
α(ε + ρ)θ

1
θ

φ +

∫
div

{
(ε + ρ)θ

1
θ

u
}
φ −

∫
Iε2φ

≤ C
∫

α (1 + ρ) φ +

∫
(1 + ρ) |u · ∇φ| + C

∫ ∣∣∣∣div u
∣∣∣∣ (1 + ρ)1−θ φ,

with

α (1 + ρ) φ, (1 + ρ) |u · ∇φ| ,
∣∣∣∣div u

∣∣∣∣ (1 + ρ)1−θ φ ∈ L1.

Thus letting ε→ 0+ in (6), we find that

αρθ
1
θ

+ div ρθ
1
θ u ≥ h +

1 − θ
θ

b
{
ργ+θ − ργρθ

}
ρθ

1
θ−1
, (8)

where we use the fact

h(ε + ρ)θ−1(ε + ρ)θ
1
θ−1

= ht1− 1
θ · t

1
θ−1 (

t = (ε + ρ)θ
)

≥ ht1− 1
θ · t

1
θ−1 (

by convexity
)

= h.

N Invoking convexity to conclude the proof.
Taking ε→ 0+ in (??), we have

αρ + div {ρu} = h, (9)

thus

(9) − (8)

⇒ αs + div {su} ≤ −
1 − θ
θ

b
{
ργ+θ − ργρθ

}
ρθ

1
θ−1(

s = ρ − ρθ
1
θ
∈ [0, ρ]

)
(∫ )

⇒ 0 ≤ ργρθ − ργ+θ, a.e. on
{
ρθ > 0

}
(10)

⇒ 0 = ργρθ − ργ+θ, a.e. on
{
ρθ > 0

}
⇒ ρθ = ργ+θ

θ
γ+θ
, ργ = ργ+θ

γ
γ+θ
, a.e. on

{
ρθ > 0

}
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⇒ ργ+θ = ρθ
γ+θ
θ
, a.e. on

{
ρθ > 0

}
⇒ (ρn)θ → ρθ, in L2

loc(
(ρn)θ → ρθ in L1

loc

({
ρθ = 0

}))
⇒ ρn → ρ in L2θ<1

loc

⇒ ρn → ρ in Lp
loc, ∀ 1 ≤ p < q.

Remark. � Here, the local convergence really mean the conver-
gence in Ω ∩ BR, ∀ 0 < R < ∞. Thus the global convergence for
bounded domains.

� The integration over Ω in (10) needs justification in different set-
tings.
F Periodic case. In this case, Ω is a smooth compact manifold

without boundary (closed manifold), thus divergence theorem

tells us
∫

Ω

div (su) = 0.

F (??) case. In this case,∫
div (su) =

∫
∂Ω

su · n = 0.

F RN case. Cut-off function technique is needed, for a φ as in
Figure ??, we have

RHS of (10) ≥

∫
div {su} φR = −

∫
su · ∇φR

≥ −
C
R

∫
√
ρ ·

(√
ρ |u|

)
≥ −

C
R
‖ρ‖2

∥∥∥√ρu
∥∥∥

2

(see the Claim in Subsubsection ??)
→ 0, as R→ ∞.
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