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Hm�Æ2003êÆ©Û

To my parents

1. � w = f(x+ y, x− y, x),Ù¥ f(x, y, z)k��ëY �ê,¦ wxy.

)�.

wx = fx + fy + fz,

wxy = (fxx − fxy) + (fyx − fyy) + (fzx − fzy) = fxx − fyy + fxz − fyz.

�

2. �ê� {an}�KüO� lim
n→∞

an = a,y²

lim
n→∞

(an1 + an2 + · · ·+ ann)
1/n = a.

y². d an ≤ (an1 + an2 + · · ·+ ann)
1/n ≤ n1/nan=�(Ø. �

3. � f(x) =

{
xα ln(1 + x2), x > 0,

0, x ≤ 0.
Á(½ α�����,¦ f(x)©O÷v

(a) 4� lim
x→0+

f(x)�3;

(b) f(x)3 x = 0ëY;

(c) f(x)3 x = 0��.

)�. (a) d lim
x→0+

ln(1 + x2)

x2
= 1�4� lim

x→0+
f(x)�3L α ≥ −2;

(b) � f(x)3 x = 0ëYL α > −2;

(c) d

f(x)− f(0)
x

= xα+1 ln(1 + x2)

x2

� f(x)3 x = 0��L α > −1.

�

4. � f(x)3 (−∞,∞)ëY,y²È©∫
l

f(x2 + y2)(xdx+ ydy)

�È©´» lÃ'.
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y². d
∂

∂x

[
f(x2 + y2)y

]
= f ′(x2 + y2) · 2xy =

∂

∂y

[
f(x2 + y2)x

]
=�. �

5. � f(x)3 [a, b]þ��, f
(
a+ b

2

)
= 0� |f ′(x)| ≤M . y²:

∣∣∣∣∫ b

a

f(x)dx

∣∣∣∣ ≤ M

4
(b− a)2 .

y².∣∣∣∣∫ b

a

f(x)dx

∣∣∣∣ =

∣∣∣∣∫ b

a

f ′(ξx)

(
x− a+ b

2

)∣∣∣∣ (ξx3 a+ b

2
� x�m

)
≤ M

∫ b

a

∣∣∣∣x− a+ b

2

∣∣∣∣ dx =
M

4
(b− a)2 .

�

6. � {an}ü~�Âñu 0,
∞∑
n=1

|an sinn|uÑ.

(a) y²?ê
∞∑
n=1

an sinnÂñ.

(b) y² lim
n→∞

un
vn

= 1,Ù¥

un =
n∑
k=1

(|ak sin k|+ ak sin k) , vn =
n∑
k=1

(|ak sin k| − ak sin k) .

y². (a) d Dirichlet�O{=�,Ï�∣∣∣∣∣
N∑
n=1

sinn

∣∣∣∣∣ =

∣∣∣∣− 1

2 sin 1
2

∣∣∣∣ N∑
n=1

[
cos

(
n+

1

2

)
− cos

(
n− 1 +

1

2

)]
=

∣∣∣∣− 1

2 sin 1
2

∣∣∣∣ [cos(N +
1

2

)
− cos

1

2

]
≤ 1

sin 1
2

.

(b)

lim
n→∞

un
vn

= lim
n→∞

1 +
n∑
k=1

ak sin k/
n∑
k=1

|ak sin k|

1−
n∑
k=1

ak sin k/
n∑
k=1

|ak sin k|
= 1.

�
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7. � f(t) =

∫ ∞
1

e−tx
sinx

x
dx. y²

(a)
∫ ∞
1

e−tx
sinx

x
dx3 [0,∞)þ��Âñ.

(b) F (t)3 [0,∞)þëY.

y². (a) d ∫ ∞
0

sinx

x
dx =

∫ ∞
0

(∫ ∞
0

e−xydy

)
sinxdx∫ ∞

0

∫ ∞
0

e−xy sinxdxdy =

∫ ∞
0

1

1 + y2
dy =

π

2(∫∞
0
e−xy sinxdx = −

[
−1−

∫∞
0
−ye−xy cosxdx

]
= 1−

∫∞
0
ye−xyd sinx = 1− y2

∫∞
0
e−xy sinxdx

)
�

∫ ∞
1

sinx

x
dx�3, d Abel �O{�

∫ ∞
1

e−tx
sinx

x
dx3 [0,∞)þ�

�Âñ.

(b) ù´²w�,�ÏL\~�9��Âñ��.

�

8. · {fn(x)}´ [a, b]þ½Â�¼ê�,÷v

(a) é?¿ x0 ∈ [a, b], {fn(x)}´��k.ê�;

(b) ∀ε > 0, ∃ δ > 0, s.t.

x, y ∈ [a, b], |x− y| < δ, n ∈N ⇒ |fn(x)− fn(y)| < ε.

¦y�3��fS� {fnk
(x)}3 [a, b]þ��Âñ.

y². (a) ∀ε > 0, ∃ δ > 0, s.t.

x, y ∈ [a, b], |x− y| < δ, n ∈N ⇒ |fn(x)− fn(y)| <
ε

3
.

(b) éd δ > 0,d [a, b] ⊂ ∪x∈[a,b]U(x, δ)�

∃ {xi}ni=1 ⊂ [a, b], s.t. [a, b] ⊂ ∪ni=1U(xi, δ).

(c) éù
 {xi}ni=1,d {fn(xi)}∞n=1k.�

∃
{
f
n
(1/ε)
j

}∞
j=1
⊂ {fn}∞n=1 , s.t.

{
f
n
(1/ε)
j

(xi)
}∞
j=1
Âñ,



∃ Ni > 0, s.t. j, k ≥ Ni ⇒
∣∣∣f
n
(1/ε)
j

(xi)− fn(1/ε)
k

(xi)
∣∣∣ < ε

3
.
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(d) u´é y ∈ U(xi, δ),k∣∣∣f
n
(1/ε)
j

(y)− f
n
(1/ε)
k

(y)
∣∣∣ ≤ ∣∣∣f

n
(1/ε)
j

(y)− f
n
(1/ε)
j

(xi)
∣∣∣

+
∣∣∣f
n
(1/ε)
j

(xi)− fn(1/ε)
k

(xi)
∣∣∣+ ∣∣∣f

n
(1/ε)
k

(xi)− fn(1/ε)
k

(y)
∣∣∣

≤ ε,

� j, k ≥ max
1≤i≤n

Ni�.

(e) nþ¤ã,·�y²
 ∀ ε > 0, ∃
{
f
n
(1/ε)
j

}∞
j=1

,∃ N = N(ε) > 0, s.t.

j, k ≥ N ⇒ sup
[a,b]

∣∣∣f
n
(1/ε)
j
− f

n
(1/ε)
k

∣∣∣ < ε.

(f) e¡·�^Í¶� Cantoré��{5y�K8.

i. é ε = 1, ∃
{
f
n
(1)
j

}
, ∃ N1 > 0, s.t. j, k ≥ N ⇒ sup

[a,b]

∣∣∣f
n
(1)
j
− f

n
(1)
k

∣∣∣ < 1;

ii. é ε =
1

2
, ∃

{
f
n
(2)
j

}
⊂
{
f
n
(1)
j

}
, ∃ N2 > N1, s.t.

j, k ≥ N2 ⇒ sup
[a,b]

∣∣∣f
n
(2)
j
− f

n
(2)
k

∣∣∣ < 1

2
;

iii. Xd��e�,é ε =
1

k
, ∃

{
f
n
(k)
j

}
⊂
{
f
n
(k−1)
j

}
, ∃ Nk > Nk−1, s.t.

j, k ≥ Nk ⇒ sup
[a,b]

∣∣∣f
n
(k)
j
− f

n
(k)
k

∣∣∣ < 1

k
.

iv. - fnj
= f

n
(j)
j

,K
{
fnj

}
��Âñ. Ï�� j > k�,

sup
[a,b]

∣∣fnj
− fnk

∣∣ = sup
[a,b]

∣∣∣f
n
(j)
j
− f

n
(k)
k

∣∣∣
= sup

[a,b]

∣∣∣∣fn(k)
jk

− f
n
(k)
k

∣∣∣∣ (jk ≥ j)

<
1

k
.

�

5P. (a) (8a) ´ uniform boundedness, (8b) ´ equicontinuity. K8��´

Ascoli-Arzela;5½n���A~.

(b) ù�K8��3u��y��Âñ,�IwÂñ��5�.

�
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