
èÆk)�� http://www.sciencenet.cn/u/zjzhang/1

=²�Æ2010êÆ©Û

To my parents

1. O�e��K:

(a) ¦4� lim
x→0

e−x
2

+ 1− 2
√

1− x2

sinx4 + 3 tan5 x
.

)�.

�4� = lim
x→0

[
1− x2 + x4

2
+O(x6)

]
+ 1− 2

[
1− 1

2
x2 − 1

8
x4 +O(x6)

]
[x4 +O(x12)] + 3 [O(x)]5

=
1

2
+

1

4
=

3

4
.

�

(b) ¦½È©
∫ e

1

sin(lnx)dx.

)�.

�È© =

∫ 1

0

ey sin ydy = e sin 1−
∫ 1

0

ey cos ydy

= e sin 1−
[
e cos 1− 1 +

∫ 1

0

ey sin ydy

]
,

�È© =
1

2
[e sin 1− e cos 1 + 1] .

�

(c) � f(x, y) =

{
xy(x2−y2)
x2+y2

, x2 + y2 6= 0,

0, x2 + y2 = 0.
¦ fxy(0, 0)Ú fyx(0, 0).

)�. � (x, y) 6= (0, 0)�,

f(x, y) = xy − 2xy3

x2 + y2
,

fx(x, y) = y − 2y3 y2 − x2

(x2 + y2)2 , fy(x, y) = x− 2xy2 3x2 + y2

(x2 + y2)2 .

q

fx(0, 0) = lim
x→0

f(x, 0)− f(0, 0)

x
= 0, fy(0, 0) = lim

y→0

f(0, y)− f(0, 0)

y
= 0,
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fxy(0, 0) = lim
y→0

fx(0, y)− fx(0, 0)

y
= lim

y→0

y − 2y

y
= −1,

fyx(0, 0) = lim
x→0

fy(x, 0)− fy(0, 0)

x
= lim

x→0

x− 0

x
= 1.

�

(d) O�È©
∫ 2

1

dx

∫ x

√
x

sin
πx

2y
dy +

∫ 4

2

dx

∫ 4

√
x

sin
πx

2y
dy.

)�.

�È© =

∫ 2

1

dy

∫ y2

y

sin
πx

2y
dx = −

∫ 2

1

2y

π
cos

πy

2
dy

= − 8

π3

∫ π

π/2

s cos sds =
4(2 + π)

π3
.

�

(e) � C ´Î¡ x2 + y2 = a2 �²¡
x

a
+
z

h
= 1��� (a, h > 0),�l x-¶

��w�_����.O��È© I =

∮
C

(z − x) dy + (x− y)dz.

)�.

I =

∮
C

(z − x) dy + (x− y)dz

=

∫∫
x2+y2≤a2,x

a
+ z
h

=1

−2dydz + dzdx− dxdy (Stokes formula)

=

∫∫
u2+v2≤1,u+w=1

−2ahdvdw + ahdwdu− a2dudv

(x = au, y = av, z = hw)

=

∫∫
u2+v2≤1

[
−2ah− a2

]
dudv = −2πa(2h+ a).

�

(f) � f(x, y) =

{
x2 + y2, z ≥

√
x2 + y2,

0, z <
√
x2 + y2,

Σ�ü ¥¡ x2 + y2 + z2 = 1.

O�¡È©

I =

∫∫
Σ

f(x, y, z)dS.

http://www.sciencenet.cn/u/zjzhang/


èÆk)�� http://www.sciencenet.cn/u/zjzhang/3

)�.

I =

∫∫
Σ

f(x, y, z)dS =

∫∫
x2+y2≤1/2

(
x2 + y2

)
· 1√

1− (x2 + y2)
dxdy

=

∫ 1/
√

2

0

r2

√
1− r2

· 2πrdr = 2π

∫ π
4

0

sin3 ϑdϑ =
π

6
(8− 5

√
2)(

sin3 ϑ = sinϑ(1− cos2 ϑ)
)
.

�

2. �¢¼ê f(x) = lim
t→x

(
sin t

sinx

) x
sin t−sin x

. ?Ø f(x) �ëY5¿`²´Ä�3

x = 0?½Â f(0)��,¦� f(x)3T:��.

y². � x 6= kπ(k ∈ Z)�,

f(x) = lim
t→x

Exp

{
x

sin t− sinx
ln

sin t

sinx

}
= Exp

{
x lim
t→x

sinx

sin t
· cos t

sinx
· 1

cos t

}
= e

x
sin x ,

 {kπ}k 6=0,k∈Z � f �1�amä:, 0� f ���mä:,�½Â f(0) = e

¦� f 3T:ëY,�

f ′(0) = lim
x→0

f(x)− f(0)

x
= lim

x→0

e
x

sin x − e
x

= lim
x→0

e
x

sin x
sinx− x cosx

sin2 x
= e lim

x→0

x sinx

2 sinx cosx
= 0,

�3. �

3. ®�¼ê f(x)3 [a, b]þk���ê¿� f(x) > 0, f ′′(x) < 0. P f(x)�ã�

�� C,L C þ: M(t, f(t))(t ∈ [a, b])Ú��.y²� tCÄ�,dT���

� C ±9�� x = a, x = b�¤�²¡ã/¡È������,¿¦Ñd�.

y². ´�K¥¤�¡È

S(t) =

∫ b

a

{[f ′(t)(x− t) + f(t)]− f(x)} dx

= f ′(t)
b2 − a2

2
− tf ′(t)(b− a) + f(t)(b− a)−

∫ b

a

f(x)dx,



S ′(t) = f ′′(t)
b2 − a2

2
− [f ′(t) + tf ′′(t)] (b− a) + f ′(t)(b− a)
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= f ′′(t)(b− a)

[
b+ a

2
− t
]


< 0, t < a+b

2
,

= 0, t = a+b
2
,

> 0, t > a+b
2
.

�

min
t∈[a,b]

S(t) = S

(
a+ b

2

)
= (b− a)f

(
a+ b

2

)
−
∫ b

a

f(x)dx.

�

4. ^��ëY�½Â�y f(x) = sin (x2)3 (−∞,∞)þØ��ëY.

y². ¢Sþ,

lim
k→∞

∣∣∣∣√2nπ −
√

2nπ +
π

2

∣∣∣∣ = lim
k→∞

π/2√
2nπ +

√
2nπ + π/2

→ 0, as n→∞,

�´ ∣∣∣∣f (√2nπ
)
− f

(√
2nπ +

π

2

)∣∣∣∣ = 1, ∀ n ∈N .

�

5. 3«m [0, 1]þ,¼ê f(x)½Â�

f(x) =

{
1
x
−
[

1
x

]
, x ∈ (0, 1],

0, x = 0.

Á?Ø f(x)3 [0, 1]þ� Riemann�È5.

)�. f u [0, 1]þ´ Riemann�È�. y²Xe:

(a) 0 ≤ f(x) ≤ 1;

(b) f �mä:� {0} ∪
{

1
i

}
i≥2

;

(c) éu [0, 1]þ�?¿©� {∆xi},PéA� f ��Ì� {ωi},K

∑
ωi∆xi =

 ∑
xi<ε/2

+
∑
xi≥ε/2

ωi∆xi
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≤ ε

2
+
∑
xi>ε/2

ωi∆xi

(0 ≤ f ≤ 1 and finite number of discontinuities of f in [ε/2, 1])

< ε,

� max {∆xi}¿©��.

�

6. � f(x)´4«m [a, b]þ�ëY��¼ê. P

f−1(0) = {x ∈ [a, b]; f(x) = 0} .

b� f−1(0) 6= ∅�

x ∈ f−1(0)⇒ f ′(0) 6= 0.

y²: f−1(0)´k�8.

y². ^�y{. e f−1(0)Ã�,K

∃ xn 3 [a, b], s.t. xn 6= xm(n 6= m), xn → x ∈ [a, b], f(xn) = f(x) = 0.

� f ′(x) 6= 0,3,� U(x, δ)S½k f ′ 6= 0,u´� n¿©��,

f(xn) 6= f(x) + f ′(yn)(xn − x), ∀ yn between xn and x,

ù�Í¶� Lagrange¥�½ngñ. �

7. � D ⊂ R2´k.48, f(x, y)´ Dþ�ëY¼ê. y²: f(x, y)3 Dþk.,

��½�����Ú���.

y². (a) f(x, y)3 Dþk..

�y{. e f Ã.,K

∃ D 3 xn → x ∈ D, s.t. f(xn)→∞,

dëY5, f(x) =∞,gñ.

(b) f(x, y)3 Dþ�½�����Ú���.

d(.�n, sup
D
f �3,

∃ D 3 xn → x ∈ D, s.t. f(xn)→ sup
D
f,

2dëY5, f(x) = sup
D
f .

�
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