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To my parents

1. ¦4� lim
t→0

∫ t

0
sin(tx2)dx

t4
.

)�.

lim
t→0

∫ t

0
sin(tx2)dx

t4
= lim

t→0

∫ t

0

[
tx2 − 1

3!
(tx2)

3
+O

(
(tx2)

5
)]
dx

t4
=

1

3
.

�

2. � u =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

x1 x2 · · · xn

x2
1 x2

2 · · · x2
n

...
...

...

xn−1
1 xn−1

2 · · · xn−1
n

∣∣∣∣∣∣∣∣∣∣∣∣∣
. Áy: (x · ∇)u =

n(n− 1)

2
u.

y². P A = [aij] =
(
xi−1
j

)
,Ù�ê{fªÝ
� [Aij],K

(x · ∇)u =
n∑

i=1

xi
∂u

∂xi
=

n∑
i=1

[
n∑

j=2

(j − 1)aijAij

]

=
n∑

j=2

(j − 1)

[
n∑

i=1

aijAij

]
=
n(n− 1)

2
det A =

n(n− 1)

2
u.

�

3. � f(x)3 [0, 2]þk.�È,
∫ 2

0

f(x)dx = 0. ¦y�3 a ∈ [0, 1]¦�∫ a+1

a

f(x)dx = 0.

y². P F (t) =

∫ t+1

t

f(x)dx,K F (0) + F (1) =

∫ 2

0

f(x)dx = 0,
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(a) e F (0) = 0,K a = 0÷v¤y.

(b) e F (0) 6= 0,K F (0) · F (1) < 0,dëY¼ê�0�½nk

∃ a ∈ (0, 1), s.t. F (a) =

∫ a+1

a

f(x)dx = 0.

�

4. e�?ê
∞∑
n=1

anx
n 3 (−1, 1)SÂñ� f(x),� 0 6= xn ∈ (−1, 1)÷v

lim
n→∞

xn = 0Ú f(xn) = 0, n = 1, 2, · · · ,K f(x) = 0é¤k x ∈ (−1, 1).

y². dK¿,�?ê3 (−1, 1)S4��Âñ, f(0) = 0,�

∃ yn > 0
(
< 0aq

)
, yn 6= ym, n 6= m; s.t. lim

n→∞
yn = 0, f(yn) = 0.

u {(yn, yn+1)}∞n=1 þA^ Rolle ½n, k�G zn → 0, f ′(zn) = 0,

¤± f ′(0) = 0; 2u {(zn, zn+1)}∞n=1 þA^ Rolle ½n, q�G

wn → 0, f ′′(wn) = 0,¤± f ′′(0) = 0;Xd���e�,·���

f (n)(0) = 0, ∀ n = 0, 1, 2, · · · .

�

f(x) =
∞∑
n=0

f (n)(0)

n!
xn = 0, ∀ x ∈ (−1, 1).

�

5. �¼ê f(x) 3 (−∞,∞) k?¿��ê, ��ê¼ê� f (n)(x) 3

(−∞,∞)��Âñu ϕ(x), ϕ(0) = 1. ¦y: ϕ(x) = ex.

y².

ϕ(x) = lim
n→∞

f (n)(x) = lim
n→∞

[
f (n−1)

]′
(x)

=
[

lim
n→∞

f (n−1)
]′

(x) = ϕ′(x)

⇒ ϕ(x) = ϕ(0)ex = ex.

�
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6. � f(x, y)3¥ {(x, y, z); x2 + y2 + z2 ≤ 1}þëY.é r > 0,-

B(r) =
{

(x, y, z); x2 + y2 + z2 ≤ r2
}
,

S(r) =
{

(x, y, z); x2 + y2 + z2 = r2
}
.

¦y:

d

dr

∫∫∫
B(r)

f(x, y, z)dxdydz =

∫∫
S(r)

f(x, y, z)dS, r ∈ (0, 1).

y².

d

dr

∫∫∫
B(r)

f(x, y, z)dxdydz =
d

dr

∫ r

0

[∫
S(s)

f(x, y, z)dS

]
ds

=

∫
S(r)

f(x, y, z)dS.

�

7. � f(x, y, z)3��mþäkëY� �ê,�'u x, y, z Ñ´ 1±Ï

�,=é?¿: (x, y, z)¤á

f(x+ 1, y, z) = f(x, y + 1, z) = f(x, y, z + 1) = f(x, y, z),

Ké?¿¢ê α, β, γ,k∫∫
Ω

[
α
∂f

∂x
+ β

∂f

∂y
+ γ

∂f

∂z

]
dxdydz = 0.

ùp, Ω = [0, 1]× [0, 1]× [0, 1]´ü �N.

y². ∫∫
Ω

[
α
∂f

∂x
+ β

∂f

∂y
+ γ

∂f

∂z

]
dxdydz

= α

∫∫
∂Ω

fdydz + β

∫∫
∂Ω

fdzdx+ γ

∫∫
∂Ω

fdxdy (Stolz formula)

= 0 (periodicity of f and the orientation of ∂Ω) .

�
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8. � A´n�¢é¡�
,½Â¼ê

h(x) = xTAx, ∀ x ∈ R3.

¦y: h(x)3^� |x| = 1e�����Ý
 A���A��.

y². du A´n�¢é¡�
,

∃��
 P, s.t. A = P T


λ1

λ2

λ3

P,
Ù¥ λ1 ≤ λ2 ≤ λ3� A�n�¢A��.

é w ∈ R3,k

h(w) = wTAw = (Pw)T


λ1

λ2

λ3

 (Pw)

= vT


λ1

λ2

λ3

v (v = Pw, |v| = |w| = 1)

=
3∑

i=1

λiv
3
i

≤ λ3,

�Ò¤á��=�

v = e3, w = P−1e3.

�

9. (a) �ê� an 6= 0÷v lim
n→∞

an = 0. ½Â8Ü

P = {kai; k ∈ Z, i ∈N} ,
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Ù¥ Z ´�ê8, N ´g,ê8. ¦yé?Û¢ê b, �3ê�

bk ∈ P ,¦� lim
n→∞

bk = b.

y². ·�k� an��f�,EP� an,Ù÷v

i. an > 0 (an < 0�aq?Ø );

ii. an+1 ≤
1

2
an, ∀ n ∈N ;

iii. lim
n→∞

an = 0.

u´é ∀ b ∈ R,

i. ∃ k1, s.t. b ∈ [k1a1, (k1 + 1)a1];

ii. ∃ k2, s.t. b ∈ [k2a2, (k2 + 1)a2] ⊂ [k1a1, (k1 + 1)a1];

iii. Xd��e�,k

b ∈ [kn+1an+1, (kn+1 + 1)an+1] ⊂ [knan, (kn + 1)an] , ∀ n.

u´d4«m@½n,

lim
n→∞

knan = b = lim
n→∞

(kn + 1)an.

�

(b) Áy���~ê�±ÏëY¼ê7k���±Ï.

y². � f ´�~ê�±ÏëY¼ê. P T =
{
f �¤k�±Ï

}
,

Kd(.�n, T = inf T �3. ²w�,�3 f ����±Ï

Tn,¦� Tn → T .

äó: T > 0, f k���±Ï T > 0:

f(x+ T ) = f
(
x+ lim

n→∞
Tn

)
= lim

n→∞
f(x+ Tn) = f(x).

¢Sþ,e T = 0,K

f(x) = f

(
lim
j→∞

kjTnj

)
= lim

j→∞
f
(
kjTnj

)
= f(0),

ù� f Ø�~êgñ. �
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10. �ϕ(x)´ (−∞,∞)½Â�±ÏëY¼ê,±Ï� 1,�
∫ 1

0

ϕ(x)dx = 0.

- an =

∫ 1

0

exϕ(nx)dx,é?¿g,ê n. ¦y?ê
∞∑
n=1

a2
nÂñ.

y². d

a2
n =

[∫ 1

0

exϕ(nx)dx

]2

=

[
1

n

∫ n

0

e
y
nϕ(y)dy

]2

=

[
1

n

n∑
i=1

∫ i

i−1

(
e
y
n − e

i
n

)
ϕ(y)dy

]2

,

�

a2
n

1/n2
≤

[
n∑

i=1

∫ i

i−1

∣∣∣e yn − e in ∣∣∣ |ϕ(y)| dy

]2

≤

[
n∑

i=1

1

n

∫ 1

0

|ϕ(y)| dy

]2

(∣∣∣e yn − e in ∣∣∣ =

∣∣∣∣ 1ne ξn
∣∣∣∣ ≤ 1

n
, ∀ 0 ≤ i− 1 ≤ y ≤ i ≤ n

)
=

[∫ 1

0

|ϕ(y)| dy
]2

,



∞∑
n=1

a2
nÂñ. �

5P. lim
n→∞

an = 0´é²w�,d�¼©Û. �
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