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Hm�Æ2005êÆ©Û

To my parents

1. O��È© I =

∫∫
D

x2ydxdy,Ù¥ D = {(x, y) ∈ R2; |x|+ |y| ≤ 1}.

)�.

I = 0.

�

2. � u = u(x)�d�§|


u = f(x, y, z)

g(x, y, z) = 0

h(x, y, z) = 0

(½�Û¼ê,¦
du

dx
.

)�. d

{
g(x, y, z) = 0

h(x, y, z) = 0
�

{
gx + gyyx + gzzx = 0

hx + hyyx + hzzx = 0
⇒


yx =

−gxhz + gzhx
gyhz − gzhy

zx =
−gyhx + gxhy
gyhz − gzhy

.

u´2d u = f(x, y, z)�

ux = fx + fyyx + fzzx

= fx + fy
−gxhz + gzhx
gyhz − gzhy

+ fz
−gyhx + gxhy
gyhz − gzhy

.

�

3. ¦4� lim
n→∞

(
1√

4n2 − 12
+

1√
4n2 − 22

+ · · ·+ 1√
4n2 − n2

)
.

)�.

�4� = lim
n→∞

1

n

n∑
i=1

1√
4− (i/n)2

=

∫ 1

0

1√
4− x2

dx

=

∫ π
6

0

1

2 cosϑ
· (2 cosϑdϑ) = π

6
.

�
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4. ¦y f(x) =

∫ ∞
0

sin t

x+ t
dt3 (0,∞)þëY.

y². é?Û X > 0,dÈ©1�¥�½ní��2ÂÈ©��Âñ�O{%

¹

∫ ∞
0

sin t

x+ t
dt3 [X,∞)þ��Âñ, f 3 [X,∞)þëY.d X �?¿5,

k(Ø. �

5. �ä?ê
∞∑
n=1

e−
(
1 +

1

1!
+

1

2!
+ · · ·+ 1

n!

)
�ñÑ5.

)�. d ∣∣∣∣e− (1 + 1

1!
+

1

2!
+ · · ·+ 1

n!

)∣∣∣∣ =

∣∣∣∣ eξ

(n+ 1)!

∣∣∣∣ (0 < ξ < 1)

≤ e

(n+ 1)!

��?êýéÂñ. �

6. �¼ê f(x)3 [−1, 1]þëY��,� f(0) = 0.

(a) ¦y
∞∑
n=1

1

n
f
(x
n

)
3 [−1, 1]þ��Âñ.

(b) � S(x) =
∞∑
n=1

1

n
f
(x
n

)
. ¦y S(x)3 [−1, 1]þëY��.

y². (a) d∣∣∣∣ 1nf (xn)
∣∣∣∣ = ∣∣∣∣ 1n [f (xn)− f(0)]

∣∣∣∣ = ∣∣∣∣ xn2
f ′
(
ξx
n

)∣∣∣∣ ≤ 1

n!
·max
[−1,1]

|f ′|

=k(Ø.

(b) d ∣∣∣∣ ddx
[
1

n
f
(x
n

)]∣∣∣∣ = ∣∣∣∣ 1n2
f ′
(x
n

)∣∣∣∣ ≤ 1

n2
·max
[−1,1]

|f ′|

=k(Ø.

�

7. � P (x, y), Q(x, y)3�²¡ R2 þkëY� �ê,¿�é?Û���± C,

k ∫
C

P (x, y)dx+Q(x, y)dy = 0.

¦y
∂Q

∂x
=
∂P

∂y
.
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y². ^�y{. e ∃ (x0, y0) ∈ R2, s.t. [Qx − Py](x0,y0) > 0(< 0aq), Kdë

Y¼ê�Ò5�

∃ r0 > 0, s.t. ∀ 0 < r < r0, 0 ≤ ϑ ≤ 2π ⇒ [Qx − Py](r cosϑ,r sinϑ) > 0.

 ∫
x2+y2=r20

Pdx+Qdy =

∫∫
x2+y2<r20

[Qx − Py] dxdy > 0,

ù�^�gñ. �k(Ø. �

8. � f(x)3 [0, a]þüg��, f(0) = f ′(0) = f ′(a) = 0, f(a) = 1,¿�é?Û

x ∈ [0, a],k |f ′′(x)| ≤ 1. �

g(x) =

{
x, 0 ≤ x ≤ a/2,

a− x, a/2− x < x ≤ a.

(a) ¦y f ′(x) ≤ g(x).

(b) ¦y�3 x0 ∈ (0, a),¦� f ′(x0) < g(x0).

(c) ¦y a > 2.

y². (a) � 0 ≤ x ≤ a/2 �, f ′(x) = f ′(0) + f ′′(ξx)x ≤ x = g(x); � a/2 <

x ≤ a�, f ′(x) = f ′(a) + f ′′(ηx)(x− a) ≤ a− x.

(b) ^�y{. eØ,,K f ′(x) ≡ g(x), x ∈ (0, a), g 3 x = a/2?Ø��,

gñ. �k(Ø.

(c) d

1 =

∫ a

0

f ′(x)dx <

∫ a

0

g(x)dx =
1

2
· a
2
· a =

a2

4

� a > 2.

�

9. � f(x)Ú g(x)3«m (a, b)Sk½Â,�é?Û x, x0 ∈ (a, b),k

f(x)− f(x0) ≥ g(x0)(x− x0).

(a) ¦y f(x)3 (a, b)SëY.
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(b) ¦yé?Û x ∈ (a, b), f ′−(x0), f ′+(x0)þ�3,� f ′−(x0) ≤ g(x0) ≤ f ′+(x0).

y². �½ x0 ∈ (a, b),é x0 < x1 < x2,k

f(x2)− f(x1)
x2 − x1

≥ g(x1) ≥
f(x1)− f(x0)

x1 − x0
≥ g(x0),



f(x2)− f(x0)
x2 − x0

≥ f(x1)− f(x0)
x1 − x0

≥ g(x0),

u´ f ′+(x0) = lim
x→x0+

f(x)− f(x0)
x− x0

�3,� f ′+(x0) ≥ g(x0). Ón, f ′−(x0)�3,

� f ′−(x0) ≤ g(x0).

Ï� f 3 x0?�m�êþ�3,ëY. �
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