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§17 Monotonicity Formula

And Basic Consequences

In this section we assume that U is openin R"*",

V:

<

(M,0) has the generalized mean curvature H inU ( see
16.5), and we write © for p, ( = H"Z6 asin15.1).

Our aim is to obtain information about V' by making
appropriate choice of X inthe formula (see 16.5)
17.1 [ div, X dp=—[ XeHdy, XeC!(U;R")
First we choose X, =~ () (z—¢&),where £ €U is fixed,

,and v isa C'(R) function with

r=lzr—¢

') <0 Viyt)=1 fort<p/2v{t)=0 fort>p
where p >0 is such that B, (¢) C U. ( Here and subsequently

B, (&) denotes the open ball in B"*" with center ¢ and radius

p.)
Forany feC'(U) andany = € M such that T.M exists

n+k
(see 11.4 - 11.6) we have (by 12.1) V" f@) = > e'D,f@e,,

Jl=1

where D,f(z) denotes the partial derivative % of f taken
i
in U and where (¢”) is the matrix of the orthogonal

projection of R"™ onto T.M.Thuswriting V) =¢, V" (asin
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Section 16), with the above choice of X we deduce

n+k Y n+k n+k é-j Il _ é-l .
div, X = ZV X, = 7(7‘)26” + 7y (r)z . e’
j=1 j=1 =1 r r

More precise,

n+k
VY @) = TM(gde +kf(x)) =Py [Zle(x)el]
=1

n+k n+k n+k

=Y Df@P, e =>Y Df@ee, =) e'Dfe,
I=1

Jl=1 Jl=1

and
n+k ‘
div, X =) VX’
j=1
n+k )
= Zej VY X
j=1
n+k n+k ,
= Z ejoz e"DX'e,
=1 k=1
n+k
=> DX’
j,l=1
n+k £ , , )
—Zeﬂ ol o (xj—£])+7(r)5ﬂ
j,l=1

n+k X g Z’ _ g n+k
=1y (T)Z@J —I—’y(T)Ze”
r

j,l=1 j=1

n+k [ n+k . ﬂjl - é-l n+k ﬂjj _ é‘j
=rvy'(r) Z 26" — ej,z e; )+ nyr)
=1 r ' r

I=1 j=1

=ry'(r) <PT_TMDT7 Dr> + ny(r)

= r'y'(r)[] — ‘DLT‘Q] + ny(r)

Since (¢’) represents the orthogonal projection onto T.M
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n+k B n+k xj . g[ I'l . gl p L
we have > e’ =n and . el = 1—‘D ", where
i=1 =1 T r

D*r denotes the orthogonal projection of Dr (which is a

vector of length = 1) onto (T.M)".

The formula 17.1 thus yields

- 7&[7%rhh¢+¥fr7'00du
:—f@(m—@vwmu+jVWWﬂD%fmt

provided Ep(g)CU.Now take ¢ such that ¢(t)=1 for téé,

¢(t)=0 for t>1 and ¢'(t) <0 forall ¢t. Then we can use (*)

with v = qf)[% . Since rvy'(r) = %gb' %] = —p%d)[%} this
gives
nl (p) = pI'(p) =—pJ'(p)— L(p)
where
I(p>:f¢[ﬂdu,f:(p>:f¢[;}(w—£)-fgdu
I(p)= | ¢>[§J\D%ﬁ\ dp

—1

Thus, multiply by p™" and rearranging we have

I(p)| _J'(p) L(p)

n - n n+1
P

p p

d

17.2 —
dp

Thus letting ¢ increase to the characteristic function of the

interval (—oo,—1), we obtain, in the distribution sense,
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d|nB,©) d D 1
173 —|——|=— —dp+—— —¢)eHd
dp p" dp pr(ﬁ) r" e pt! pr(§)<x §)-H dy

This is the fundamental monotonicity identity. Since u(B, (¢))

D . . . .
and L(g)#du are increasing in p it also holds in the
0 r

classical sense for ae. p >0 such that B (¢)cCU.

More precise, 4 “<Bf{n(§)) _ u, (B, (€)p" —;j(Bp(f))np“
and
1 d p
p" dp BA&)‘D rf du
)
1 fB,J(@—BM(@‘D Lr‘ dp
= — lim
pl o T
m
r) DLr"J
. fB,(f)—BpZ(@[p] ,’,n g
= Jim g
m

10
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u(B,(9)

Notice that if H =0 then 17.3 tells us that the ratio
- p

is non-decreasing in p. Generally, by integrating with respect to

p in17.3 we get the identity
u(B,(&) _r(B,©) [ [D'r]
B,(6)-B, (&)

17 4 . P "

forall 0 <o <p with B, ({)CU,where r, = max{r,o}, so

that if H =0 we have the particularly interesting identity

p(B,(€) _ #(B, () ol
17.5 o B P _fBﬂ<§>Bg(£) r" a1

More precise, integrating 17.3 with respect to p, we get
u(B,(9) p(B,(©)

n n

p o

DJ"/’
- B,(&)-B,(&) r" di+ f R f = .H dpdT
Pl iyt ['L [ @ (o€t dud
- r)\xr — ° T
Bﬂ('g)*Bg(g) TTL lu o 7‘”+1 Bp(g) XBT(&) _
D*r ’ ) XB
= dp + o H Xoo'D
B,(6)-B,(&) 1" s pr(g) . f H
- T
Bp('g)*Bg (5) r” ILL Bp(g) = ?LX{O’ 7‘} 7_n+1 ILL
D*r ’ 1 1 1
- dp—+— r— &) H|— — d
B,(&)-B,(6) 1" i n Bp(ﬁ)< 3 - [ . P 8

We now want to examine the important question of what 17.3

11
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tells us in case we assume boundedness and I —conditions on

H.

17.6 Theorem If ¢cU,0<a<1,A>0,andif

*) épr@‘lif‘du < A[%]al ,u(Bp (5)) for all p € (0,R)

_ oo (B
where B, (¢)c U, then &' * w is a non-decreasing

n

P
function of p €(0,R), and in fact

n - n

o P ,(O-B,(6) 1

(1) eAijaUa % (Ba (5)) < eAsznpn % (Bp (f)) _ f ‘DLT‘
B,(€)-B, (&)
Whenever 0 <o < p <R. Also,

n n

2) e BB o ey #(BO) [ LEW
o p 8,0

Proof From 17.3, multiply by the integrating factor e " we

get
d ‘DLT‘Q e ‘Dlr‘g
dpJne o e fm) o
1— d B f 1= 1
_ IR . M(ppn( ) A me(x—é)-ljdu
d |1(B,(9)

oo d | (B -
< M % ,u( ppn(f)> L MR : QA[%] ,u(Bp (f))
< oA iM(Bpn(f)) i [eARF“paAleaapafl]. /”L(Bﬂn@))l
dp| p /

12
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d

[ 2(8,00)

n

P

Thus integrate with respect to p on the interval (o,p), (1)

follows,

apeeye d BB Q)| g 1
— e AR dp (p/’n ) e AR™p WfBl(g)(x_é.).]_{d'u
" B "
> AR ddp N( pp”(£>> o AR n]+1 fBﬂ(ergd“
~ B N a—1
> e AR % N(ppn(f)) _ AR pn]+1 a/l[% u(Bp (5))
_ e 4K (B’;@» e (AR ap™ ) “(B’f,b(é))l
dp| p
:i —AR"™p M<Bp (€)>
dp p"

1
17.7 Theorem If ¢cU and [ I (g)‘lg‘pdu]péf, where

B,(¢§)cU and p>n,then

n

o

m]

13
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whenever 0 <o <p<R.

Proof From 17.3, we get

d |n(B, ()] _ 1
dp Pp" p J o™ S H

1
= ntl fBﬂ<£)|x_§'H‘d/~L

1

> [l ) w0

u(B, () T
>—I . pr

P
That is,
1
A |mBQ) I
dp| p" P

Integrating with respect to p, we have

u(B,(€)  n(B.(0) _ _L[pzz . ]

n n -

p o p—n

17.8 Corollary If H € Li, (u) in U for some p>n, then the

. _pu(B,w) .
density 0" (u,z) = hf?—n exists at every point z €U,
g w,p
and ©" (p,+) is an upper-semi-continuous function in U:

O" (u,z) > limsupO" (u,y), Vo €U

y—z

n

ESHEN
~
~
|
\

(B, (€))

Proof The inequality 17.7 tells us that .
P

+

14
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. | . _w(B ()
is a non-decreasing function of p, hence lim——"—="exists
v p

(and is the same as lifnw). [lim&,(g)) < 1im'u(L”(£>>
pl0 P

n pl0 pn pl0

i)

i

B 1](5)

p[l-‘r*
< lim -
plo 1

Pli+2)
m

Now for the proof of corollary,

O" (p,z) > limsup ©" (u,y)

y—x

< 0" (p,z) > lim supy, .. 0" (1, )

el0

1oL :nm&@[Hi]”‘,vmeN]

m pl0 p m

& Vo e (0,1),% > limsup,, .. ©" (1,y)

elo

& V6 € (0,1),3e > 0,5t if [y —a| <e, then O (1y) < %

@n (,U, fl:)

SN

1

& V6 €(0,1),3e > 0,st. if [y — | <&, then [0" (1 y)]r <

Thus we prove the last assertion, to this end, let o | 0, we

get
1
. ! B, (y))" r -2
0" (1y)r < | — ) —p 7
np (p_n)wp
1 n
B (@) —
< M( pte x) [I—FEV—I—C(%Z),TL)pI »
w, (p+e) p
1
_|@" ()
0

if we take ¢ < p small enough.

15
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17.9 Remarks
(DIf 6>1p—aelU, HeI

loc

(U), p>n asin17.8, then

O©" (u,z) > 1 at each point of sptpuNU, and hence we can write
VLU =v(M.,0.) where M. =sptpnU 0. =0"(pz),z€U.
Thus VZU is represented in terms of a relatively closed
countably n —rectifiable set with upper-semi-continuous
multiplicity function.

Observe that
1

nM @ (x)

H'(ANM)= e :L 6 dH" (x):f dp ()

ANM @ ()
for any 7" —measurable subset of R"*".u—ae. is equivalent
to #" —ae. on M, the Remark is "understandable”.

v' For density

n . /’L (Bp (x)) . pr(ZL')ﬂM 9 dﬁ
O" (u,z) = lim——"—= = lim
plO w”pn plO wnpn
[ ear
_ hm Bﬂ(:L')ﬂN]- Z 1
ol w,p"

where N, is C'—submanifold of R"™ with z€ N,, such N,
exists by 11.7.

v" For varifold

7{”(Mﬂ(U~spt M)):fMﬂUNsptudﬁn:'—/; ldﬂzg

~spt i 0

16



Lectures on Varifolds Leon Simon Zhang Zujin

1—2],
P

where B,(¢§)cU and p>n, then both inequalities 17.6(1), (2)

()If €U, O (1,¢)= 1, and [ifB ] <r

wn

p
H\ dp

=S

n =
hold with A=2I'R 7 and a =1—=, provided I'R
p

<

0o |~

Proof Notice first that

J;ﬂ<g> I:I‘du = [»/;ﬂ@)

We estimate M(Bp (5)) using 17.7 as follows (letting o | 0)

1

i du]p u(B,(€) P <r

. ERAE

1
1 n o
> F[Z - pr ==
B P n P
w,p" p—n )
wn
1 1
|p @) s [mme)
wnp” wnpn 2

1

1
n| - L
Sy olEldusr|1- ;J w2l p" [ ron(B, (€))

<

QFRZ][%]Z u(B,(©)

|2

n

Thus the hypothesis of 17.6 hold with A=2I'R* and

az]—ﬁ.

p

(3)Notice that either 17.6(1) or 17.7 give bounds of the form

1(B,(§)) < Po", 0 <o <R for suitable constant (. Such an

17
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inequality implies

< nBp”

j;<£>|x—§

p

forany pe€(0,R) and 0 <a<n.

Proof We just apply the follow lemma.

a—n 1 _Z
— du = — d
j; (£)|x ¢ H »/;,J(ﬁ)[ T e pl

> t} dt + p"J—“ u(B,(€))

pnl_a u(B,(€))

M+

% 1
— (n . Oé) , tnfozfllu {x’
, [«

— ¢
(n—oz)f] et [ i ]dt pJ (Bp(f'))

t

1 n
= bp

< (n_Oé) tn—oz—] _dt
sm-of; o=

117"
:(n—a)ﬁ—[—] + Bp*
alp

_ npp°
o

17.10 Lemma If X is an abstract space, 1 is a measure on X,

a>0. fel'(u), f>0 and if &:{xeX;f($)>t},1‘hen

ozj;oot“_l,u(At)dt = wa fedu

More generally

o Oot“‘lu(/],)dt:f& (f* =t )dp

)

Proof It is a by-product of Fubini's theorem. More precise, we

have

18
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o a—1 . o a—1
al t7u(A)dt =« t,)t (fAtdu)dt

t

. o a—1 o o a—1
=« . t [fAtUXAidu]dt—awa( . t XAtdt)d,u

f@ _ N o
— Am(ftg at 1dt>du(x):fAt (f*—t))du

0

17.11 Lemma Suppose 0 >1 p—aein U, H €L (u) in U

for some p > n. If the approximate tangent space TV ( see

Section 15) exists at a given point z €U, then TV isa

“classical” tangent plane for spt 1 in the sense that

. dist(y, TV
hm SupyeBﬂ(mﬁspt 1 # - 0

pl0 p
Proof For sufficiently small R(with B,, @) cU),17.7,17.8

(with o | 0) evidently imply
(D M(Bp (5)) > éwnp”, 0<p<R, §€B (Nsptp

More precise, since H € I

loc

(u), we choose R,I" >0 such

1

{I‘p du|" < I'. Then for any

that B,, () CU and [ fB
2 R (L)

1

p »
<

PP
H‘ du] <rI,

and by virtue of 17.7,17.8, 17.9(1), we have
1

N s 1,
+ p 7, thus p(B,@)>=w,p" if
p—n 2

< ,u(Bp (:E))

n
w,p

19
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p

r=0 _1 ... G g
< 5 this is possible since we can first fix some

1— R 7
p—n

I' for some R,,thenlet R,> R |0 with I' unchanged.

Using this we are going to prove that if « ¢ [O,é] and
€ (0,R), then

,u(Bp (x) ~ {y; dist(y, T.V) < 5p}) < iwnoz”p”
(2) ’
= BB(T> Nspt u C {y; dist(y, T.V) < (e + a)p}

Indeed if ¢ ¢

B, (x) N spt ul N {y; dz’st(y, TLV) > (e+ a)p} ,
2

then B, (§)C B, @) ~ {y; dist(y,T.V) < 8p} and hence the

n _n

hypothesis of (2) implies 1.(B,, (¢)) < —-w,a"p". On the other

0o |~

n _n

hand, (1) implies 1(B,,(¢)) > =w,a"p", so we have a

1
2
contradiction. Thus (2) is proved, and (2) evidently leads
immediately to the required result.

More precise, by (B) in the Proof of Theorem 11.8, we've for
any e € [O,é] ,

limu( p Ve (m x)) —0
Pl w,p"

[This is cone condition]

where m, = (P.) . Thus we can take p small enough such that
20
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u(Bp (1) ~ {y; dist(y,T.V) < 5,0}) < o
wnpﬂ/ 2

[This is cylinder condition, you may take a picture to see it
clearly.]
Hence

dist (y, TV
yEBp(:U)ﬂsptuﬁ#
2 P

2

< 2(e+c¢e)=4e
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