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EXTRINSIC VIEW OF HARMONIC MAPS
ZUJIN ZHANG

ABSTRACT. We see harmonic maps in an extrinsic point of view.

Thisis [1, 1.3].

By the isometric embedding theorem of Nash [2], we may assume
(N'.h) > R,
for some L > 1. Then
CA(M:N) = {u = (u',- u*) € CA(M; R"); (M) c N},
and
1 aB, i i
e(u) = Eg Uy Ug.

Since N is a closed submanifold of RY, we can construct the nearest

point projection map
IIy: Ns > N
1. where
Ny ={y e RY do.N) = infly - 2] < 3}
2. for y € N;, IIy(y) € N is such that
ly =yl = d(y, N);
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3. and Ily is smooth, the gradient of which,
P(y) = VIIy(y) : R* > T,N

is an orthogonal projection; the Hessian of which, induces the

second fundamental form of N ¢ R%:
Ay)=VPy): T,N x T,N — (1,N)”
v oW o X HessTIyv, wyvi(y),

where {v;(y)}%,,, is a local orthonormal frame of the normal bun-
dle (T,N) .

Now, we have

Proposition 1. u € C*(M; N) is a harmonic map iff u satisfies

Aqu L T,N.

Proof. For ¢ € C5(M; R"), we have

<
dt t=0

= 2 f (Vu, V (P(u)p)) dv,
M
- 22 fM (Agu., Pu)p) dv,

) fM (P(u) (Agu) . @) dv.

0 = f IVITy (u + tp)|* dv,
M

Remark 2. Notice that
Agu L T,N
is equivalent to the PDE :

Aqu + A(u) (Vu,Vu) = 0, in M.
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In fact, we may write

L
Agu = > Alx)vi(u),

i=l+1

with

A = <Agu,v,-(u)>

div o (Vu - vi(u)) — Vu - V (vi(u))

—(Vv) () (Vu, Vu)

= —A)(Vu,Vu).

Example 3. Let
(a) M = T" be the n-dimensional flat torus;
(b) and N = S* ¢ R*! be the unit sphere.
Then u € CX(T", S*) is a harmonic map iff

Au+ |VulPu=0, inT"
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