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Abstract Understanding actual geometry of the cutting
tool involved in machining is critical to the investigation
of the mechanism of cutting process. According to
control pattern of the flank and the insert shape, the
cutting tools are classified into four different types in this
paper including S- and non-S-shaped tools with cylin-
drical control and conical control. By establishing all the
four kinds of tools’ 3-D models, the actual geometry of
the cutting tool can be obtained. Research results suggest
that the actual geometry involved in machining of the S-
shaped inserts whether with cylindrical control or conical
control is sphere; non-S-shaped with cylindrical control
tools is ellipsoid while non-S-shaped with conical control
is paraboloid.

Keywords Cylindrical control . Conical control . Tool
shape . Actual geometry

List of symbols
A one point around tool nose
A0 projection of point A in XOY plane
A1 projection of point A in X1O1Y1 plane
A2 projection of point A in X2O2Y2 plane
β the angle between OA0 and OX
R the cutting tool nose radius
k coordinate of point A in Z direction in O-XYZ

coordinate system
l the thickness of the cutting tool

C C-shaped tools that means that the angle of tool nose
is 80°

D D-shaped tools that means that the angle of tool nose
is 55°

K K-shaped tools that means that the angle of tool nose
is 55°

V V-shaped tools that means that the angle of tool nose
is 35°

W W-shaped tools that means that the angle of tool nose
is 80°

T T-shaped tools that means that the angle of tool nose
is 60°

S S-shaped tools that means that the angle of tool nose
is 90°

x coordinate of point A in X direction in O-XYZ
coordinate system

r1 the major cutting edge radius
y coordinate of point A in Y direction in O-XYZ

coordinate system
z coordinate of point A in Z direction in O-XYZ

coordinate system
x1 coordinate of point A in X1 direction in O1-X1Y1Z1

coordinate system
y1 coordinate of point A in Y1 direction in O1-X1Y1Z1

coordinate system
z1 coordinate of point A in Z1 direction in O1-X1Y1Z1

coordinate system
x2 coordinate of point A in X2 direction in O2-X2Y2Z2

coordinate system
y2 coordinate of point A in Y2 direction in O2-X2Y2Z2

coordinate system
z2 coordinate of point A in Z2 direction in O2-X2Y2Z2

coordinate system
v1 the angle between Y1O1 and O1A1

m the length of the major cutting edge
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M1 transformation matrix from O1-X1Y1Z1 to O-XYZ
V2 the angle between O2Z2 and O2A2

n the length of the minor cutting edge
r2 the minor cutting edge radius
M2 transformation matrix from O2-X2Y2Z2 to O-XYZ
Q from coordinate system O-XYZ to O1-X1Y1Z1,

translations Q units along Y direction
P from coordinate system O-XYZ to O2-X2Y2Z2,

translations P units along X direction
t matrix parameter
εr tool nose angle
θ rotate angle
ω half top angle of the control cone

1 Introduction

With increased emphasis on manufacturing, understanding
the machining mechanism assumes great significance [1–5].
An important aspect of machining mechanism is the
presence of the effect of the cutting tool geometry. The
recent research in the effects of cutting tool geometry
concentrates on studying the cutting edge [6, 7] and tool
nose [8–11]. A number of researchers have analyzed the
effect of the cutting tool geometry in machining either by
cutting experiments [12, 13] or finite element method (FEM)
simulations [14, 15]. Rech et al. [16] tested the behavior of
coated PM-HSS milling inserts with different edge radius
and concluded that the modifications of the cutting edge
radius are the main criteria influencing the wear resistance.
Chou and Evans [17] found that the distance from the
cutting edge to the nominal machined surface changes is the
main reason of the size effect of cutting force. Ceretti et al.
[18] used DEFORM 2D software to simulate orthogonal
cutting operation by changing the tool geometry and cutting
speed. Li and Shih [19] used the Third Wave AdvantEdge
machining simulation software to simulate the effects of
cutting speed and cutting edge radius on cutting forces, chip
thickness and tool temperature. These researches investigat-
ed the effect of the cutting tool geometry either from the tool
edge or from the tool nose, but none of them had considered
the two aspects comprehensively.

In actual cutting, especially in micromachining, the metal
removal rate is very little. The major cutting edge and the
minor cutting edge as well as the tool nose are all involved in
microcutting processes, so it is important to study the actual
geometry of the cutting tool involved in machining. This
paper develops the model of the actual geometry of the cutting
tool involved in machining using mathematic analysis method
based on the insert shape and the control pattern of the flank
including cylindrical control and conical control.

The relationship between the major cutting edge and the
minor cutting edge is used to define the insert shape. The

insert shape is represented as S according to ISO code when
tool nose angle is 90°. The insert, otherwise, is designated
as non-S-shaped. In this paper, four different 3-D models
including S- and non-S-shaped tools with cylindrical
control and conical control are established based on the
flank face and the insert shape.

2 Three-dimension geometrical modeling

In traditional machining, only the primary cutting edge is
mainly participated in cutting process. However, the whole
nose of the cutting tool is participated in microcutting
process due to the very little metal removal. Thus, the
actual geometry involved in microcutting is determined by
the major cutting edge, the minor cutting edge, and the third
edge called backside cutting edge as shown in Fig. 1. It is
necessary to develop the model of the actual geometry
involved in machining to better understand the effects of
tool geometry on cutting process.

According to the control model of the flank, the cutting
tool can be classified into cylindrical control and conical
control, as shown in Figs. 2 and 3.

When the cutting tool is with cylindrical control, the
center of the tool nose is taken as the coordinate origin O,
and the coordinate system O-XYZ can be established. Point
A at backside edge can be expressed in Eq. 1.

A b; kð Þ ¼
x ¼ R cos b
y ¼ R sin b
z ¼ �k

( )
ð1Þ

Fig. 1 3-D cutting tool model
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where 0<k < l; l is the insert thickness; R is the nose radius,
β is the angle between OA0 and OX; A0 is the projection of
point A in XOY plane.

When the tool is with conical control, point A can be
expressed in Eq. 2,

A b; kð Þ ¼
x ¼ R� ktgwð Þ cos b
y ¼ R� ktgwð Þ sin b

z ¼ �k

8<
:

9=
; ð2Þ

where ω is the half top angle of the cone.
The S-shaped and non-S-shaped inserts with cylindrical

control tools and conical control tools are classified as
shown in Table 1.

In Table 1, according to ISO code, when the insert is C-
or W-shaped, the tool nose angle εr is 80°; when the insert

is D- or K-shaped, εr is 55°; when the insert is V-shaped, εr
is 35°; when the insert is D-shaped, εr is 55°; when the
insert is T-shaped, εr is 60°.

In micromachining, the metal removal is very little, and
the feed rate is almost equal to the cutting edge radius.
Thus, it is not suitable to take the cutting edge to be sharp-
edged; the cutting edge radius has to be considered [20].
The schematic diagram of the major cutting edge can be
seen in Fig. 4. Because the intersecting line between the
round edge of the cutting tool and the cross section is
circular, so point A at major cutting edge in coordinate
system O1-X1Y1Z1 can be expressed in Eq. 3

A b1; u1ð Þ ¼
x1
y1
z1

2
4

3
5 ¼

u1
�r1 cos b1
r1 sin b1

2
4

3
5 ð3Þ

where 0<u1<m; m is the length of the major cutting edge;
r1 is the major cutting edge radius; β1 is the angle between
Y1O 1and O1A1; A1 is the projection of point A in X1O1Y1

plane
Supposing the transformation matrix from the coordinate

system O1-X1Y1Z1 to the coordinate system O-XYZ is M1,
the major cutting edge in coordinate system O-XYZ can be
represented in Eq. 4:

x
y
z
t

2
664

3
775 ¼ M1 �

x1
y1
z1
t

2
664

3
775 ¼ M1 �

u1
�r1 cos b1
r1 sin b1

t

2
664

3
775 ð4Þ

where t is matrix parameter
Meanwhile, point A at minor cutting edge in coordinate

system O2-X2Y2Z2 can be expressed in Eq. 5 according to
the schematic diagram of the minor cutting edge in Fig. 5.

A b2; u2ð Þ ¼
x2
y2
z2

2
64

3
75 ¼

�r2 cos b2
u2

r2 sin b2

2
64

3
75 ð5Þ

where 0<u2<n; n is the length of the minor cutting edge; r2
is the minor cutting edge radius; β2 is the angle between
O2Z2 and O2A2; A2 is the projection of point A in X2O2Y2

plane
The transformation matrix from the coordinate system

O2-X2Y2Z2 to the coordinate system O-XYZ is supposed to
be M2; the minor cutting edge in coordinate system O-XYZ
can be represented in Eq. 6:

x
y
z
t

2
664

3
775 ¼ M2 �

x2
y2
z2
t

2
664

3
775 ¼ M2 �

�r2 cos b2
u2

r2 sin b2
t

2
664

3
775 ð6Þ

Fig. 3 Conical control cutting tool

Fig. 2 Cylindrical control cutting tool
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Now, the tool nose, the major cutting edge, and the
minor cutting edge are all in the same coordinate system O-
XYZ. By solving Eqs. 1, 4, and 6 or Eqs. 2, 4, and 6, the
actual geometry involved in machining can be obtained.

3 Determination of transformation matrix

When the insert shape is S, the major cutting edge is
perpendicular to the minor cutting edge. The coordinate
system O1-X1Y1Z1 represented the major cutting edge
which can be regarded as the coordinate system O-XYZ
with translating Q units along Y-axis direction as shown in
Fig. 6, so the transformation matrix M1 from O1-X1Y1Z1

to O-XYZ can be expressed in Eq. 7,

M1 ¼
1 0 0 0
0 1 0 y0
0 0 1 0
0 0 0 1

2
6664

3
7775 ð7Þ

Then, Eq. 4 can be rewritten as Eq. 8:

x
y
z
t

2
664

3
775 ¼ M1 �

u1
�r1 cos b1
r1 sin b1

t

2
6664

3
7775 ¼

1 0 0 0
0 1 0 y0
0 0 1 0
0 0 0 1

2
6664

3
7775

�
u1

�r1 cos b1
r1 sin b1

t

2
6664

3
7775 ¼

u1
�r1 cos b1 þ y0t

r1 sin b1
t

2
6664

3
7775

ð8Þ

where y0t=Q

Meanwhile, the coordinate system O2-X2Y2Z2 repre-
sented the minor cutting edge which can be regarded as the
coordinate system O-XYZ by translating P units along X-
axis direction as shown in Fig. 7, so the transformation
matrix M2 from O2-X2Y2Z2 to O-XYZ can be expressed in
Eq. 9, and the minor cutting edge expressed in Eq. 6 in
coordinate system O-XYZ can also be rewritten as Eq. 10:

M2 ¼
1 0 0 x0
0 1 0 0
0 0 1 0
0 0 0 1

2
6664

3
7775 ð9Þ

x
y
z
t

2
664

3
775 ¼

1 0 0 x0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775

�r2 cos b2
u2

r2 sin b2
t

2
664

3
775 ¼

�r2 cos b2 þ x0t
u2

r2 sin b2
t

2
664

3
775

ð10Þ
where x0t=P

When the insert is non-S-shaped, the tool nose angle is
εr; then, the coordinate systems O1-X1Y1Z1 compared to
the coordinate system O-XYZ need to rotate q ¼ p�"r

2
degrees along Z-axis. According to Fig. 8, the transforma-
tion matrix M1 from O1-X1Y1Z1 to O-XYZ can be
expressed in Eq. 11:

M1 ¼
cos q � sin q 0
sin q cos q 0
0 0 1

2
64

3
75 ð11Þ

Control model of flank face Cylindrical control

Conical control

Insert shape S shape

Non-S-shape (including C, D, K, V, W, T)

Table 1 Tool types

Fig. 4 Schematic diagram of major cutting edge Fig. 5 Schematic diagram of minor cutting edge
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Based on Eq. 11, the matrix M1 can be written as:

M1 ¼
sin "r

2 �cos "r
2 0

cos "r
2 sin "r

2 0
0 0 1

2
64

3
75 ð12Þ

The major cutting edge in coordinate system O-XYZ
now has been changed as follows:

x
y
z

2
64

3
75 ¼

sin "r
2 �cos "r

2 0
cos "r

2 sin "r
2 0

0 0 1

2
64

3
75 �

u1
�r1 cos b1
r1 sin b1

2
4

3
5

¼
u1 sin

"r
2 þ r1 cos b1 cos

"r
2

u1 cos
"r
2 � r1 cos b1 sin

"r
2

r1 sin b1

2
64

3
75

ð13Þ

The coordinate system O2-X2Y2Z2 compared to the
coordinate system O-XYZ need to rotate � p�"r

2 degree
along the Z-axis. The transformation matrix M2 from O2-
X2Y2Z2 to O-XYZ can be expressed in Eq. 14, and the

minor cutting edge expressed in coordinate system O-XYZ
has been changed from Eqs. 10 to 15:

M2 ¼
sin "r

2 cos "r
2 0

� cos "r
2 sin "r

2 0
0 0 1

2
64

3
75 ð14Þ

x
y
z

2
64

3
75 ¼

sin "r
2 cos "r

2 0
� cos "r

2 sin "r
2 0

0 0 1

2
64

3
75 �r2 cos b2

u2
r2 sin b2

2
64

3
75

¼
u2 cos

"r
2 � r2 cos b2 sin

"r
2

u2 sin
"r
2 þ r2 cos b2 cos

"r
2

r2 sin b2

2
64

3
75

ð15Þ

The actual geometry involved in machining can be
known by solving the system of equations. If the tool is
cylindrical control with S shape, the system of equations to
be solved is Eqs. 1, 8, and 10. While if the tool is
cylindrical control with non-S shape, the system of
equations to be solved is Eqs. 1, 13, and 15; conical
control with S-shaped tool needs to solve Eqs. 2, 8, and 10
to get the actual geometry, and conical control with non-S-
shaped tool needs to solve Eqs. 2, 13, and 15 to get the
actual geometry. Table 2 shows the corresponding relation-
ship between the tool types and the system equations to be
solved.

4 Solving process

4.1 S-shaped tools

For S-shaped tools with cylindrical control or with conical
control, the solving processing is similar. By solving the
equation groups Eqs. 1, 8, and 10, the following relation-

Fig. 6 Coordinate translation in Y direction

Fig. 7 Coordinate translation in X direction

Fig. 8 Coordinate transformation of rotation around Z-axis
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ship can be gotten in Eq. 16, because r1 cos v1 ¼ Q� y,
r2 cos v2 ¼ P � x; Eq. 16 can also be written as shown in
Eq. 17; from that, the geometry established by the major
cutting edge, the minor cutting edge, and the backside
cutting edge is finally determined to be a sphere with the
center of the sphere at point (P2,

Q
2,0).

In the same way, by solving the equation groups Eqs. 2,
8, and 10, the relationship shown in Eq. 18 can also be
obtained and the actual geometry for S-shaped tools with
conical control is sphere too.

3x2 þ 3y2 þ 3z2 ¼ R2 þ k2 þ u21 þ r21 þ Q 2

� 2Qr1 cos b1 þ u22 þ r22 þ P2

� 2Pr2 cos b2 ð16Þ

x� P

2

� �2

þ y� Q

2

� �2

þz2

¼ R2 þ r21 þ r22
2

� Q2 þ P2

4
ð17Þ

x� P

2

� �2

þ y� Q

2

� �2

þ z� tg2w
4

� Rtgw
2

� �� �2

¼ R2 þ r21 þ r22
2

þ P2 þ Q2

4
þ tg2w

4
� Rtgw

2

� �2

ð18Þ

4.2 Non-S-shaped tools

For non-S-shaped tools, the first step of solving process is
similar to S-shaped tools, and, by solving Eqs. 1, 3, and 15,
the following relationship for cylindrical control tools can
be obtained:

x 2 þ y 2 þ z 2 ¼ r21 þ r22 þ R2

3
þ u21 þ u22 þ k2

3
ð19Þ

It can also be written as:

x2 þ y2 ¼ r21þr22þR2

3 þ u21þu22�2k2

3

z ¼ k

(
ð20Þ

In Eq. 20, R, r1, and r2 are known as the nose radius, the
major cutting edge radius, and the minor cutting edge
radius, respectively; only u1, u2, and t need to be solved.
According to Eqs. 1, 13, and 15, the following linear
systems of equations can be obtained:

u1 sin
"r
2 þ r1 cos b1 cos

"r
2 � u2 cos

"r
2 � r2 cos b2 sin

"r
2 ¼ 0

u1 sin
"r
2 þ r1 cos b1 cos

"r
2 ¼ R cos b

u1 cos
"r
2 � r1 cos b1 sin

"r
2 � u2 sin

"r
2 þ r2 cos b2 cos

"r
2 ¼ 0

u1 cos
"r
2 � r1 cos b1 sin

"r
2 ¼ R sin b

:
8>><
>>: ð21Þ

Assuming sin β and cos β are known, by using Cramer
law as shown in Eq. 22, the variables u1, u2, cos β1, and cos
β2 can be solved.

xi ¼ Dxi

D
i ¼ 1; 2; . . . nð Þ ð22Þ

where in Eq. 22:

D ¼
sin "r

2 r1 cos
"r
2 �r2 sin

"r
2 � cos "r

2
sin "r

2 r1 cos
"r
2 0 0

cos "r
2 �r1 sin

"r
2 r2 cos

"r
2 � sin "r

2
cos "r

2 �r1 sin
"r
2 0 0

��������

��������
¼ r1r2

ð23Þ

Du1 ¼
0 r1 cos

"r
2 �r2 sin

"r
2 � cos "r

2
R cos b r1 cos

"r
2 0 0

0 �r1 sin
"r
2 r2 cos

"r
2 � sin "r

2
R sin b �r1 sin

"r
2 0 0

��������

��������
¼ Rr1r2ðcos "r2 sin b

þ sin
"r
2

cos bÞ

ð24Þ

Du2 ¼
sin "r

2 r1 cos
"r
2 �r2 sin

"r
2 0

sin "r
2 r1 cos

"r
2 0 R cos b

cos "r
2 �r1 sin

"r
2 r2 cos

"r
2 0

cos "r
2 �r1 sin

"r
2 0 R sin b

��������

��������
¼ Rr1r2 cos2

"r
2
� sin2

"r
2

� �
� cos v cos

"r
2
� sin v sin

"r
2

� �
þ 2Rr1r2 sin

"r
2

cos
"r
2

cos v sin
"r
2
þ sin v cos

"r
2

� �
ð25Þ

Dcos b1 ¼
sin "r

2 0 �r2 sin
"r
2 � cos "r

2
sin "r

2 R cos b 0 0
cos "r

2 0 r2 cos
"r
2 � sin "r

2
cos "r

2 R sin b 0 0

��������

��������
¼ Rr2ðcos b cos "r2

� sin b sin
"r
2
Þ

ð26Þ

Tool types System equations to be solved

Cylindrical control with S-shaped tool Eqs. 1, 8, and 10

Cylindrical control with non-S-shaped tool Eqs. 1, 13, and 15

Conical control with S-shaped tool Eqs. 2, 8, and 10

conical control with non-S-shaped tool Eqs. 2, 13, and 15

Table 2 Tool types vs equa-
tions to be solved
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By using Cramer law, u1, u2, and cos β1 can be obtained.

u1 ¼ Du1

D
¼

0 r1 cos
"r
2 �r2 sin

"r
2 � cos "r

2

R cos b r1 cos
"r
2 0 0

0 �r1 sin
"r
2 r2 cos

"r
2 � sin "r

2

R sin b �r1 sin
"r
2 0 0

���������

���������
sin "r

2 r1 cos
"r
2 �r2 sin

"r
2 � cos "r

2
sin "r

2 r1 cos
"r
2 0 0

cos "r
2 �r1 sin

"r
2 r2 cos

"r
2 � sin "r

2
cos "r

2 �r1 sin
"r
2 0 0

��������

��������

¼ Rðcos "r
2

sin b

þ sin
"r
2

cos bÞ

ð27Þ

u2 ¼ Du2

D
¼

sin "r
2 r1 cos

"r
2 �r2 sin

"r
2 0

sin "r
2 r1 cos

"r
2 0 R cos b

cos "r
2 �r1 sin

"r
2 r2 cos

"r
2 0

cos "r
2 �r1 sin

"r
2 0 R sin b

��������

��������
sin "r

2 r1 cos
"r
2 �r2 sin

"r
2 � cos "r

2
sin "r

2 r1 cos
"r
2 0 0

cos "r
2 �r1 sin

"r
2 r2 cos

"r
2 � sin "r

2
cos "r

2 �r1 sin
"r
2 0 0

��������

��������

¼ R cos2
"r
2
� sin2

"r
2

� �
� ðcos b cos "r

2
� sin b sin

"r
2
Þ

þ 2R sin
"r
2

cos
"r
2

ðcos b sin "r
2

þ sin b cos
"r
2
Þ

ð28Þ

cos b1 ¼
Dcos b1

D
¼

sin "r
2 0 �r2 sin

"r
2 � cos "r

2
sin "r

2 R cos b 0 0
cos "r

2 0 r2 cos
"r
2 � sin "r

2
cos "r

2 R sin b 0 0

��������

��������
sin "r

2 r1 cos
"r
2 �r2 sin

"r
2 � cos "r

2
sin "r

2 r1 cos
"r
2 0 0

cos "r
2 �r1 sin

"r
2 r2 cos

"r
2 � sin "r

2
cos "r

2 �r1 sin
"r
2 0 0

��������

��������
¼ R cos b cos "r

2 � sin b sin "r
2

� 	
r1

ð29Þ

As known for k=r1 sin β1, then

k2 ¼ r21 � r21 cos
2 b1 ¼ r21 � R2 cos b cos

"r
2
� sin b sin

"r
2

� �2

u21 þ u22 � 2k2 ¼ R2ðcos "r
2 sin b þ sin "r

2 cos bÞ2

þ 2 r21 � R2 cos b cos "r
2 � sin b sin "r

2

� 	2h i
þ½ R cos2 "r

2 � sin2 "r
2

� 	
cos b cos "r

2 � sin b sin "r
2

� 	
þ 2R sin "r

2 cos "r
2 cos b sin "r

2 þ sin b cos "r
2

� 	�2
ð30Þ

Because in Eq. 1: R cos β=x and R sin β=y, the value of
u21 þ u22 � 2k2 can also be written as:

u21 þ u22 � 2k2

¼ cos2
"r
2
þ 1þ 3 sin4

"r
2

cos2
"r
2
þ cos6

"r
2

� �
x2

þ sin2
"r
2
þ 1þ 3 sin2

"r
2

cos4
"r
2
þ sin6

"r
2

� �
y2

þ 8 sin3
"r
2

cos3
"r
2
� 2 sin

"r
2

cos
"r
2

� �
xy� 2r21 ð31Þ

For sin4 "r
2 cos

2 "r
2, cos6 "r

2 , sin2 "r
2 cos

4 "r
2 , sin6 "r

2 , and
sin3 "r

2 cos
3 "r
2 have little effect on the final result; Eq. 31

can be changed into:

u21 þ u22 � 2k2 ¼ cos2
"r
2
þ 1

� �
x2 þ sin2

"r
2
þ 1

� �
y2

� 2 sin
"r
2

cos
"r
2
xy� 2r21 ð32Þ

Now Eq. 20 can be written as:

x2 þ y2 ¼ r21 þ r22 þ R2

3

þ cos2 "r
2 þ 1

� 	
x2 þ sin2 "r

2 þ 1
� 	

y2 � 2 sin "r
2 cos "r

2 xy� 2r21
3

ð33Þ
It can be changed into the following form:

2� cos2 "r
2

� 	
x2 þ 2� sin2 "r

2

� 	
y2 þ 2 sin "r

2 cos "r
2 xy ¼ R2 þ r22 � r21

z ¼ k




ð34Þ
For sin "r

2 cos
"r
2

� 	2� 2� cos2 "r
2

� 	
2� sin2 "r

2

� 	 ¼ 2 sin2 "r
2 þ

2 cos2 "r
2 � 4 < 0, the projection of the actual geometry of

cylindrical control inserts with non-S shape involved in
machining in x–y plane is ellipse [21]; thus, the 3-D tool
nose geometry involved in machining is ellipsoid.

Figure 9 shows the actual geometry depicted by
Matlab7.0 according to Eq. 34; both the major and the
minor cutting edge radius are set to be 0.04 mm, and the
tool nose radius is set to be 0.2 mm.

From Fig. 9, it can be seen that the middle space
constituted by the two curve surfaces is an irregular
ellipsoid, which gets good consistency with previous result
that the 3-D geometry of cylindrical control with non-S-
shaped tools is ellipsoid.

The solving process of conical control with non-S-
shaped tool is similar to that of cylindrical control tools,
and, by using the Cramer law to solve Eqs. 2, 13, and 15,
the following relationship can be finally obtained.

sin2 "r
2 x

2 þ cos2 "r
2 y

2 þ 2 sin "r
2 cos "r

2 xy ¼ r22 � r21
z ¼ �k



ð35Þ

For sin "r
2 cos

"r
2

� 	2� sin2 "r
2 cos

2 "r
2 ¼ 0, the projection of

the actual geometry of conical inserts with non-S shape
involved in machining in x–y plane is parabola [21]. Thus,
the 3-D geometry involved in machining is paraboloid.

5 Model validating

FEM simulation is conducted to validate the model based
on the simulating of turning process and analyzing the
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effects of tool geometry. The DEFORM 3-D simulation
software is applied for the simulation. The material
machined was AeroMet100. The FEM simulation was
conducted by varying tool geometry, including CNMG
120404, DNMG110404, SNMG120404, and VNMG16
0404 and all of them were cylindrical control. The cutting
speed is set to be 400 m/min; the feed rate is 0.05 mm/rev,
and the depth of cut is 0.5 mm. During the simulation of the
cutting process, the tool nose was involved in cutting to
make sure that both the major cutting edge and the minor
cutting edge were conducted in machining. Figure 10
shows the results of cutting force of the four tools.
Figure 10a shows the force in X direction (axial force
direction); Fig. 10b shows the force in Y direction (radial
force direction), and Fig. 10c shows Z direction (tangential
force direction).

It can be seen from Fig. 10 that the radial force (cutting
force in Y direction) is the largest; tangential force (in Z
direction) is the middle and axial force (in X direction) is the
smallest which get good consistency with the conclusion in
[10]. It can also be seen that cutting forces for C-, D-, and V-
shaped tools are similar, whether in X, Y directions or in Z
direction, while the cutting forces for S-shaped tool are
smaller than those for the other three shape tools. The results
can be explained by previous analyses that the actual
geometry of cylindrical control of C, D, and V cutting tools
involved in cutting is ellipsoid, and the actual geometry of S-
shaped tools involved in cutting are sphere. When the actual
geometry is ellipsoid, the contact area is larger than that of
sphere, which makes heat dissipation better and in turn leads
to lower cutting temperature. When the cutting temperature
is reduced, the workpiece material begins to be hardened and
finally leads to the increase in cutting forces.

a. Cutting force in X direction

b. Cutting force in Y direction

c. Cutting force in Z direction

Fig. 10 Cutting forces for four types of cutting tool. a Cutting force in X
direction. b Cutting force in Y direction. c Cutting force in Z inserts

Fig. 9 Sketch map of the actual
geometry direction
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6 Summary and conclusions

Four different models have been developed to study the
actual geometry involved in machining. These models are
based on mathematics analytical methods including matrix
translation and rotation. By analyzing these models, the
following conclusions can be drawn:

1. The actual geometry involved in machining of the S-
shaped inserts both with cylindrical control and with
conical control is sphere.

2. The actual geometry involved in machining of non-S-
shaped inserts with cylindrical control is ellipsoid.

3. The actual geometry involved in machining of non-S-
shaped inserts with conical control is paraboloid.
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