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DIRICHLET PRINCIPLE OF HARMONIC MAPS

ZUJIN ZHANG

ABSTRACT. We define harmonic maps as the critical point of Dirich-

let energy functional. This is [1, 1.1].

Let

1. (Mn, g) be a Riemanninan manifold with or without boundary;

2. (N l, h) be a compact Riemanninan manifold without boundary

(closed).

The we may define the Dirichlet energy functional

E(u) =

∫
M

e(u)dvg,

where e(u) is the Dirichlet energy density function, the expression

of which in local coordinates (U, xα), (V, ui) is

e(u) ≡
1
2
|∇u|2g =

1
2

gαβ(x)hi j(u(x))
∂ui

∂xα
∂u j

∂xβ
.

Definition 1. A map u ∈ C2(M,N) is a harmonic map if it is a critical

point of the Dirichlet energy functional E.

Proposition 2. A map u ∈ C2(M; N) is a harmonic map iff u satisfies

∆gui + gαβΓi
jk(u)

∂ui

∂xα
∂uk

∂xβ
= 0, in M, 1 ≤ i ≤ l.
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1. ∆g is the Laplace-Beltrami operator on (M, g) given by

∆g =
1
√

g
∂

∂xα

(
√

ggαβ
∂

∂xβ

)
;

2. and Γi
jk is the Christoffel symbol of the metric h on N given by

Γi
jk =

1
2

hil
(
hli,k + hkl, j − h jk,l

)
.

Proof. 1. Let U ⊂ M be any coordinate chart and ϕ ∈ C2
0(U;Rl).

Then we have

0 =
d
dt
|t=0

[
1
2

∫
M

gαβhi j (u + tϕ)
(
ui
α + tϕi

α

) (
u j
β + tϕ j

β

) √
g
]

dx

=
1
2

∫
M

gαβhi j,k(u)ϕkui
αu j

β

√
gdx +

∫
M

gαβhi j(u)ui
αϕ

j
β

√
gdx.

2. Direct computations show∫
M

∆guihi j(u)ϕ jdvg =

∫
M

∂

∂xα

(
√

ggαβ
∂ui

∂xβ

)
hi j(u)ϕidx

= −

∫
M

√
ggαβui

β

(
hi j,k(u)uk

αϕ
j + hi j(u)ϕ j

α

)
dx

= −
1
2

∫
M

√
ggαβui

αu j
β

(
hik, j + hk j,i − hi j,k

)
(u)ϕkdx

= −

∫
M

gαβΓl
i j(u)hlk(u)ui

αu j
βϕ

kdvg.

This implies that

∆ui + gαβΓi
kl(u)uk

αul
β = 0, ∀ 1 ≤ i ≤ l.
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