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To my parents

1 ¦4� lim
x→0

x2ex + 2 cosx− 2

tanx− sinx
.

)�. d

lim
x→0

tanx− sinx

x3
= lim

x→0

1

cosx
· sinx

x
· 1− cosx

x2
= lim

x→0

sinx

2x
=

1

2
,

�

�4� = 2 lim
x→0

x2ex + 2 cosx− 2

x3

= 2 lim
x→0

x2 [1 + x+ o(x)] + 2 [1− x2/2 + o(x3)]− 2

x3

= 2.

2 �
1

2
ln
(
x2 + y2

)
= arctan

y

x
. ¦

d2y

dx2
.

)�. é

1

2
ln
(
x2 + y2

)
= arctan

y

x

ü>¦�, k

x+ yy′

x2 + y2
=

1

2
· 2x+ 2yy′

x2 + y2
=

1

1 + (y/x)2
· y
′x− y
x2

=
y′x− y
x2 + y2

,

=

x+ yy′ = y′x− y, (1)

y′ =
x+ y

x− y
.

2é (1) ü>¦�, �

1 +
[
(y′)2 + yy′′

]
= (y′′x+ y′)− y′,
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1 + (y′)2 = y′′(x− y),

y′′ =
1 + (y′)2

x− y
=

1 + [(x+ y)/(x− y)]2

x− y
=

(x− y)2 + (x+ y)2

(x− y)3
= 2

x2 + y2

(x− y)3
.

3 � x1 >
√
a > 1, xn+1 =

a+ xn
1 + xn

, n = 1, 2, · · ·. Áy: {xn} Âñ, ¿¦

lim
n→∞

xn.

y². 5¿�

xn+1 =
a+ xn
1 + xn

= 1 +
a− 1

1 + xn
> 1,

·�k

• � xn >
√
a �, xn+1 < 1 +

a− 1

1 +
√
a
= 1 + (

√
a− 1) =

√
a;

• � xn <
√
a �, xn+1 > 1 +

a− 1

1 +
√
a
= 1 + (

√
a− 1) =

√
a.

u´d x1 >
√
a > 1 �

x2n−1 >
√
a, 1 < x2n <

√
a, n = 1, 2, · · · .

 y {x2n−1} 4~, {x2n} 4O. ¢Sþ,

xk+2 − xk =
a+ xk+1

1 + xk+1

− xk+1 − a
1− xk+1

=
2 (xk+1 −

√
a) (xk+1 +

√
a)

(xk+1 + 1) (xk+1 − 1){
< 0, k ´Ûê,

> 0, k ´óê.

l
düNk.�n, �3 b, c ∈ [1, x1], ¦�

lim
n→∞

x2n−1 = b, lim
n→∞

x2n = c.
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yu

x2k+1 =
a+ x2n
1 + x2n

, x2k =
a+ x2n−1
1 + x2n−1

,

¥- n→∞, k

b =
a+ c

1 + c
, c =

a+ b

1 + b
.

)�

b = c =
√
a,

lim
n→∞

xn =
√
a.

4 � C �ü �±, _�������, ¦

∮
C

(y + 9x)dx+ (y − x)dy
9x2 + y2

.

)�. d

∂

∂y

(
y + 9x

9x2 + y2

)
=

∂

∂x

(
y − x

9x2 + y2

)
,

� ∮
C

(y + 9x)dx+ (y − x)dy
9x2 + y2

=

∫
L+

(y + 9x)dx+ (y − x)dy
9x2 + y2

(
L : 9x2 + y2 = ε2, ε ¿©�

)
=

∫ 2π

0

(ε sin θ + 3ε cos θ) · (−ε sin θ/3) + (ε sin θ − ε cos θ/3) · ε cos θ
ε2

dθ

(x = ε cos θ/3, y = ε sin θ)

=

∫ 2π

0

[
−1

3
sin2 θ − cos θ sin θ + sin θ cos θ − 1

3
cos2 θ

]
dθ

= −2π

3
.
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5 ¦
∞∑
n=1

n+ 2

n(n+ 1)
xn �Âñ«m, ¿¦?ê�Ú.

)�. Ï� lim
n→∞

n

√
n+ 2

n(n+ 1)
= 1, 
�?ê�Âñ�»� 1. q

• d Leibniz �O{,
∞∑
n=1

(−1)n n+ 2

n(n+ 1)
Âñ;

• d '��O{,
∞∑
n=1

n+ 2

n(n+ 1)
uÑ;

��?ê�Âñ«m� [−1, 1).  ¦�?ê�Ú. ¢Sþ, ∀ x ∈
[−1, 0) ∪ (0, 1),

∞∑
n=1

n+ 2

n(n+ 1)
xn =

∞∑
n=1

(
2

n
− 1

n+ 1

)
xn

= 2
∞∑
n=1

xn

n
− 1

x

∞∑
n=1

xn+1

n+ 1

= 2
∞∑
n=1

xn

n
− 1

x

[
∞∑
n=1

xn

n
− x

]
=

1− 2x

x
ln(1− x) + 1

(
∞∑
n=1

xn

n
=
∞∑
n=1

∫ x

0

tn−1dt =

∫ x

0

∞∑
n=0

tn−1dt =

∫ x

0

1

1− t
dt = − ln(1− x)

)
.

u´

∞∑
n=1

n+ 2

n(n+ 1)
xn =

{
1−2x
x

ln(1− x) + 1, x ∈ [−1, 0) ∪ (0, 1),

0, x = 0.

6 � S�ü ¥¡�þ�Ü©,	ý���,O�

∫∫
S

x2dydz + y2dzdx+ z2dxdy.
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)�.

�1�.­¡È© =

∫∫∫
x2+y2+z2≤1, z≥0

2 (x+ y + z) dxdydz (Stokesúª)

= 2

∫∫∫
x2+y2+z2≤1, z≥0

zdxdydz
(
é¡5

)
= 2

∫ 1

0

z · π
(
1− z2

)
dz (z­È©)

=
π

2
.

7 - f(x, y) =

{
0, (x, y) = (0, 0),
x3

x2+y2
, (x, y) 6= (0, 0),

ν ´ (x, y) ²¡þ�?�ü 

{�þ.

7.1 ¦ f 3 (0, 0) ÷ ν ����ê.

7.2 Á?Ø f 3 (0, 0) ?�ëY5���5.

)�. 7.1

∂f

∂ν
(0, 0) = lim

l→0

f(lν)− f(0, 0)
l

= lim
l→0

(l cos θ)3/l2

l
(ν = (cos θ, sin θ))

= cos3 θ = [ν · e1]3 .

7.2 d

∣∣∣∣ x3

x2 + y2

∣∣∣∣ ≤ |x| � f 3 (0, 0) ?ëY. 
d

fx(0, 0) =
∂f

∂e1
(0, 0) = 1, fy(0, 0) =

∂f

∂e2
(0, 0) = 0,

9

|f(x, kx)− f(0, 0)− (fx(0, 0)x+ fy(0, 0)kx)|
(x2 + (kx)2)1/2

=
k2

(1 + k2)3/2
, ∀ k ∈ R,

� f 3 (0, 0) ?Ø��.
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8 � f(x) ëY, y(x) =

∫ x

0

f(x− t) sin tdt. Áy: y(x) ÷v

{
y′′ + y = f(x),

y(0) = y′(0) = 0.

y². d

y(x) =

∫ x

0

f(x− t) sin tdt =
∫ x

0

f(t) sin(x− t)dt,

�

y′(x) =

∫ x

0

f(t) cos(x− t)dt, y′′(x) = −
∫ x

0

f(t) sin(x− t)dt.


 y′′ + y = f , � y(0) = y′(0) = 0.

9 �¼ê f 3 [−1, 1] þng��, f(−1) = f(0) = f ′(0) = 0, f(1) = 1.

Áy: ∃ ξ ∈ (−1, 1), s.t. f (3)(ξ) ≥ 3.

y². � f ′′(0) ≤ 1 �, d Taylor Ðª, ∃ ξ1 ∈ (0, 1), s.t.

1 = f(1) = f(0) + f ′(0) +
f ′′(0)

2
+
f ′′′(ξ1)

6
,




f ′′′(ξ1) = 6

[
1− f ′′(0)

2

]
≥ 3;


� f ′′(0) > 1 �, ½d Taylor Ðª, ∃ ξ2 ∈ (−1, 0), s.t.

0 = f(−1) = f(0)− f ′(0) + f ′′(0)

2
− f ′′′(ξ2)

6
,




f ′′′(ξ2) = 3f ′′(0) > 3.
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10 Á?ØÃ¡?ê f(x) =
∞∑
n=1

1

1 + n2x
3 (0,∞) þ���Âñ5, ±9

f 3 (0,∞) þ�k.5.

)�. ��¡, f(x) =
∞∑
n=1

1

1 + n2x
3 (0,∞) Ø��Âñ. ù´Ï�

∃ ε0 =
1

2
, ∀ N, ∃ xN =

1

N2
, s.t.

∞∑
n=N

1

1 + n2xN
≥ 1

2
= ε0;

,��¡, f 3 (0,∞) Ã.. ¯¢þ,

f

(
1

N2

)
≥

2N∑
n=N+1

1

1 + (n/N)2
>

2N∑
n=N+1

1

5
=
N

5
→∞, � N →∞.

11 � f ≥ 03 (−∞,∞)þëY,

∫ ∞
−∞

f(x)dx = 1, fε(x) =
1

ε
f
(x
ε

)
. Áy

²: éz�� k.ëY¼ê ϕ, þk

lim
ε→0+

∫ ∞
−∞

ϕ(x)fε(x)dx = ϕ(0).

y². ���e:∣∣∣∣∫ ∞
−∞

ϕ(x)fε(x)dx− ϕ(0)
∣∣∣∣

=

∣∣∣∣∫ ∞
−∞

ϕ(εy)f(y)dy − ϕ(0)
∣∣∣∣ (x = εy)

=

∣∣∣∣∫ ∞
−∞

[ϕ(εy)− ϕ(0)] f(y)dy
∣∣∣∣ (∫ ∞

−∞
f(x)dx = 1

)
=

[∫
|y|≤ 1

ε1/2

+

∫
|y|> 1

ε1/2

]
[ϕ(εy)− ϕ(0)] f(y)dy

≤ max
|y|≤ 1

ε1/2

|ϕ(εy)− ϕ(0)|+ 2 sup
x∈R
|ϕ(x)| ·

∫
|y|> 1

ε1/2

f(y)dy

= max
|x|≤ε1/2

|ϕ(x)− ϕ(0)|+ 2 sup
x∈R
|ϕ(x)| ·

∫
|y|> 1

ε1/2

f(y)dy
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→ 0, � ε→ 0+(
lim
x→0

ϕ(x) = ϕ(0),

∫ ∞
−∞

f(y)dy = 1

)
.

�k

lim
ε→0+

∫ ∞
−∞

ϕ(x)fε(x)dx = ϕ(0).

12 Áy²: ∫ 1

0

ln
1 + x

1− x
dx

x
= 2

∞∑
n=1

1

(2n− 1)2
=
π2

4
.

y². ���e∫ 1

0

ln
1 + x

1− x
dx

x
=

∫ 1

0

[ln(1 + x)− ln(1− x)] dx
x

=

∫ 1

0

[
∞∑
n=0

(−1)nxn+1

n+ 1
+
∞∑
n=0

xn+1

n+ 1

]
dx

x

=

∫ 1

0

∞∑
n=0

2x2n+1

2n+ 1

dx

x
= 2

∫ 1

0

∞∑
n=0

x2n

2n+ 1
dx

= 2 lim
t→1−

∫ t

0

∞∑
n=0

x2n

2n+ 1
dx = 2 lim

t→1−

∞∑
n=0

∫ t

0

x2n

2n+ 1
dx

= 2 lim
t→1−

∞∑
n=0

t2n+1

(2n+ 1)2
= 2

∞∑
n=0

1

(2n+ 1)2

= 2
∞∑
n=1

1

(2n− 1)

2

= 2

[
∞∑
n=1

1

n2
−
∞∑
n=1

1

(2n)2

]

= 2

[
1− 1

4

] ∞∑
n=1

1

n2
=

3

2
· π

2

6
=
π2

4
.

13 � f, g, h � [0,∞) þëY�K¼ê, ÷v

g(t) ≤ f(t) +

∫ t

0

g(s)h(s)ds, t > 0;
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f ′(t) ≥ 0,

∫ ∞
0

h(t)dt = A <∞.

Áy²: g(t) ≤ f(t)
(
1 + AeA

)
.

y². d g(t) ≤ f(t) +

∫ t

0

g(s)h(s)ds, t > 0; �

g(t)h(t) ≤ f(t)h(t) +

∫ t

0

g(s)h(s)ds · h(t).

- F (t) =

∫ t

0

g(s)h(s)ds, K

F ′(t) ≤ f(t)h(t) + F (t)h(t),

d

dt

[
e−

∫ t
0 h(s)dsF (t)

]
≤ e−

∫ t
0 h(s)dsf(t)h(t),




e−
∫ t
0 h(s)dsF (t) ≤

∫ t

0

e−
∫ s
0 h(τ)dτf(s)h(s)ds,

F (t) ≤ f(t)

∫ t

0

e
∫ t
s h(τ)dτh(s)ds (f ′ ≥ 0) .

u´

g(t) ≤ f(t) + F (t) ≤ f(t)
[
1 + AeA

]
.
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