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0 Differentiable Manifolds
0.1 (Product Manifold). Let M and N be differentiable manifolds and let
{(Uasz5)},{(V3,ys)} differentiable structures on M and N, respectively.
Consider the cartesian product M x N and the mapping

2ap(p, @) = (a(p),Y5(q)), P € Ua, ¢ € V3

a) Prove that (U, x V3, z45) is a differentiable structure on M x N in
which the projections 1 : M x N — M and 9 : M x N — N are dif-
ferentiable. With this differentiable structure M x N is called the
product manifold of M with N.

b) Show that the product manifold S* x --- x S* of n circles S', where
S! C R? has the usual differentiable structure, is diffeomorphic to the
n—torus 1" of example 4.9 a).

Proof.  a) Clearly,
Zap : U, X Vﬁ — ZL‘a<Ua> X y@<V@) CMxN

(p,q) — (74 1(1?), ys(q))
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is injective. Moreover,

Uzaﬁ(Ua x Vg) = UJJa(Ua) X Uyﬂ(vﬂ) =MxN

a, B
and if

208(Ua X V3) N 205(Uy X Vi) =W # @
then

25 © 20p(P, @) = 235 (2a(p), y5(q)) = (23" © Za(p), y5 " 0 ¥5(q))

is differentiable. Thus, by definition, with this differentiable structure,
M x N is a differentiable manifold.
b) Recall T" = R"/Z". Let

F:S8'%x...x8t — 1"
1\ N Q' "
(€)ja = (ﬁJrnj)

j=1
where a; € [0,27),n; € Z
We have
e [ is injective, since
2 Bi oy _ s
%—f—nj:g—i-mjﬁaj—ﬁj:%r(mj—nj) = 'Y = e

e F'is surjective, just note that
"
e 0,2m) = L €]0,1
oy € 0,2m) = 5L € 0,1)

e [ and I~ ! are differentiable, this is proved by a list of graphs.
Indeed, one "y~ o F o z” is of the form

arctant 1

f(t) = 71

O

0.9 Let G x M — M be a properly discontinuous action of a group G on a
differentiable manifold M.

a) Prove that the manifold M/G (Example 4.8) is oriented if and only
if there exists an orientation of M that is preserved by all the diffeo-
morphisms of G.

b) Use a) to show that the projective plane P%(R), the Klein bottle and
the Mobius band are non-orientable.

¢) Prove that P?(R) is orientable if and only if n is odd.

Proof.  a) if part: Let (U,,x,) be an orientation of M that is preserved
by all the diffeomorphisms of G, i.e.

W:Ugﬂg(Ua)%@idet(mélogoxa)>0
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We claim that (7(U,), T o z,) is an orientation of M/G. Indeed,
T(Uy) N(Us) # @ = det((roxg) to(momx,)) = det(x[;1 0gox,) >0
for some g € G.
Only if part: We know the atlas of M /G is induced from M, hence
the conclusion follows from the reverse of the ”if part”.
b) Let G = {Id, A} where A is the antipodal map. Recall that
Projective 2 — space P*(R) = S?/G, where S* = 2 — dim sphere
Klein bottle K = T?/G, where T? = 2 — dim torus
Mobius band M = C/G, where C' = 2 — dim cylinder
Clearly, S%,T?,C are orientable 2—dim manifols, but A reverse the
orientation of R?, hence S?, T2, C. The conclusion follows from a).
c) We've the following equivalence:
P"(R)is orientable < A preserves the orientation of S™(by a))
& A preserves the orientation of R
(The orientation is induced from R™*1)
& (n+1)is even
& nis odd

O

1 Riemannian Metrics
1.1 Prove that the antipodal mapping A : S™ — S™ given by A(p) = —p is an
isometry of S™. Use this fact to introduce a Riemannian metric on the real
projective space P"(R) such that the natural projection 7 : S™ — P"(R) is
a local isometry.

Proof.  a) A is an isometry of S™.
We first claim that T),S™ = T4, S™.
It is enough to prove T,5™ C T, S™, since

TA(p)Sn CcC TAOA(p)Sn = TpSn

Indeed, for any v € T,,5™, 3¢ : (—¢,e) — S™ such that ¢(0) = p,'(0) =
v. Thus Aoc : (—¢,e) — S™is a curve with Aoc(0) = A(p), (Aoc)'(0) =
dA,(c(0)) = =c(0) = —v. Hence —v € Ty, S™ and v € Ty(;,)S™ since
T S™ is a linear space.
Now the fact A is an isometry of S™ is clear.

< dA,(v), dAp(w) >ap)=< =, —w >_p=< v,w >_,=< v, W >,

b) Construction of a metric on P"(R) such that 7 is a local isometry.
For any p € S", 7(p) € P"(R), define
< (dm)p(v), (dm)p(w) > =< v, >,

Indeed,
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e Because of surjectivity of 7 and the construction of atlas on
P"(R), the vector "on” P™(R) is of the form (dr),(v),p € S™,v €
T,(S™).

o It is well-defined. Indeed,(dn), is surjective, thus injective, hence
the one-to-one correspondence between (dm),(v) and v. And if
7(p) = 7(q), then ¢ = p or ¢ = A(p). In the latter case,

(dm)p(v) = (d(m 0 A))p(v) = (dm) a) © (dA)p(v) = (dm) ) (—0)

(dm)p(w) = (dm) ap)(—w)
< =0, =W S ) =< U, W >
e Since the action of G on M is properly continuous, by definition,
7 is a local isometry.

O

1.4 A function g : R — R given by ¢(t) = yt + z, t,x,y € R, y > 0, is called a
proper affine function. The subset of all such function with respect to the
usual composition law forms a Lie group GG. As a differentiable manifold G
is simply the upper half-plane {(x,y) € R? y > 0} with the differentiable
structure induced from R2. Prove that:

a) The left-invariant Riemannian metric on G which at the neutral ele-
ment e = (0,1) coincides with Euclidean metric(g;; = 1 = go9, 120 =

1
0 = g91) is given by g1 = — = g22,912 = 0, (this is the metric of the

Y

non-euclidean geometry of Lobatchevski).
b) Putting (z,y) = 2z = x + 1 y,i = /—1, the transformation

, az+b
z2— 2 = ,
cz+d

is an isometry of G.

a,b,c,d e R, ad—bc=1

1
Proof. a) e Foranyg=(z,y)€G, g "= <_f’ _)'
vy

Indeed,
1 T 1 T
y(—t——>+x:t:—(yt+x)——, VteR
Y Yy Yy Yy
e Denote by
0 0
81—%, 82—8—y
then
AL, (0) = (1.0), dr,(0) = (0,
- (). aeior- ()
Since

v(s)=(x+s,y),seR
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dLy-1(81) = B(yt +a+s)— f}

- ()

1
And dL,-1(0,) = (0, —) follows from the same lines.
)
e The left-invariant Riemannian metric of G is given by
< v, w >¢= (dLy-1(v),dLy-1(w)),

Hence

-39 G).-2
e (4D 6).-2
o= ((03) ),

as desired.
b) Since
z=x+1y
Z=xT—1Y
We get
gs? — dz?* + dy? _ —4dzd?
Y (2 —%)?
Hence for the transform
b
v ﬁ, a,b,c,d e R, ad—bc=1
cz+d
we’'ve p
z
dy = ————
: (cz+ d)?
Thus o
—A4d2'dz _ —4dzdz
Z-7p  —2p
as desired.

O

1.5 Prove that the isometries of S™ C R”, with the induced metric, are the
restrictions of S™ of the linear orthogonal maps of R,
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Proof. Denote by Iso(S™), Iso(R™*1) the isometries of S™, R"™! respectively.
The orthogonal maps of R"™! is O(n + 1).

Clearly,O(n + 1) C Iso(S™) because the metric on S™ is induced from R™*.
While for the converse, let f € Iso(S™), define F : R"™1 — R"*1 by

Fa) = 0, ifxr=0
TV () el it 2 A0

then F' € O(n + 1) since

Py =1 (o ) el =7 (5) il = 2 () el = - #10)

if 0 #£ z,y € R* O

2 Affine Connections; Riemannian Connections
2.2 Let X and Y be differentiable vector fields on a Riemannian manifold M.
Let p € M and let ¢ : I — M be an integral curve of X through p, i.e.

d
c(ty) = p and d_j = X(c(t)). Prove that the Riemannian connection of M is

(V¥ )(0) = ey (P (Y (el1))

where P.y ¢ @ Teo)M — ToqyM is the parallel transport along c, from g
to ¢ (this show how the connection can be reobtained from the concept of
parallelism).

Proof. Let (e;)7_; be an orthonormal basis for T,M, e;(t) = P.4,+,1.e. Vopyei(t) =
0, thus (e;(¢))i2, is an orthonormal basis for T, M. Indeed,

Vc’(t) < Gi(t), ej(t) >=< Vc/(t)ei(t), €j(t> >+ < ei(t), Vc/(t)ej(t) >= 10
< 6i<t>,6j(t) >=< ¢, e; >= (513
Now, we can write
Y(e(t) =Y'(t)ei(t)

and the calculation as follows

d » d l
=t (Pega(Y(e(0)) = —limto (P (Y (Des(1))

d i
= Sle(Yi(oe)

d i
= dt't 1o (Y'(t))e:

= (VoY (t)ei) =,
= (Veu (Y'(t)ei(t)) =
= (VxY)(p)
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2.3 Let f: M™ — M be an immersion of a differentiable manifold M into
a Riemannian manifold M. Assume that M has the Riemannian metric
induced by f (c.f. Example 2.5 of Chapter 1). Let p € M and let U C M be
a neighborhood of p such that f(U) C M is a submanifold of M. Further,
suppose that XY are differentiable vector fileds on f(U) which extend to
differentiable vector fields X,Y on an open set of M. Define (VxY)(p) =
tangential component of VY (p), where V is the Riemannian connection
of M. Prove that V is the Riemannian connection of M.

Proof. Denote by

VxY = (VgY)'
then

e V is compatible with the metric on M. For all p € M, f(p) € f(M).
X<Y,Z>(p) = X<Y,Z>(p)
= <VxY,Z>(p)
= <VxY,Z>(p)
= <VxY,Z>(p)+<Y,VxZ > (p)

e V is torsion-free. For all p € M, f(p) € f(M).
(VxY = VyX)(p) = (VxY = V§X) ' (p) = [X, Y] (p) = [X,Y](p)

For the last equality, we see in local coordinate,

ntk A ] T
ww - (ST T ) o

ij=1

n n+k <) ~- T
N SA> A
- (ZZ{X o Y m}a?) ®)
" ayi _axi) o
- (Z{X o Y ax}aT) (v)

= [X7 Y](p)

The third equality holds because VxY (p) depends only on X (p) and
Y (e(t)) where ¢(t) is an integral curve for X through p.

Thus V is the Riemannian connection of M. ]

2.8 Consider the upper half-plane
RY = {(z,y) €R* y > 0}

with the metric given by ¢1; = — = 922,012 = 0 = go1 ( metric of Lobatchevski’s
Y

non-euclidean geometry ).
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a) Show that the Christoffel symbols of the Riemannian connection are:

M= Th=Th =0, Th = o M= T3 = —
) Y
b) Let vy = (0,1) be a tangent vector at point (0,1) of R2 ( v is a unit vector
on the y—axis with origin at (0,1) ). Let v(¢) be the parallel transport of
vo along the curve z = ¢,y = 1. Show that v(¢) makes an angle ¢ with the
direction of y—axis, measured in the clockwise sense.

Proof. a) We've

1
ko _
o= 3

oxi  Oxt ox!

Q

Kl (agil I 391;’ agz’j)

_ 9_2 (agz’k 1 OGi; _ 3%)
2 \O0xd Ozt  OxF
2 2 2 2
Thus
Fh = F%Q = F%Q =0
F%l - i
Fb = F%z =—1

Yy
b) Let v(t) = (a(t),b(t)) be the parallel field along the curve z = ¢,y = 1 with

v(0) = (0,1), '(0) =wvo=(0,1)
Then from the geodesic equations,we’ve
D+ T3Ha=0

Taking a = cos(t), b = sinf(t) ( since parallel transport preserves inner
product, we may just assume this. ) then the above equations imply

de
= -1
While we know vy = (0, 1), thus
T
Oy = B)
Hence
h="_1
2
as desired.

3 Geodesics; Convex Neighborhoods
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3.7 (Geodesic frame). Let M be a Riemannian manifold of dimension n and let
p € M. Show that there exists a neighborhood U C M of p and n vector
fileds Fy,- -, E, € X(U), orthonormal at each point of U, such that, at p,
Vi Ej(p) = 0.

Such a family F;;i = 1,--- ,n, of vector fields is called a (local) geodesic
frame at p.

Proof. Let U = exp,(B.(0)) be a normal neighborhood of p small enough,
(e;)7_, be an orthonormal basis of T,M. For any ¢ € U, let v be the radial
geodesic joining p to ¢. Using parallel transport, we get

E,eXU),i=1,---,n
defined by

Ei(q) = P’y,p,q(ei>
We have

e F; orthonormal, since parallel transport preserves the inner product;
o Vi, Ei(p) =0, since V,E; =0,Vv € T,M.

O

3.9 Let M be a Riemannian manifold. Define an operator A : ©(M) —
D (M)(the Laplacian of M) by

Af =div Vf, f €DM)

a) Let E; be a geodesic frameatp € M,i =1,--- ,n =dimM (see Exercise

7). Prove that
=) E(E

Conclude that if M = R", A coincides with the usual Laplacian,

namely, Af = Z Erok
x
b) Show that

AN(f-g9)=fAg+gAf+2<Vf Vg>
Proof.  a) Firstly, Vf(p) = >, Ei(f)Ei(p)
< V[, E; > (p) = dfy(Ei) = Ei(p)f = (Eif)(p)
Secondly, Af(p) = >, Ei(Ei(f))(p)
Af(p) = (divV f)(p) = (div(Y_(Eif)E))(p) = Y (Ve (Eif)) ZE

7 i
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8 n
Lastly, if M = R™, since ( 3 ) is an orthonormal basis for T, R", Vp €
Li/ =1

R™, we get

b) For p € M, let (E;)!, be a geodesic frame at p € M, then

Af-g9)(p) = ZEi(Ei(f-g))(p)
= ZEZ(Q -Eif + [ Eig)(p)

= Z(Ezf ‘Eig+g- Ei(Eif)+ Eif - Eig+ [ - Ei(Eig))(p)
= (fAg+gAf+2<Vf,Vg>)(p)

The last equality follows from

<Vf,Vg>(p) =< ZEz(f)Eu ZEj(g)Ej > (p) = Z(Ezf - Ejg)0i; = ZEif - Eig

i,J

O

4 Curvature
4.7 Prove the 2nd Bianchi Identity:

VR(X,Y,Z,W,T) + VR(X,Y,W,T,Z) + VR(X,Y, T, Z,W) = 0

for all X, Y, Z, W, T € X(M).

Proof. Since the objects involved are all tensors, it suffices to prove the
equality at a point p € M. If we choose a geodesic frame (E;)I; at p.
We've

Vi E;(p) =0,[E;, E;](p) = (Ve E; — Vg, Ei)(p) =0, Vi,je{l,--- ,n}
And it suffices to prove in case

X=FE,Y=E; Z=FE,W=E,T=E,
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also.Hence

VR(E;, Ej, B, By, En)(p) = (Vi, R)(E;, Ej, Ex, Ey)(p)
(definition)
= Vg, (R(E;, ), By, ) ()
(Leibniz formula and geodesic frame)
= Vg, (R(Ey, By, Ei, E;))(p)

(Riemann connection)

= Vg, < =V Vg B+ Vg Vg E + Vg, g Ei, E; > (p)
(definition)

= < —-Vg,.Ve Ve +Ve, Ve Ve Ei + Vg, Vg, s Ei, E; > (p)

(metric and geodesic frame)

and

R(E;, E;, By, Ei, E)(p) + R(Ey, E;, By, Ew, Ep)(p) + R(Ey, Ej, Ev, Ey, E))(p)
= < -V, VB VEi+ Ve, VeV E+ Ve, Vi e B > (p)

+ < =Vg Ve Ve, Ei+VE Ve, Ve Ei + Vi Vg e, Ei E; > (p)

+ < ~-VgVg, Ve Ei+ Vg Ve Ve, Ei + ViV, 5B, B > (p)
= < (=Vg,Ve, + Ve Ve, + Vi, 5) (Ve E), E; > (p)

+ < (=Vign.20VE + VeV, ) + ViE..B).20) L E; > (p)

— < VBB, Bis B > (p)

+ < (=VeVe, + Ve, Ve + Vig.e.) (Ve L), E; > (p)

+ < (=Vi£.£.VE, + Ve ViE.E0 + VE.Ew.E0) B B > (D)

— < VBB B0 Bis E; > (p)

+ < (=Ve, Ve + Ve Ve, + Vi) (Ve L), E; > (p)

+ < (=Vig,.8) Ve, + Ve, Ve, e + VE,.E.E.) B B > (D)

— < VBB Bis E; > (p)
= R(En, By, Vi, E;, E;)(p) + R([En, Exl, E1, Ei, E;)(p)

+R(E, B, Vi Ei, E;)(p) + R([El, En), Ex, Ei, Ej)(p)

+R(Ey, £, Vg, E;, E;)(p) + R([Ey, E)], En, E;, E;)(p)

— < VB, B B+ B En] Ex+[[Ex. B, En] Pi, B > (p)(definition)

= 0(geodesic and Jacobi identity)

O

4.8 (Schur’s Theorem). Let M™ be a connected Riemannian manifold with
n > 3.Suppose that M is isotropic, that is, for each p € M, the sectional
curvature K (p, o) does not depend on o C T,,M. Prove that M has constant
sectional curvature, that is, K(p, o) also does not depend on p.
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Proof. For any p € M, choose a geodesic frame (E;)!, at p, i.e. (E;)l,
orthonormal in a neighborhood of p and Vg, E;(p) = 0. Denote by
Riji = R(E;, Ej, Ey, Ey)(p)
VinRiju = (Vi, R)(E, Ej, By, E1)(p) = Vi, (R(E;, Ej, By, E1))(p)

Since the sectional curvature uniquely determines the Riemann curvature,
we’'ve:
if K(p,o) = f(p), then

® Riji = [(p) (61 — 6ubjr)
° Ricij = ZRzk]k = f(p) Z((Sz - 5zk5k]) = (n - 1)f(p)5m
%

k

. R:ZRii:n(n—l)f(p)

From the 2nd Bianchi identity,
ViRijkj + ViRijji + ViR, = 0
Summing over i, j over {1,--- n}, one gets

Y ViRy—ViR+> V;Rj =0

J

23 ViRy — ViR=0

2(n = DV f(p) —n(n — 1)V f(p) =0

(n—2)(n— 1)Vif(p) =0
Thus
ka(p> = 07 Vk

since n > 3. Finally,
K(p,o0) = f = Const
since M is connected. 0

5 Jacobi Fields
5.3 Let M be a Riemannian manifold with non-positive sectional curvature.
Prove that, for all p, the conjugate locus C(p) is empty.

Proof. For any p € M, if C(p) #, i.e. ¢ € C(p), then

5 ) geodesicy :[0,a] = M J9(0) =p,v(a) =¢
Jacobi filed J # 0 . =

kl
~~
(=)
~—
I
=)

From the Jacobi equation,

J//‘i_R(’}/,J)'Y/ :O
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We know

<J,J> = <J' JI>+<J,J >
= —< RO, )Y, J>+<J,J >
= —Ku(Y, DIV AJIP+< T, J >
> 0

Since M is of non-positive sectional curvature. Thus
0=<J0),J0)><<J,J><<J(a),J(a) >=0
<J,J>=0
<J J>=2<J,]J>=0
171* = [17(0)|| = 0

A contradiction. O

5.4 Let b < 0 and let M be a manifold with constant negative sectional curvature
equal to b. Let v : [0,1] — M be a normalized geodesic, and let v € T,y M
such that < v,4/(l) >= 0 and let |v| = 1. Since M has negative curvature,
v(1) is not conjugate to v(0)(See Exercise 3). Show that the Jacobi field J
along v determined by J(0) = 0, J(l) = v is given by

sinh(tv/—b

= V)

sinh(lv/—b)
where w(t) is the parallel transport along 7 of the vector
Ug

w(0) = Tg]” 0= (dexpy)y (o) (v)

and where w is considered as a vector T’ )M by the identification T, M ~
Ty (0) (TW(O)M>

Proof. e The Jacobi field J along  with J(0) = 0, J'(0) = w(0) € T, oyM is

of the form
~ inh(tv/—b
J(t) = Mw@
V=b
where w(t) is the parallel transport of w(0) along .
Indeed, let (E;)?_; be an orthonormal basis for T’y M,(E;(t))i, be parallel

transport of F; along . Then if we write

J(t) =Y Jit)Ei(t) € TyM

w(0) =) w;E; € Tyo)M
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One gets from the Jacobi equation that
JI'(t) + bJi(t) =0
Ji(0) =
Ji(0) =

~ inh(tv/—b
J(t) = Mwl
N
inh(tv/—b inh(tv/—b
=Y TWE) = Mzwi@@ _ sinh(tv-b)
, Vb v—b
e One can write J(t) = (dexp,) (o) (tw(0))
This is just another saying that Jacobi filed is the variational field of geo-

desic.
e Since

Hence

w(t)

%

J(1) = v = (dexpp)ir(0)(uo) = (dexppy)iy (o)

|U0|> _ |l;0|j(l)

We have

J(t) = (1) = @%Smh\(/ﬁ_) w(t)

Indeed,

M is of negative sectional curvature
= C(7(0)) =2
= Jacobi field.J along v is uniquely determined by J(0), J(I)

e Since
1= o] = 1) = 1 Smh%__b)
We have
luo| vV—b
I sinh(lv/—b)
and finally

_smh(t\/_) w(®)
sinh(lv/—b)
U

6 Isometric Immersions
6.3 Let M be a Riemannian manifold and let N C K C M be a submanifolds of
M. Suppose that N is totally geodesic in K and that K is totally geodesic
in M. Prove that N is totally geodesic M.

Proof. From the hypothesis,we know, every geodesic in N is a geodesic in
K, thus a geodesic in M, hence the assertion. [l
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6.11 Let f: Mni_) R be a differentiable function. Define the Hessian, Hessf
of f at p € M as the linear operator

Hessf : T,M — T,M
(Hessf)Y = VyVf, Y eT,M

where V is the Riemannian connection of M. Let a be a regular value of
f and let M™ C M be the hypersurface in M defined by M = {p €
M:; f(p) = a}. Prove that

a) The Laplacian Af is given by

Af =trac Hessf
b) If X,Y € X(M), then
< (Hessf)Y, X >=<Y,(Hessf)X >

Conclude that Hessf is self-adjoint, hence determines a symmetric
bilinear form on T,M,p € M, is given by

(Hessf)(X,Y) =< (Hessf)X,Y > X,Y € T,M

¢) The mean curvature H of M C M is given by

d) Observe that every embedded hypersurface M"™ C M s locally the
inverse image of a regular value. Conclude from ¢) that the mean
curvature H of such a hypersurface is given by

1
H = ——divN
n

where N is an appropriate local extension of the unit normal vector

field on M™ C Mnﬂ.

Proof.  a) For any p € M, let (E;)!' be othonormal basis for T, M, then

Af = divgVf

n+1

= Y <VyVfE>
i=1
n+1

= Z < (Hessf)E;, E; >
i=1

= trace Hessf
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< (Hessf)Y,X > = < VyVf, X > (definition)

<V,

)

= Y <Vf,X>—-<V/f Vy, X > (metric)

Y X f — (VyX)f(definition)

XY f — (VyX) f(definition and torsion-free property)
= <Y, (Hessf)X >

‘<1|
kﬁ

Take an orthonormal frame FEy,--- , E,, B, = =1 in a neigh-

<

IVf]

borhood of p € M in M then
nH = trace S,

n

= > < S(E) B>

=1

d) As a simple consequence of implicit function theorem, for any p € M,

there is a coordinate neighborhood (U, z) in M of p such that
MNU = 2{z,1 =0}

[See S.5.Chern: Lectures on Differential Geometry, for example.]
If we take f: M — R defined locally by

fox=2an

then
Vfe(T,M)* Yge MnU
Indeed,
0 0 0 0 0
I = = = — = <1 <
8@ = 8xzf dr (8@) f 8IZ <f ° SL’) 8@%“ 07 Vi =t=n

Thus from c¢),
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7 Complete Manifolds; Hopf-Rinow and Hadamard Theorems
7.6 A geodesic v : [0,+00) — M in a Riemannian manifold M is called a ray
starting from ~(0) if it minimizes the distance between v(0) and ~(s), for
any s € (0,00). Assume that M is complete, non-compact, and let p € M.
Show that M contains a ray starting from P.

Proof. Argue by contradiction.

M contains no ray starting from p

& for any v : [0,00) — M with v(0) = p,3s € (0,00), s.t. Y|jo,9
does not minimizes the distance between p and ~(s)

& for any v € T,M with [v] = 1,35 € (0,00), s.t. exp,(tv),t € [0, s

does not minimizes the distance between p and exp,(sv)
Define

c:T,M — R*

v — c(v)=infs < o0

where the inf is taken over all s such that exp,(tv),t € [0, 5] does not mini-
mizes the distance between p and exp,(sv). Clearly,

e ¢(v) =infs =mins;
e ¢ is a continuous function of v.

This is done by careful analysis, see Chapter 13 for example.
Since {v € T,M;|v| = 1} is a compact set, we know ¢ is bounded, i.e.
max ¢ < oo, thus

M = B(p,maxc+ 1)

Hence M is compact by Hopf-Rinow Theorem, a contradiction. 0

7.7 Let M and M be Riemannian manifolds and let f : M — M be a diffeomor-
phism. Assume that M is complete and that there exists a constant ¢ > 0
such that

[v] = eldfy(v)]

for all p € M and all v € T,M. Prove that M is complete.

Proof. e p,q € M = du(p.q) > c- dy(f(p), f(a))
Indeed, for any piecewise differentiable curve « joining p to ¢, f o~y is
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such one joining f(p) to f(q), thus
b

I(v) = [/ ()|dt
> ¢ [ |df(v'(t))|dt

= o [ oy
¢ dyr(f(p), (@)

Taking inf over all such curves, one gets

dr(p,q) > - dy(f(p), f(q))

e )M is complete as a metric space
For any Cauchy sequence (p,)>2, C M, we've, from

Apr (P, Pm) = ¢ - diz(f(Pn), f(Pm))

that (f(pn))2°, C M a Cauchy sequence, hence converges to some

point, ¢ € M, say. Then
Pn = fﬁl(f(pn» — fﬁl(q) eEM as n— o

7.10 Prove that the upper half-plane R with the Lobatchevski metric:

1
gi11 = E = g22, gi2 =0 = go

is complete.

Proof. We write H?* = (R?, g).
e Lemma Let f: (M, g) — (M,g) be an isometry between two Riemannian
manifolds, then

df (VxY) = Vgxdf(Y), VYX,Y € X(M)

where V,V are Riemann connections of M, M respectively.
In other words, isometries preserve Riemann connections.
Proof of the Lemma We simply use Koszul formula as follows.

29 (df(VxY),df (Z))) o f
= 29(VxY, Z) (isometry)
= X9V, 2)+Yg(Z,X)—Zg(X,Y)

—g9(X, [V, Z)) +9(Y,[Z, X]) + g(Z,[X,Y]) (Koszul formula)
= X (g(df(Y),df(Z))o f) =+ =g (df(X),df ([X,Y])) o f + -
= (df(X)g(df(Y),df(Z))) o f—-- =g (df(X),[df (Y),df (Z)]) o f
= 29 (Vyeodf (V). df(Z)) o f
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e Claim
v(t) = (0,¢e") =ie', te|0,00)

is the geodesic with data (e = (0,1) =1, dy = (0,1) = 1).
Method 1 we’ve only to show each portion of v minimize curve length. To
this end,for ¢ : [a,b] — H? with c(a) =a > 1, ¢(b) =b > 1,

llc) = /ab@

dt
/b de\®  [dy\’dt
= _— —|— e _
a dt at ) y
EE

dt| vy
bdy

a Y

Inb
_ / t
Ina

= (’7| [lna,lnb})

dt

v

Method 2 We just see « satisfies the geodesic equation. Indeed, since the
Christoffel symbols are

Fil :F%z = F%Q =0

2 _ 1
T
F12:F22:
Thus ,
d= 2t ¢ p 1y
2 +1%5,-¢ e=e——e =0
e Claim

cos ¢ - jet —sin?

W(t) = —7 5, tef0,00)

R 0
sin 5 - 1€ —i—cos2

is the geodesic in H? with data (e, v = (sin 6, cos#)), where 6 € [0, 27).Hence
by Hopf-Rinow theorem, H? is complete.
Proof of the Claim

v’ 79, as the image of vy = v under the isometry of H?:

9. 9
2 2
0 0

Sm§-z—|—cos§

CcoS Z -z — sin

Z

is geodesic;
vV 7%(0)=i=(0,1) =¢;
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1 .
Wo) = — S -iellico

sin 2 - et + cos
( 2 2

( 0 0\

= i|cos= —isin=
2 2
i(cos@ —isinf)

= ginf +isinf

= .
U

Remark In the proof we construct all geodesics starting from e = (0, 1).
e If v = (0,1), the geodesic being (0, e');
e If v =(0,—1), the geodesic being 0, e~ ");
o If v = (sinf,cosh), 0 # kr, k € Z, we've the geodesic v, satisfies

|70(t) — cot 8] = | csc |
Indeed,
Yo (t)]* — 2R(70(t) - cot 0)

sin? g + €2t cos? g cos? - jet —sin? 1 —tan2?
_ _oR 2 2 | 2
%)
2
%)
2

sin z - iet + cos 2

20 2t qin2 0 9 0
cos® 5 + e~ sin 5 5 Qtan2

tan? & + % (e* —1)tan? 1 — tan?
1+etan*?  2tan?

1 + €2t tan? g
1+ e* tan? g
1 + €2t tan? g
= 1

Finally,since H? is a Lie group, all geodesics in H? is known.
8 Spaces of Constant Curvature
8.1 Consider, on a neighborhood in R™, n > 2 the metric
Gij = 72
oF O*F

where F' # 01is a function of (z4,--- ,z,) € R". Denote by F; = —, F}; = ———.e

a) Show that a necessary and sufficient condition for the metric to have
constant curvature K is

<*) Fz‘jzovi%j;
F(Fj;+ Fy) = K + 300, ()%

tc.
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b) Use (x) to prove that the metric g;; has constant curvature K if and

only if
i=1
where
and
Z(4Cia —-b)=K
i=1
a 1 ) .
c) Put a = " b; = 0,c¢; = — and obtain the formula of Riemann
n

(1+ 55 a2)

for a metric g;; of constant curvature K. If K < 0 the metric g;; is

(k%) gij =

defined in a ball of radius e

d) If K > 0, the metric (xx) is defined on all of R”. Show that such a
metric on R” is not complete.

Proof.  a) The metric and its inverse are

0ii i
Gij = 72 g” :F25z’j

Thus the Christoffel symbols

1
pf«‘j - 59’“[ (0;9u + 0i91; — 019i5)
1
= §F2 (@gik + aigkj - ak!]l’j)
1 -2

= —O0ifj — Onjifi + 0ijfr
where
f=logF
Write down precisely,
k o . . . . .
Fzy_07 lfl#jaj#kak#l
Mh=f5 Ty=—f;, ifi#j
Fiz = —fi
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Hence the Riemannian curvature (i # j)
Riji; = (=V;V;i+V,;Vii, j)
= () 4 9, (1) )
= (=OT5k —TiTil + 0;Tkk + TETY L 5)
= _airijgkj + 0Tk — Ffjrikglj + Fiirjkglj

1
= = (—oT%, + oy, — TETY, + TE,)
= fii+fjj+(fj‘2_fi2)+<fz‘2_fj2_2f13>]
ki,

1
= = <f + = D R ff)
k
Finally, the sectional curvature
Rijij
<yl >< g, j > —<i,j >

K(i,j) =
= F(fat+ =Y R+ 1+ 1)
k=1

= FF;—F}+FF; —F} - F}+F!+F?
k

= F(Fi+Fy) ZFk

Now we prove a). The sufﬁc1ency is obvious. For the necessity, we
need only to show

Indeed, since K (i,j) = K = Const,
Fi Vi

K =2Fc— Y F}
k

Differentiating w.r.t. [ twice, we obtain

0=2F — Z 2F, Fy
k

ZFkal - O

Thus

o
> (Fu)* = (Fu)’+ FF =0
kAl kAl

Fu=0 VYk#I
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0
Remark For simplicity and type convenience, we use i for 0; = EIe
Ly
And there is no confusion between V; and Fj.
Claim From (x),

{Ej =0, Vi#j
F; =2a = Const, Vi
We have .
F=> Gi(x;)
i=1

where

Gi(x;) = ax? + bjx; +c
Indeed, Fj; = 2a implies

Fy=2ax; + g(v1,- -+ %1, i1, 0+, Tn)

while F}; = 0,Vj # ¢ implies

0=F; =209, Vj#i

g="b; =Const
F, = 2ax; + b;
Hence
F = ax? 4 bix; + hi(x1, -+ i1, Tigr, -+, Tn)
Thus

az} 4+ bix; + hy = ax? + bjx; + hy,  Vj#i

hi — (aa:? + bjl’j) = hj — (aazf + bZ.TZ)

Since the r.h.s. of the equality above doesn’t have the x;—term, we
have

h; = Z(al’? +bjx;) + ¢

JF#
Hence the claim.
Now,
K = R By - Y0
k
= 4a Z(sz‘ + bz + ¢;) Z (2az; + b;)?
k k

= Z(4cia —b)

k
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,b; = 0,¢; = —, we obtain the formula of Riemann
n

0

9ij = 2 = i 2
2
If K <0, we should have

2= ()

i.e. g;; are defined in a ball of radius e

d) If K > 0, the metric (xx) is defined on all of R”. We shall show
(R™, g;;) is not complete.

Indeed, for any p = (21, ,z,) € R™,
dg(0,p) < [Oply

! D
_ 2
B /0 1+KDt2 b= Zm

7

2 t
= —arcan—
K
2 7
< 2.
- K 2
o
VK
< o

Hence (R™,g;;) is bounded, also, it is closed as a whole space, but
we know R™ is non-compact ( Note that compactness is a topological
property. ). Thus, (R", g;;) is not complete by Hopt-Rinow Theorem.

O

8.4 Identity R* with C? by letting (zy, 9, 23, 24) correspond to (z1+ixy, T3+izy).
Let
53 = {(21722) € C2; |21|2 + ’22|2 = 1}
and let h : S3 — S2 be given by

h(z1,29) = (6221217627;%2) (21,20) € S*
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where ¢ and r are relatively prime integers, ¢ > 2.

a) Show that G = {id, h,--- ,h?9"'}is a group of isometries of the sphere
S3, with the usual metric, which operates in a totally discontinuous
manner. The manifold S3/G is called a lens space.

b) Consider S3/G with metric induced by the projection p : S? — S3/G.
Show that all the geodesics of S?/G is closed but can have different
lengths.

Proof.  a) Claim 1 Each h* is an isometry of S3.

Indeed, denote by

then
hk(z1,z2) = (eikaz’h@iw@)
dh](“ZLZQ) = (ekmdzl, ekmdzg)
For any p € S% u = (uy,uz),v = (v1,v2) € T,9%, where
U; = Uj1 + iuj'g, V; = Vj1 + ing, j = 1, 2

We have
(dh* (w)dh*(v))

(Z) o

< ( U1q cos ko — w9 sin ko > < V11 cos koo — vy9sin ko ) >
+i (g sinka + ujgcoska) )7\ +i(v1g sin ka + vy cos ka)

(u11 cos ka — us sin k) (v11 cos ka — vig sin ka)

+ (w11 sin ka + uqp cos kar) (v1q sin ko + vyg cos kar)

+ (w11 cos kaw — ugg sin kar) (vy cos k3 — vig sin k3)

+ (uyy sin kB + uyg cos k3) (v11 sin k5 + vy cos k)

((u1,u2), (v1,v2))

(u, v>p

Claim 2 G operates on S® in a properly discontinuous manner.

Just note that for any (21, 29) € S3,
hi(z1, 20) = (eiko‘zl,eikﬁzg) , ked{l,---,q—1}
are continuous, and # (z1, 22), Hence
U sz, st. YUNU #@,Vk € {1,--- ,q—1}
Indeed,
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® 05 (21, 2) # (21, 22)

Since ¢ and r are relatively prime,
ds,t, sit.sqg+tr=1

if some k € {1,---,q — 1} satisfies

efr=1 or M =1

then we have kK = mgq, a contradiction; or kr = mgq for some
m € 7, a contradiction again since

k = skq+ tkr = skq + tmq = (sk + tm)q

# The existence of such U.
Set p = (21, 22), @ = h*(p), then by Hausdorff property,

U sp, Vioq st.UNV, =0
Since h is continuous, we may retract U such that
WFU)YC Vi, Vke{l,---,q—1}
This U verifies.

b) Since G is a group of isometry, we can introduce the metric on S®/G

such that p : S — S3/G is a local isometry. Thus the geodesics are
preserved. Now the geodesics on S? are all closed, the geodesics of
S3 /G are close also, but they may have different length. Consider, for
example,

_ (0
n=(e ’.8) 0 € [0, 27]
T2 = (07 e’ )
the geodesics on S2, but we have
l(p(m)) =«
Up(r2)) =P

when « # (,i.e. r # 1, these two are different.
O

8.5 (Connections of conformal metrics) Let M be a differentiable manifold. Two
Riemannian metrics g and g on M are conformal if there exists a positive
function p : M — R such that g(X,Y) = ug(X,Y), for all X|Y € X(M).
Let V and V be the Riemannian connections of g and g, respectively. Prove

VxY =VxY +S5(X,Y)

where

SXY) = 5o A(XWY + (V)X = g(X,Y)V)
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and Vy is calculated in the metric g, that is,
X(p) = 9(X, Vi)
Proof. By Koszul Formula,
ng(VxY,Z) = g(VxY,Z)
1 { Xg(Y Z) + Yg(Z X)—Zg(X,Y) }
— S {(Xug(Y,2) + Yg(Z.X) - Zg(X,

{ Xg(Y,2)+Yg(Z,X)— Zg(X,Y) }
9(X, Y, Z]) +g(Y,[Z, X]) + 9(Z,[X,Y])

>
=

2
{ (XY + (Yp)X —g(X,Y)Vu, 2)} + pg(VxY, Z)

= ug(S(X,Y)+VyY,2)

O

9 Variations of Energy
9.1 Let M be a complete Riemannian manifold, and let N C M be a closed
submanifold of M. Let py € M, py ¢ N, and let d(po, N) be the distance from
po to N. Show that there exists a point gy € N such that d(pg, qo) = d(po, N)
and that a minimizing geodesic which joins py to qg is orthogonal to N at

qo-

Proof. e Existence of such ¢y € N.
Let {¢;} C N, s.t. d(po,q;) — d(po, N), then {¢;} is bounded, and by
Hopf-Rinow therorem,

I} i} stoq5— @
for some gy € M. But N is closed, we have ¢y € N and d(po, q0) =
d(p(): N)
e Orthogonality.

Let v : [0,1] — M be a minimizing geodesic joining py to qo. We shall
show ~/(l) L N, ie. v (0) L N, Yv € T, N.

Indeed, for v € T, N, let ¢ : (—e,e) — M be a geodesic with data
qo, v(i-e. ¢(0) = qo,¢’(0) = v) and consider the variation f : (—¢,¢) X
[0,{] — M such that f(s,0) = po, f(s,1) = ((s). If we denote by

0
V(s) = a—|s:0, then from the formula for the first variation of energy,
s
0 = 1p/(0)
2
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9.2 Introduce a complete Riemannian metric on R2. Prove that

lim < inf K(a:,y)) <0

r—00 \ 224y2>r2

where (z,y) € R? and K(z,y) is the Gauss curvature of the given metric at

(2,9).
Proof. Argue by contradiction. Denote the complete metric on R? by ¢ and
suppose
TIL% (xz-&z,llgf;rz K(J7, y)) >0
Then

>0
EI{C st. inf K(z,y)>c>0
r >0 z24y2>r2

Hence by Bonnet-Myers Theorem,

({(z,9); 2 +y* =71}, 9)
(C R?, complete) is compact. Thus
R? = {(z,y); 2* +y* <r*}U{(z,y); 2® +y* > 17}
as the union of two compact sets, is compact. A contradiction! 0
9.3 Prove the following generalization of the Theorem of Bonnet-Myers: Let M"
be a complete Riemannian manifold. Suppose that there exists constants

a > 0 and ¢ > 0 such that for all pairs of points in M™ and for all minimizing
geodesics (s), parametrized by arc length s, joining these points, we have

Ric(v/(s)) > a+ Z—f, along
s

where f is a function of s, satisfying |f(s)| < c along . Then M™ is compact.

Proof. We claim that

7T2

V2 +rm2a—c
Thus by Hopf-Rinow Theorem, M is compact.
Indeed, if not, then

diam(M) < 2L

pgeM N '
3 s.t. v joing p to g with [(v) =1 > L
{minimizing geodesic v : [0,1] — M 7y jomg p to q (7)

Now choose a parallel orthonormal field
61(S>’ T 76”—1(8)7 6n(8) - 7,(8)

along ~y, and consider the proper variations V; defined by

V}(s):sinﬂTs, j=1,---,n—1
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Then from the formula for the second variation of energy,

1 l
SEW0) = [ (ViVy 4 ROV ds
0

I 2
S L,ms |7
= /0 sin® T {1—2 — Ky(s)(’y’,ej)l ds

Summing j over {1,--- ,n — 1}, we get
n—1 l 2
1 —1
52 B0 = / sin? = [u —(n— 1)1%@’)} ds
j=1 0
! 2
< (n—l)/o siHQWTS {WT_ —Z—é} ds
2 l b2
— -0 (Toa) g+ [T s
7t al em 2l
< n-1)|=-=4+—.=
s (n=1) [2[ 2 l 7T:|
—1
-z al> — 2cl — 7T2]
21
< 0
As a result,
34, st. E"(V;)(0) <0
which contradicts the fact that v is minimizing. O

Remark The theorem above has application to Relativity, see G.J.Galloway,
"A generalization of Myer's Theorem and an application to relativistic cosmol-
ogy”, J.Diff. Geometry, 14(1979), 105-116

9.4 Let M be an orientable Riemannian manifold with positive (sectional) cur-
vature and even dimension. Let v be a closed geodesic in M, that is, v is an
immersion of the circle S* in M that is geodesic at all of its points. Prove
that ~ is homotopic to a closed curve whose length is strictly less than that
of .

Proof. We have only to show 3 a variation field V" along vy such that E{,(0) <
0( the second variation of energy concerning V' ).

Indeed, since M is orientable, if we denote by P, the parallel transport along
7, then

e P is an isometry = det P, = +£1;
e P, preserves orientation = det P, = 1;
o P.(v(0)) =+'(2r) =+'(0) = P, leaves some v(L /(0)) invariant!
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Thus, we may choose variation field V'(¢) = P,(v), and by the formula for
the second variation of energy,

1 21
SEL0) = = [y ROV
0
27
= o2y / Ky (w(8), () dt
< 0
as asserted. ]

Remark Note that in this settting, in the formula for the second variation of
energy, the last four terms offset! Just because we consider closed geodesic...
9.5 Let Ny and Ns be two close disjoint submanifolds of a compact Riemannnian
manifold M.
a) Show that the distance between N; and N, is assumed by a geodesic
v perpendicular to both N; and Ns.
b) Show that, for any orthogonal variation h(t, s) of y, with h(0,s) € Ny
and h(l,s) € Ny, we have the following expression for the formula for
the second variation

1

SE'0) = L(V.V) + (VD). (V1)) = (V(0). S5y (V(0)))

where V' is the variational vector and SA(;) is the linear map associated
to the second fundamental form of N; in the direction 4/, i =1, 2.

Proof.  a) Let {p;} C Ni,{q;} C Ny be such that d(p;,q;) — d(Ny, Ns).
Since M is compact, we can find (common) {j} C {i}, s.t.

pj —=pEN, ¢q—qe€N;

then
d(p7 q) = d(N17 N2)

Since d is continuous.
b) Now let v : [0,{] — M be a minimizing geodesic joining p to ¢, then

’7/(0) 1 Tle, ’)//(l) 1 TqN2

from the result of Exercise 1.



RIEMANNIAN GEOMETRY 31
b)

1" _ DOf dy D of dvy
380 = 1vv) - (2 D00+ (o D) 00

(v, ) + (v, 2 @)

_ af of\ dv of of\ dv

( by a) and orthogonality of h)
= L(V,V) = (Sy(V(0)),V(0)) + (Syay(V(D), V(1))
U

10 The Rauch Comparison Theorem
10.3 Let M be a complete Riemannian manifold with non-positive sectional cur-
vature. Prove that

|(d exp,)o(w)] = [w]
forall p e M, all v e T,M and all w € T,,(T,M).
Proof. Let M = (T,M = R",§;;) and
o (1) = tv, Y(t) = exp,(tv);
o J(t) =tw, J(t) = (dexp, ) (tw).
Then by Rauch Comparison Theorem, using K, < 0, that
|d(exp,)v(w)] = |w]
O

10.5 (The Sturm Comparison Theorem). In this exercise we present a direct
proof of Rauch’s Theorem in dimension two, without using material from
the present chapter. We will indicate a proof of the Theorem of Sturm
mentioned in the Introduction to the chapter. Let

/() + K@0)f(t) =0, £(0) =0, t €[0,1]
')+ K@) f(t)=0, f(0)=0, t€]0,].

be two ordinary differential equations. Suppose that K(t) > K(t) for t €
[0,1], and that f'(0) = f'(0) = 1.
a) Show that for all ¢ € [0, ],

(1) 0= / U+ Kf) — f(F + RP)yde = [Ff — 177+ / (K — R)ffdi

Conclude from this that the first zero of f does not occur before the
first zero of f.
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b) Suppose that f(t) > 0 on (0,1]. Use (1) and the fact that f() > 0

Proof.

on (0,1] to show that f(t) > f(t), ¢t € [0,(], and that the equality is
verified for ¢t = t; € (0,1] if and only if K(¢) = K(t), t € [0,4].
Verify that this is the Theorem of Rauch in dimension two.

a) First, integration by parts gives (1). Second, we prove that the
first zero of f does not occur before the first zero of f. Indeed, if
t € (0,1] is such that

f(t) >0o0n (0,%), f(to) =0
and if f(t;) = 0 for some t; € (0,%y), then
f fl(t) <0

f(tl) > 0,
contradicting (1) with ¢ replaced by .
We know from (1) that

ff—ff>0

1.e.
!/

AV
)

|

!
f

(In

<ty <t <), we obtain

In f(t) —In f(to)

(In f)’

>
Integrating from ¢y to t (0
>

In f(t) = In f(to)

But

we’ve

as required.
And if the equality is valid for some t = t; € (0,],then

ft)=f@t), vteou]
(Otherwise, 3 t* € (0,1,) satisfies f(¢*) > f(t*), then
1 — Ji(h) > ) > 1

fltr) — Ft)
A contradiction!)
Thus

fi(t) =0=f'(t1)
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Hence by (1),

_ " _ I £2
0_/0 (K — K)f2dt

K=K, Vtel0t]
(f >0,Vt € (0,1] and continuity of the K’s).
U

11 The Morse Index Theorem
11.2 Prove the following inequality on real functions (Wirtinger’s inequality). Let
f :[0,7] — R be a real function of class C? such that f(0) = 0 = f(n).

Then i i
/0 fidt < /0 (f)%dt

and equality occurs if and only if f(¢) = csint, where ¢ is a constant.

Proof. Let v : [0,7] — S% be a normalized geodesic joining v(0) = p to
v(m) = —p, and let v be a parallel field along v with < v,7" >=0, |v] = 1.
Set V = fu, then

0 < I(V,V) (Morse Index Theorem)
= [P - 1P at (e =1
0

as required. And

equality occurs <V is a Jacobi field. (f(0) =0= f(7),n =2)
= f/,+f:0 (K52 :]_)
& f=csint (f(0) = 0= f(r))
U
11.4 Let a : R — R be a differentiable function with a(¢) > 0,¢ € R, and a(0) > 0.
Prove that the solution to the differential equation
d*p

W +ap = 0
with initial conditions ¢(0) = 1, ¢'(0) = 0, has at least one positive zero and
one negative zero.

Proof. We need only to prove ¢ has at least one positive zero, the other
assertion being similar. Argue by contradiction, if

t € (0,00) = p(t) >0
then
('0” — —CL(,D S 0
Le.
¢’ is non-increasing
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But now, a(0) > 0,(0) =1,

"(0) = —a(0)p(0) <0

Je >0, sit. t € (0,e] = @"(t) < 0= ¢'(t) < '(0)=0

Thus

WD==M®+AwﬁW
1+ /6 o' (t)dt + /T o' (t)dt
1+ /T o' (t)dt

L4 ()T — <)
0

AN IN A

if T is large enough. A contradiction! O

11.5 Suppose M™ is complete Riemannian manifold with sectional curvature
strictly positive and let v : (—o00,00) — M be a normalized geodesic in
M. Show that there exists ¢y € R such that the segment ~([—tg,%o]) has
index greater or equal to n — 1.

Proof. Let Y be a parallel field along v with < Y,~" >=0,|Y| = 1. Set

Py = <R<7/7 Y)’/ﬂ Y>

K(t) = ir}}f oy (t) >0
and let ¢ : R — R be a differentiable function such that
0<a(t)<K(t), 0<a(0)<K(0), teR

Let ¢ be the solution of the system

" +ap=0
p(0) =1,¢'(0) =0
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and let —t1,t5 be the two zeros of this system. If we denote by X = Y,
then
Tty 0 (X, X))
= [0~ e Xy 0y

—t1

_ /_tt (X" + R(Y, XY, X) dt (p(—t1) = 0 = o(ts))

to
= / (" + P pyldt

ey
<=([+f+] ) e+ el (K(0) > a(0). K () 2 ato)

= - / [¢" + agledt
—t1
=0
Thus if tg = max{ty,ts}, then
Index (V]j—to0]) = Index (V|[—t,.15)) =1 — 1 (tg = t1 or to)

11.6 A line in a complete Riemannian manifold is a geodesic
v (—00,00) = M

which minimizes the arc length between any two of its points. Show that
if the sectional curvature K of M is strictly positive, M does not have any
lines. By an example show that the theorem is false if K > 0.

Proof. Of course, we take n > 2. By Exercise 5,
Jto e R, 3 X € U(—to,ty), s.t. Jj_4540)(X, X) <0
Then by the formula for the second variation of energy,
Y|[=to,to] 15 DOt Minimizing

Thus M does not have any rays.
If K > 0, the theorem is false, because any ”line” is Euclidean flat space
(R™,4;;) is indeed a line! O
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Concluding Remarks—Lobatchevski Geometry

e 14
As a Lie group, endowed with left-invariant metric, the isometry of which...
238
The Christoffel symbols, a beautiful parallel field...
e 7.10
As a complete manifold, all the geodesics are calculated...
e 3.1
Some extensions...



