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To my parents

1. � x1 > a > 0, xn+1 =
√
x2n − 2axn + 2a2. ¦4� lim

n→∞
xn.

)�. d

xn+1 =
√

(xn − a)2 + a2 ≥ a > 0, (1)

�

xn+1

xn
=

√(
1− a

xn

)2

+

(
a

xn

)2

≤

√[(
1− a

xn

)
+

a

xn

]2
= 1,

 {xn} ü~ke., lim
n→∞

xn�3. � lim
n→∞

xn = c, Ku (1) ¥- n →

∞,k c =
√

(c− a)2 + a2, c = a. �

2. ¦È©
∮
C

x3dx− y3dy
x4 + y4

,Ù¥ C ´ü �±: x2 + y2 = 1,_����

�.

)�.∮
C

x3dx− y3dy
x4 + y4

=

∫ 2π

0

cos3 ϑ(− sinϑ)− sin3 ϑ cosϑ

cos4 ϑ+ sin4 ϑ
dϑ

= −
∫ 2π

0

sinϑ cosϑ

1− 2 cos2 ϑ sin2 ϑ
dϑ = −

∫ π

−π

sinϑ cosϑ

1− 2 cos2 ϑ sin2 ϑ
dϑ = 0.

�

3. ?Ø¼êS� fn(t) =
sinnt

n
√
t
3 (0,∞)þ���Âñ5.

)�. d

0 ≤
∣∣∣∣sinntn
√
t

∣∣∣∣ ≤
√
|sinnt|
n
√
t
≤
√
nt

n
√
t
=

1√
n

� fn ⇒ 0,u (0,∞). �
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4. � z = z(x, y)d�§ F

(
x+

z

y
, y +

z

x

)
= 0¤(½. y²:

xzx + yzy = z − xy.

)�. � F = F (p, q),K{
Fp

y+zx
y

+ Fq
xzx−z
x2

= 0,

Fp
yzy−z
y2

+ Fq
x+zy
x

= 0.

u´

y + zx
y
· x+ zy

x
=
yzy − z
y2

· xzx − z
x2

,

xy (xy + xzx + yzy + zxzy) = xyzxzy − z (xzx + yzy) + z2,

(z + xy) (xzx + yzy) = z2 − x2y2,

xzx + yzy = z − xy.

�

5. � f(x)´ó¼ê,3 x = 0�,�+�¥këY����ê f(0) = 1.

Áy²:
∞∑
n=1

[
f

(
1

n

)
− 1

]
ýéÂñ.

y². d f ´ó¼ê� f ′´Û¼ê, f ′(0) = 0. �∣∣∣∣f ( 1

n

)
− 1

∣∣∣∣ =

∣∣∣∣f ( 1

n

)
− f(0)− f ′(0) 1

n

∣∣∣∣
=

1

2
|f ′′(ξn)|

1

n2

(
0 < ξn <

1

n

)
≤ M

n2

(
M =

1

2
max
U(0,δ)

|f ′′|
)
.

u´

∞∑
n=1

[
f

(
1

n

)
− 1

]
ýéÂñ. �
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6. ��

{
x = x(t)

y = y(t)
d�§|

{
x+ y + 2t(1− t) = 1

tey + 2x− y = 2
(½. ¦T

�3 t = 0?Ä���§Ú{��§.

)�. (a) {
x(0) + y(0) = 1

2x(0)− y(0) = 2
⇒

{
x(0) = 1

y(0) = 0

(b) {
ẋ(t) + ẏ(t) + 2− 4t = 0

ey(t) + tey(t)ẏ(t) + 2ẋ(t)− ẏ(t) = 0

⇒

{
ẋ(0) + ẏ(0) = −2
2ẋ(0)− ẏ(0) = −1

⇒

{
ẋ(0) = −1
ẏ(0) = −1

⇒ dy

dx
= 1

(c) �3 t = 0?����§� y = x− 1,{��§� y = −x+ 1.

�

7. ¦�?ê
∞∑
n=0

(−1)n(n2 + n+ 1)xn�Âñ�,¿¦T?ê�Ú.

)�. (a) d lim
n→∞

∣∣∣∣(−1)n+1 [(n+ 1)2 + (n+ 1) + 1]

(−1)n(n2 + n+ 1)

∣∣∣∣ = 1, ´���?

êÂñ�� (−1, 1).

(b) d
∞∑
n=0

(n2 + n+ 1)tn = t

∞∑
n=1

(n+ 1)ntn−1 +
∞∑
n=0

tn

= t

(
∞∑
n=0

tn

)′′
+
∞∑
n=0

tn = t

(
1

1− t
− 1− t

)′′
+

1

1− t
=

1 + t2

(1− t)3

�
∞∑
n=0

(−1)n(n2 + n+ 1)xn =
1 + x2

(1 + x)3
.

�
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8. ¦
∫∫

S

xdydz − ydxdz + zdxdy, S �ý¥¡
x2

a2
+
y2

b2
+
z2

c2
= 1�þ�

Ü©,Ù½��eý.

)�. ∫∫
S

xdydz − ydxdz + zdxdy = −
∫∫

S+

dxdy + ydzdx+ zdxdy

= −
∫∫∫

x2

a2
+
y2

b2
+ z

2

c2
≤1

z≥0

3dxdydz = −3abc
∫∫∫

x2+y2+z2≤1
z≥0

dxdydz

= −3abc · 2π
3

= −2πabc.

�

9. (a) � a0 > 0. y²È©
∫ ∞
0

dx

(x2 + a2)2
'u |a| ≥ a0��Âñ.

y². ∀ ε > 0, ∃ X =
1

3
√
3ε

> 0, s.t.

X2 > X1 ≥ X ⇒
∫ X2

X1

dx

(x2 + a2)2
≤
∫ ∞

1
3√3ε

dx

x4
= ε.

�

(b) � a > 0. O�È©
∫ ∞
0

dx

x2 + a2
dxÚ

∫ ∞
0

dx

x2 + a23
dx.

)�. ∫ ∞
0

dx

x2 + a2
dx =

∫ π
2

0

a sec2 ϑ

(a tanϑ)2 + a2
dx =

π

2a
;

∫ ∞
0

dx

x2 + a23
dx =

∫ π
2

0

a sec2 ϑ[
(a tanϑ)2 + a2

]3dx =
1

a5

∫ π
2

0

cos4 ϑdϑ

=
1

a5
·
[
ϑ+ 1

2
sin 2ϑ

2
−
ϑ− 1

4
sin 4ϑ

8

]π
2

0
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(
cos4 ϑ = cos2 ϑ

(
1− sin2 ϑ

)
= cos2 ϑ− 1

4
sin2 ϑ

)
=

1

a5
·
(
1

2
− 1

8

)
· π
2
=

3π

16a5
.

�

10. � f(x) 3 [0,∞) þ��ëY��, |f(x)| ≤ A, |f ′′(x)| ≤ B. Áy²:

|f ′(x)| ≤
√
2AB.

y². Äk, B 6= 0,Ï�

B = 0⇒ f(x) = ax+ b⇒ f Ã..

d TaylorÐª,

f(x+ h) = f(x) + f ′(x)h+
f ′′(ξ)

2
h2,

�

|f ′(x)| =

∣∣∣∣f(x+ h)− f(x)
h

− f ′′(ξ)

2
h

∣∣∣∣
≤ A

|h|
+
B

2
|h|

= 2 · B
2

√
2A

B

(
h =

√
2A

B

)
=
√
2AB.

�

11. � f(x) ≥ 0 3 (−∞,∞) þ��ëY,
∫ ∞
−∞

f(x)dx Âñ. Áy²

lim
|x|→∞

f(x) = 0.
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y². ^�y{. e lim
|x|→∞

f(x) 6= 0,K

∃ ε0 > 0, |xn| → ∞, |xn − xn−1| > 1, s.t. f(xn) ≥ ε0.



f ��ëY

⇒ ∃ 0 < δ0 < 1, s.t. |f(x)− f(x′)| < ε0
2
, ∀ |x− x′| < δ0

⇒ f(x) ≥ f(xn)− |f(x)− f(xn)| ≥ ε0 −
ε0
2

=
ε0
2
, ∀ |x− xn| < δ0

⇒
∫ ∞
−∞

f(x)dx ≥
∞∑
n=1

∫ xn+δ0

xn

f(t)dt ≥
∞∑
n=1

δ · ε0
2

=∞,

gñ. �k lim
|x|→∞

f(x) = 0. �

12. � f(x)3 [0, π]þ��ëY��, f(0) = f(π) = 0.

an =
2

π

∫ π

0

f(x) sinnxdx, n = 1, 2, · · · .

Áy²

∞∑
n=1

n2a2nÂñ.

y². d

an =
2

π

∫ π

0

f(x) sinnxdx =
2

nπ

∫ π

0

f ′(x) cosnxdx

= − 2

n2π

∫ π

0

f ′′(x) sinnxdx

�
∞∑
n=1

n2a2n =
∞∑
n=1

4

n2π2

[∫ π

0

f ′′(x) sinnxdx

]2
≤ 4

π2

[∫ π

0

|f ′′(x)| dx
]2
·
∞∑
n=1

1

n2
<∞.

�
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