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Hm�Æ2004êÆ©Û

To my parents

1. � f(x)3: a���+�Sk½Â, f(a) 6= 0, f ′(a) = 0. ¦ lim
x→a

(
f(x)

f(a)

) 1
x−a

.

)�.

�4� = lim
x→a

Exp

{
ln f(x)

f(a)

x− a

}
= Exp

{
lim
x→a

f(a)

f(x)
· f
′(x)

f(a)

}
= 1.

�

2. � f(u, v)�¤k�� �êÑëY, z = f
(
xy,

y

x

)
. ¦

∂2z

∂x∂y
.

)�.

zy = fv · x+ fq ·
1

x
,

zxy =

(
fuu · y + fuv ·

−y
x2

)
· x+ fu

+

(
fvu · y + fvv ·

−y
x2

)
· 1

x
+ fv ·

−1

x2

= fu −
1

x2
fv + xyfuu −

y

x3
fvv.

�

3. y²Ø�ª 2x ln

(
1 +

1

x

)
< 1 +

1

1 + x
, x > 0.

y².

ln(1 + s) < s, s > 0

⇒ (1 + t) ln(1 + t)− t < t2

2
, t > 0 (Integrating over [0, t])

⇒ 2 ln(1 + t)

t
< 1 +

1

1 + t
, t > 0

⇒ 2x ln

(
1 +

1

x

)
< 1 +

x

1 + x
, x > 0

(
x =

1

t

)
.

�
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4. O��È©
∫∫

x2+y2≤1

x2y2 ln
(
x2 + y2

)
.

)�.

�È© =

∫ 1

0

r5 ln r2dr ·
∫ 2π

0

sin2 ϑ cos2 ϑdϑ

=

[
−1

3

∫ 1

0

r5dr

]
·
[

1

8
· 2π
]

(
Integrating by parts and sin2 ϑ cos2 ϑ =

1

4
· 1− cos 4ϑ

2

)
= − π

72
.

�

5. O�1�.�È©
∫
L

(x2 − y2)dx− 2xydy,Ù¥ L´l A(0, 1)÷ y =
sinx

x
�

B(π, 0)��ã�.

)�.

�È© =

[∫
(0,1)→(π,1)

+

∫
(π,1)→(π,0)

]
(x2 − y2)dx− 2xydy

=

∫ π

0

(x2 − 1)dx+

[
−
∫ 1

0

−2πydy

]
=

[
π3

3
− π

]
+ π =

π3

3
.

�

6. y²?ê
∞∑
n=1

n
√
n− 1

nα
3 α > 0�Âñ;3 α ≤ 0�uÑ.

y². d
n
√
n− 1

nα
=
elnn/n − 1

nα
∼ lnn

n1+α
, n→∞

=k(Ø.Ï�

α > 0⇒ lnn/n1+α

1/n1+β
=

lnn

nα−β
→ 0, n→∞, ∀ 0 < β < α;

α ≤ 0⇒ lnn/n1+α

1/n1−α = lnn→∞, n→∞.
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7. � f(x) 3 [a,∞) þ���k.. y²�3��ê� {xn} ⊂ [0,∞) ¦�

lim
n→∞

xn =∞� lim
n→∞

f ′(xn) = 0.

y². d Lagrange¥�½n, ∃ xn ∈ (2n, 2n+1), s.t.s

|f(xn)| =
∣∣∣∣f(2n+1)− f(2n)

2n

∣∣∣∣ ≤ 1

2n−1
· sup

[0,∞)

|f | → 0, n→∞.

�

8. � {fn(x)}´ [a, b]þ�ëY¼êS�,��3~êM > 0¦�é?Û n ∈ N

Ú x ∈ [a, b],k |fn(x)| ≤M .

(a) y²é?Û n ∈N , Fn(x) = min {f1(x), · · · , fn(x)}3 [a, b]þëY.

(b) Þ��~f¦ F (x) = inf
n∈N

fn(x)3 [a, b]þØëY.

(c) e F (x)3 [a, b]þëY,y² Fn ⇒ F u [a, b].

y². (a) dêÆ8B{, �IyéëY� f, g, k min {f, g}ëY,ù´²

w�:

min {f, g} =
− |f − g|+ (f + g)

2
.

(b) Ø�� [a, b] = [−1, 1],

fn(x) =


−1, x ∈ [−1,−1/n],

nx, x ∈ (−1/n, 1/n),

1, x ∈ [1/n, 1].

K

F (x) =

{
−1, x < 0,

x, x ≥ 0.

d F 3 0?a�mä.

(c) é?¿�½� ε > 0,P

En(ε) = {x ∈ [a, b]; |Fn(x)− F (x)| < ε} ,

K

i. d F ëY� En(ε)´�éu [a, b]�m8;
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ii. d Fn4~� En(ε)'u nüO;

iii. d Fn → F � [a, b] ⊂ ∪∞n=1En.

u´k�CX½n%¹ [a, b] ⊂ En,é,� n. y..

�

5P. (a) (8b)Ù¢�±Þ��{ü�~f: fn(x) = xn� [0, 1]þ.

(b) (8c)�ë� Dini½n.

�

9. � f(x)3 (a, b)þk½Â�é?Û x1, x2 ∈ (a, b)Ú?Û λ ∈ [0, 1],k

f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2).

(a) y² f(x) 3 (a, b) SÑ?km�ê f ′+(x) = lim
∆x→0+

f(x+ ∆x)− f(x)

∆x
�

f ′+(x)´ (a, b)þ�üO¼ê.

(b) f ′+(x)3 (a, b)S�õ�k�ê�mä:.

y². (a) dK¿, f ´à¼ê,é x < x+ ∆x < x+ ∆x′ < y < y + ∆y,k

f(x+ ∆x)− f(x)

∆x
≤ f(x+ ∆x′)− f(x)

∆x′

≤ f(y)− f(x+ ∆x′)

y − (x+ ∆x′)
≤ f(y + ∆y)− f(y)

∆y
,

u´ f ′+(x)�3�üO.

(b) d

x0´ f ′+�mä:

⇒
x0éAu�k�m«m (f ′+(x0 − 0), f ′+(x0 + 0)),

�ù
m«mpØ��,���éA�knê8Q��f8,

=k(Ø.

�
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