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§17 Monotonicity Formula  

And Basic Consequences 
 

 In this section we assume that U  is open in +n k
R , 

( )V v M,θ
=

=  has the generalized mean curvature H
=
 in U ( see 

16.5), and we write µ  for Vµ  ( nH θ= ∠  as in 15.1). 

 Our aim is to obtain information about V  by making 

appropriate choice of X  in the formula (see 16.5) 

17.1 ( ), ;1 n k

M cdiv X d X H d X C Uµ µ +

=
=− ∈∫ ∫ i R  

First we choose ( )( )xX r xγ ξ= − , where Uξ ∈  is fixed, 

r x ξ= − , and γ  is a ( )1C R  function with 

( ) ( ) ( )' ; / ;t 0 t t 1 for t 2 t 0 for tγ γ ρ γ ρ≤ ∀ ≡ ≤ ≡ >  

where 0ρ >  is such that ( )B Uρ ξ ⊂ . ( Here and subsequently 

( )Bρ ξ  denotes the open ball in n k+
R  with center ξ  and radius 

ρ . ) 

 For any ( )1f C U∈  and any x M∈  such that xT M  exists 

(see 11.4 – 11.6) we have (by 12.1) ( ) ( )

,

n k
M jl

l j

j l 1

f x e D f x e
+

=

∇ =∑ , 

where ( )
lD f x  denotes the partial derivative 

l

f

x

∂
∂

 of f  taken 

in U  and where ( )jle  is the matrix of the orthogonal 

projection of n k+
R  onto xT M . Thus writing M M

j je∇ = ∇i  ( as in 
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Section 16), with the above choice of X  we deduce  

( ) ( )

,

'
j j l ln k n k n k

M jj jl

M j j

j 1 j 1 j l 1

x x
div X X r e r r e

r r

ξ ξ
γ γ

+ + +

= = =

− −
= ∇ = +∑ ∑ ∑ i  

More precise, 

( ) ( )( ) ( )

( ) ( ) ( )

, ,

n k
x x

x

n k
M

T M T M l l

l 1

n k n k n k
lj jl

l T M l l j l j

l 1 j l 1 j l 1

f x P grad f x P D f x e

D f x P e D f x e e e D f x e

+

+

=

+ + +

= = =

 ∇ = =   

= = =

∑

∑ ∑ ∑

R

 

and 

( ) ( ) ( )

( ) ( )

( )

,

,

,

,

'

'

'

n k
M j

M j

j 1

n k
M j

j

j 1

n k n k
kl j

j l k

j 1 k l 1

n k
jl j

l

j l 1

l ln k
jl j j j

l

j l 1

l l j jn k n k
jl jj

j l 1 j 1

l ln k
jl

j

j l 1

div X X

e X

e e DX e

e DX

x
e r x r

r

x x
r r e r e

r r

x
r r e e

r

ξ
γ ξ γ δ

ξ ξ
γ γ

ξ
γ

+

=

+

=

+ +

= =

+

=

+

=

+ +

= =

+

= =

= ∇

= ∇

=

=

 − = − +
  

− −
= +

 − =   

∑

∑

∑ ∑

∑

∑

∑ ∑

∑

i

i

i

i

( )

( ) ( )

( ) ( )

,

' ,

'

x

j jn k n k

j

1 j 1

T M

2

x
e n r

r

r r P Dr Dr n r

r r 1 D r n r

ξ
γ

γ γ

γ γ

+ +

=

⊥

−
+

= +

 = − +  

∑ ∑

 

 

Since ( )jle  represents the orthogonal projection onto xT M  
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we have  
n k

jj

j 1

e n
+

=

=∑  and 
,

j j l ln k
2jl

j l 1

x x
e 1 D r

r r

ξ ξ+
⊥

=

− −
= −∑ i , where 

D r⊥  denotes the orthogonal projection of Dr  (which is a 

vector of length 1= ) onto ( )xT M
⊥
. 

The formula 17.1 thus yields 

(*)          
( ) ( )

( ) ( ) ( )

'

'
2

n r d r r d

H x r d r r D r d

γ µ γ µ

ξ γ µ γ µ⊥

=

+

=− − +

∫ ∫
∫ ∫i

 

provided ( )B Uρ ξ ⊂ . Now take φ  such that ( )t 1φ ≡  for 
1

t
2

≤ , 

( )t 0φ =  for t 1≥  and ( )' t 0φ ≤  for all t . Then we can use (*) 

with ( )
r

rγ φ
ρ

 =    
. Since ( )' '

r r r
r rγ φ ρ φ

ρ ρ ρ ρ

   ∂  = = −     ∂   
 this 

gives 

( ) ( ) ( ) ( )' 'nI I J Lρ ρ ρ ρ ρ ρ− =− −  

where 

( ) ( ) ( ),
r r

I d L x H dρ φ µ ρ φ ξ µ
ρ ρ =

     = = − •        ∫ ∫  

( )
2r

J D r dρ φ µ
ρ

⊥
 =    ∫  

Thus, multiply by n 1ρ− −  and rearranging we have 

17.2 
( ) ( ) ( )'
n n n 1

I J Ld

d

ρ ρ ρ

ρ ρ ρ ρ +
 
  = −
  

 

Thus letting φ  increase to the characteristic function of the 

interval ( ), 1−∞ − , we obtain, in the distribution sense, 
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17.3 
( )( )

( )
( )

( )

2

n n n 1
B B

B D rd d 1
d x H d

d d rρ ρ

ρ

ξ ξ

µ ξ
µ ξ µ

ρ ρ ρ ρ

⊥

+ =

 
  = + − 
  

∫ ∫ i  

This is the fundamental monotonicity identity. Since ( )( )Bρµ ξ  

and 
( )

2

n
B

D r
d

rρ ξ
µ

⊥

∫  are increasing in ρ  it also holds in the 

classical sense for . .a e 0ρ >  such that ( )B Uρ ξ ⊂ .  

More precise, 
( )( ) ( )( ) ( )( )' n n 1

n 2n

B B B nd

d

ρ ρ ρ ρµ ξ µ ξ ρ µ ξ ρ

ρ ρ ρ

−  −  = 
  

 

and 

( )

( ) ( )

( ) ( )

lim

lim

m

1

m

2

n
B

2

B B

n m

2n

n
B B

m

1 d
D r d

d

D r d
1

1

m

D rr
d

r

1

m

ρ

ρρ ρ

ρ
ρ

ξ

ξ ξ

ξ ξ

µ
ρ ρ

µ

ρ

µ
ρ

−

−

⊥

⊥

−

→∞

⊥

−

→∞

=

    
=

∫

∫

∫

 

where we can estimate the last quantity as follows, 

( ) ( )

( ) ( ) ( ) ( )

m

1

m m

2

nn B B

22n

nn B BB B

D r
d

r1
1

1m
m

D rD rr
dd

rr

1 1

m m

ρρ ρ

ρ ρρ ρ ρ

ξ ξ

ξ ξξ ξ

µ

µµ
ρ

−

− −

⊥

−

⊥⊥

−−

  −   

    
≤ ≤

∫

∫∫
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Notice that if H 0
=
≡  then 17.3 tells us that the ratio 

( )( )
n

Bρµ ξ

ρ
 

is non-decreasing in ρ . Generally, by integrating with respect to 

ρ  in 17.3 we get the identity 

17.4 

( )( ) ( )( )
( ) ( )

( )

2

n n n
B

n n

B D rB
d

r

1 1 1
x H d

n r

ρ σ

ρσ

ξ Β ξ

σ

µ ξµ ξ
µ

σ ρ

ξ µ
ρ

⊥

−

=

= −

  − − −   

∫

∫ i

 

for all 0 σ ρ< ≤  with ( )B Uρ ξ ⊂ , where { }max ,r rσ σ= , so 

that if H 0
=
=  we have the particularly interesting identity 

17.5 
( )( ) ( )( )

( ) ( )

2

n n n
B B

B D rB
d

rρ σ

ρσ

ξ ξ

µ ξµ ξ
µ

σ ρ

⊥

−
= − ∫  

More precise, integrating 17.3 with respect to ρ , we get 

( )( ) ( )( )

( ) ( )
( )

( )

( ) ( ) ( ) ( )( )
( )

( ) ( )
( ) ( ) ( )

( )

( ) ( )
( )

{ }( )

( )

max ,

n n

2

n n 1
B B B

2

Bn n 1
B B B

2

B

n n 1
B B B

2

n n 1
B B B r

2

n
B

B B

D r 1
d x H d d

r

D r 1
d x x H d d

r

xD r
d x H d d

r

D r 1
d x H d d

r

D r
d

r

ρ σ τ

τ
ρ σ ρ

τ

ρ σ ρ

ρ σ ρ

ρ

ρ σ

ρ

ξ ξ σ ξ

ρ

ξ
ξ ξ σ ξ

ρ
ξ

ξ ξ ξ σ

ρ

ξ ξ ξ σ

ξ

µ ξ µ ξ

ρ σ

µ ξ µ τ
τ

µ χ ξ µ τ
τ

χ
µ ξ τ µ

τ

µ ξ τ µ
τ

µ

⊥

+ =−

⊥

+ =−

⊥

+=−

⊥

+=−

⊥

−

−

= + −

= + −

= + −

= + −

=

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

i

i

i

i

( )
( )

( ) n n
B B

1 1 1
x H d

n rσ ρξ ξ
σ

ξ µ
ρ=

  + − −   ∫ ∫ i

 

 

 We now want to examine the important question of what 17.3 
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tells us in case we assume boundedness and pL −conditions on 

H
=
. 

17.6 Theorem If Uξ ∈ ,0 1α< ≤ , 0Λ ≥ , and if 

(*)       
( )

( )( ) ( ),
1

B

1
H d B for all 0 R

Rρ

α

ρ
ξ

ρ
µ Λ µ ξ ρ

α

−

=

 ≤ ∈  ∫  

where ( )RB Uξ ⊂ , then 
( )( )1R

n

B
e

α α ρΛ ρ
µ ξ

ρ

−

 is a non-decreasing 

function of ( ),0 Rρ ∈ , and in fact 

(1)    
( )( ) ( )( )

( ) ( )

1 1

2

R R

n n n
B B

B D rB
e e d

r

α α α α

ρ σ

ρσΛ σ Λ ρ

ξ ξ

µ ξµ ξ
µ

σ ρ

− −
⊥

−
≤ − ∫  

Whenever 0 Rσ ρ< < ≤ . Also, 

(2)     
( )( ) ( )( )

( )

1 1

2

R R

n n n
B

B D rB
e e d

r

α α α α

ρ

ρσΛ σ Λ ρ

ξ

µ ξµ ξ
µ

σ ρ

− −
⊥

− −≥ − ∫  

Proof From 17.3, multiply by the integrating factor 
1Re
α αΛ ρ−  we 

get 

( ) ( )

( )( )
( )

( )

( )( )
( )

( )( )
( )( )

1

1 1

1 1

1 1

2 2

R

n n
B B

R R

n n 1
B

R R

n n
B

1

R R

n n

D r D rd
d e d

d r r

Bd 1
e e x H d

d

Bd 1
e e H d

d

Bd 1
e e B

d R

e

α α

ρ ρ

α α α α

ρ

α α α α

ρ

α α α α

Λ ρ

ξ ξ

ρΛ ρ Λ ρ

ξ

ρΛ ρ Λ ρ

ξ

α
ρΛ ρ Λ ρ

ρ

µ µ
ρ

µ ξ
ξ µ

ρ ρ ρ

µ ξ
µ

ρ ρ ρ

µ ξ ρ
αΛ µ ξ

ρ ρ ρ

−

− −

− −

− −

⊥ ⊥

+ =

=

−

≤

 
 = − − 
  
 
 ≤ + 
  
     ≤ +       

≤

∫ ∫

∫

∫

i

( )( ) ( )( )1 1R R 1 1

n n

B Bd
e R

d

α α α αρ ρΛ ρ Λ ρ α α
µ ξ µ ξ

Λ αρ
ρ ρ ρ

− − − −
   
    +           

i
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( )( )1R

n

Bd
e

d

α α ρΛ ρ
µ ξ

ρ ρ

−
 
 =  
  

 

Thus integrate with respect to ρ  on the interval ( ),σ ρ , (1) 

follows, 

( )

( )( ) ( )( )1 1

2

R R

n n n
B

BD r B
d e e

r

α α α α

ρ

ρ σΛ ρ Λ σ

ξ

µ ξ µ ξ
µ

ρ σ

− −
⊥

≤ −∫  

For (2), we just use the same method, 

( ) ( )

( )( )
( )

( )

( )( )
( )

( )( )

1

1 1

1 1

1 1

2 2

R

n n
B B

R R

n n 1
B

R R

n n 1
B

R R

n n 1

D r D rd d
d e d

d r d r

Bd 1
e e x H d

d

Bd 1
e e r H d

d

Bd 1
e e

d R

α α

ρ ρ

α α α α

ρ

α α α α

ρ

α α α α

Λ ρ

ξ ξ

ρΛ ρ Λ ρ

ξ

ρΛ ρ Λ ρ

ξ

ρΛ ρ Λ ρ

µ µ
ρ ρ

µ ξ
ξ µ

ρ ρ ρ

µ ξ
µ

ρ ρ ρ

µ ξ ρ
αΛ

ρ ρ ρ

−

− −

− −

− −

⊥ ⊥
−

− −
+ =

− −
+ =

− −
+

≥

 
 = − − 
  
 
 ≥ − 
  
    ≥ −    

∫ ∫

∫

∫

i

( )( )

( )( )
( )

( )( )

( )( )

1 1

1

1

R R 1 1

n n

R

n

B

B Bd
e e R

d

Bd
e

d

α α α α

α α

α

ρ

ρ ρΛ ρ Λ ρ α α

ρΛ ρ

µ ξ

µ ξ µ ξ
Λ αρ

ρ ρ ρ

µ ξ

ρ ρ

− −

−

−

− − − −

−

 

   
    = + −           

 
 =  
  

i

 

 

17.7 Theorem If Uξ ∈  and 
( )R

1
p p

B
H d

ξ
µ Γ

=

  ≤  ∫ , where 

( )RB Uξ ⊂  and p n> , then 

( )( ) ( )( )
11

n npp 1 1
p p

n n

BB

p n

ρσ
µ ξµ ξ Γ

ρ σ
σ ρ

− −        ≤ + −      −      
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whenever 0 Rσ ρ< < ≤ . 

Proof From 17.3, we get 

( )( )
( )

( )

( )

( )
( )( )

( )( )

n n 1
B

n 1
B

1
1p p 1
p

n
B

1
1

np

p

n

Bd 1
x H d

d

1
x H d

1
H d B

B

ρ

ρ

ρ

ρ

ξ

ξ

ρ
ξ

ρ

µ ξ
ξ µ

ρ ρ ρ

ξ µ
ρ

µ µ ξ
ρ

µ ξ
Γ ρ

ρ

+ =

+ =

−

=

−
−

 
  ≥ − 
  

≥ − −

 ≥−   

 
 ≥ −  
  

∫

∫

∫

i

i

 

That is, 

( )( )
1

np

p

n

Bd

d p

ρµ ξ Γ
ρ

ρ ρ

− 
  ≥ − 
  

 

Integrating with respect to ρ , we have 

( )( ) ( )( ) n n
1 1

p p

n n

B B

p n

ρ σ
µ ξ µ ξ Γ

ρ σ
ρ σ

− − − ≥− −   −  
 

 

17.8 Corollary If ( )p

locH L µ
=
∈  in U  for some p n> , then the 

density ( )
( )( )

, limn

n0
n

B x
x

ρ

ρ

µ
Θ µ

ω ρ↓
=  exists at every point x U∈ , 

and ( ),nΘ µ i  is an upper-semi-continuous function in U : 

( ) ( ), lim sup , ,n n

y x

x y x UΘ µ Θ µ
→

≥ ∀ ∈  

Proof The inequality 17.7 tells us that 
( )( )

1

np
1

p

n

B

p n

ρµ ξ Γ
ρ

ρ

− 
  +  −  
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is a non-decreasing function of ρ , hence 
( )( )

lim
n0

Bρ
ρ

µ ξ

ρ↓
 exists 

(and is the same as 
( )( )

lim
n0

Bρ
ρ

µ ξ

ρ↓
). [

( )( ) ( )( )
lim lim

n n0 0

B Bρ ρ

ρ ρ

µ ξ µ ξ

ρ ρ↓ ↓
≤  

( )

( )
( )( )

lim lim ,

1 n n1
m

n n0 0

B
B1 1

1 1 m
1 m m

1
m

ρ
ρ

ρ ρ

µ ξ
µ ξ

ρ
ρ

  +   

↓ ↓

            ≤ + = + ∀ ∈       
+ 

  

N ] 

 Now for the proof of corollary,  

( ) ( )

( ) ( )

( )
( )

( )

( ) ( )
( )

( ) ( )
( )

, lim sup ,

, lim sup ,

,
, , lim sup ,

,
, , , . . , ,

,
, , , . . , ,

n n

y x

n n

y x
0

n
n

y x
0

n
n

1
n1 p

n p

x y

x y

x
0 1 y

x
0 1 0 s t if y x then y

x
0 1 0 s t if y x then y

ε
ε

ε
ε

Θ µ Θ µ

Θ µ Θ µ

Θ µ
δ Θ µ

δ

Θ µ
δ ε ε Θ µ

δ

Θ µ
δ ε ε Θ µ

δ

→

− <↓

− <↓

≥

⇔ ≥

⇔ ∀ ∈ >

⇔ ∀ ∈ ∃ > − < <

 
   ⇔ ∀ ∈ ∃ > − < <    

 

Thus we prove the last assertion, to this end, let 0σ ↓ , we 

get 

( )
( )( )

( )

( )( )
( )

( )

( )

,

, ,

,

1

np1 1
n pp

1n

n p
n

1
n

np
p 1

p
n

n

1
n p

B y
y

p n

B x
1 c x p n

x

ρ

ρ ε

µ Γ
Θ µ ρ

ω ρ
ω

µ ε
ρ

ω ρ ε ρ

Θ µ

δ

−

−+

 
   ≤ +  
   −

      ≤ + +   +    

 
 <
  

 

if we take ε ρ≪  small enough. 
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17.9 Remarks 

(1) If . .1 a eθ µ≥ − U , ( )p

locH L U
=
∈ , p n>  as in 17.8, then  

( ),n x 1Θ µ ≥  at each point of spt Uµ ∩ , and hence we can write 

( )* *,V U v M θ
=

∠ =  where *M spt Uµ= ∩ , ( )* ,n xθ Θ µ= ,x U∈ . 

Thus V U∠  is represented in terms of a relatively closed 

countably n −rectifiable set with upper-semi-continuous 

multiplicity function. 

Observe that  

( )
( )

( ) ( )
( )

( )n n n

A M A M A M

1 1
A M d x d x d x

x x
θ µ

θ θ∩ ∩ ∩
∩ = = =∫ ∫ ∫H H H

for any n −H measurable subset of n k+
R . . .a eµ−  is equivalent 

to . .n a e−H  on M , the Remark is “understandable”. 

� For density 

( )
( )( ) ( )

( )

, lim lim

lim j

n

B x Mn

n n0 0
n n

n

B x N

n0
n

dB x
x

d

1

ρ

ρ

ρ

ρ ρ

ρ

θµ
Θ µ

ω ρ ω ρ

θ

ω ρ

∩

↓ ↓

∩

↓

= =

= ≥

∫

∫

H

H

 

where jN  is 1C −submanifold of n k+
R  with jx N∈ , such jN  

exists by 11.7. 

� For varifold  

( )( )n n

M U spt U spt

1
M U spt d d 0

µ µ
µ µ

θ∩
∩ = = =∫ ∫

∼ ∼

∼H H  
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(2) If Uξ ∈ , ( ),n 1Θ µ ξ ≥ , and 
( )R

1

p p

B
n

1 n
H d 1

pξ
µ Γ

ω =

      ≤ −       ∫ , 

where ( )RB Uξ ⊂  and p n> , then both inequalities 17.6(1), (2) 

hold with 
n

p2 RΛ Γ
−

=  and 
n

1
p

α = − , provided 
n

1
p 1

R
2

Γ
−
≤ . 

Proof Notice first that 

( ) ( )
( )( ) ( )( )

1
11 1p p 1 1
pp p
n

B B

n
H d H d B 1 B

pρ ρ

ρ ρ
ξ ξ

µ µ µ ξ Γ ω µ ξ
− −

= =

   ≤ ≤ −       ∫ ∫  

We estimate ( )( )Bρµ ξ  using 17.7 as follows (letting 0σ ↓ ) 

( )( )

( )( ) ( )( )

1
1 np

1
p n p

1n

n p
n

1 1

np p
1

p

n n

n n

n
1

B p
1

p n

B B 1

2

ρ

ρ ρ

Γ ω
µ ξ ρ

ω ρ
ω

µ ξ µ ξ
Γρ

ω ρ ω ρ

−

−

  −     ≤ +  −  

   
   ≤ + ≤ +   
      

 

Then ( )( ) [ ]
1 1

np p
n

1
B

2
ρµ ξ ω ρ  ≥   , hence, 

( )
[ ] ( )( )

( )( ) ( )( )
n

p

1
1

np
p

n n
B

n
n

p
p

n
H d 1 2 B

p

n n
1 2 B 1 2 R B

p p R

ρ

ρ
ξ

ρ ρ

µ Γ ω ω ρ µ ξ

ρ
Γρ µ ξ Γ µ ξ

−

−

=

−−

 ≤ −   

          ≤ − = −                  

∫ i i i

i

 

Thus the hypothesis of 17.6 hold with 
n

p2 RΛ Γ
−

=  and 

n
1

p
α = − . 

(3) Notice that either 17.6(1) or 17.7 give bounds of the form 

( )( ) nBσµ ξ βσ≤ , 0 Rσ< <  for suitable constant β . Such an 
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inequality implies 

( )

n

B

n
x d

ρ

α
α

ξ

βρ
ξ µ

α

−− ≤∫  

for any ( ),0 Rρ ∈  and 0 nα< < . 

Proof We just apply the follow lemma. 

( ) ( )
( )( )

( ) ( )( );

n

n n n
B B

n 1

1 n

1 1 1
x d d B

x

1 1
n t x t dt B

x

ρ ρ

α

α ρα α
ξ ξ

α

ρα

ρ

ξ µ µ µ ξ
ξ ρ ρ

α µ µ ξ
ξ ρ

−
− − −

∞
− −

−

  − = − +   − 

   = − > +  −  

∫ ∫

∫
 

( ) ( ) ( )( )

( )

( )

n 1
11 n

t

n 1 n

1 n n

1
n t B dt B

1 1
n t dt

t

1 1
n

n

α

ρα

ρ

α

α

ρ

α

α

α

α µ ξ µ ξ
ρ

α β βρ
ρ

α β βρ
α ρ

βρ

α

∞
− −

−

∞
− −

−

−

 = − +   

≤ − +

 = − +   

=

∫

∫
 

 

17.10 Lemma If X  is an abstract space, µ  is a measure on X , 

0α > . ( ),1f L f 0µ∈ ≥  and if ( ){ };tA x X f x t= ∈ > , then 

( )
t0

1

t
0 A
t A dt f dα αα µ µ

∞
− =∫ ∫  

More generally 

( ) ( )
0 t0

1

t 0
t A
t A dt f t dα α αα µ µ

∞
− = −∫ ∫  

Proof It is a by-product of Fubini’s theorem. More precise, we 

have 
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( ) ( )
( )

( )( ) ( ) ( )

0 0 t

t t
0 t t 00 0

t 0 t0 0

1 1

t
t t A

1 1

A A
t A A t

f x
1

0
A t A

t A dt t d dt

t d dt t dt d

t dt d x f t d

α α

α α

α α α

α µ α µ

α χ µ α χ µ

α µ µ

∞ ∞
− −

∞ ∞
− −

−

=

 = =  

= = −

∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫

 

 

17.11 Lemma Suppose . .1 a eθ µ≥ − in U , ( )p

locH L µ
=
∈  in U  

for some p n> . If the approximate tangent space xTV ( see 

Section 15) exists at a given point x U∈ , then xTV  is a 

“classical” tangent plane for spt µ  in the sense that 

( )

( ),
lim sup x

y B x spt
0

dist y TV
0

ρ µ
ρ ρ

∈ ∩↓

 
  =  

 

Proof For sufficiently small R (with ( )
2RB x U⊂ ), 17.7,17.8 

(with 0σ ↓ ) evidently imply 

(1)  ( )( ) ( ), ,n

n

1
B 0 R B x spt

2
ρ ρµ ξ ω ρ ρ ξ µ≥ < < ∈ ∩  

More precise, since ( )p

locH L µ
=
∈ , we choose ,R 0Γ >  such 

that ( )
2RB x U⊂  and 

( )2R

1
p p

B x
H dµ Γ
=

  ≤ ∫ . Then for any 

( )B x sptρξ µ∈ ∩ ,0 Rρ< < ,
( ) ( )2R

1 1
p pp p

B B x
H d H d

ρ ξ
µ µ Γ

= =

    ≤ ≤     ∫ ∫ , 

and by virtue of 17.7, 17.8, 17.9(1), we have 

( )( )
1

np
1

p

n

n

B x
1

p n

ρµ Γ
ρ

ω ρ

− 
 ≤ +  −  

, thus ( )( ) n

n

1
B x

2
ρµ ω ρ≥  if 
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pn
1

p 1
1 R

p n 2

Γ −  − ≤  − 
, this is possible since we can first fix some 

Γ  for some 0R , then let 0R R 0> ↓  with Γ  unchanged. 

 

Using this we are going to prove that if ,
1

0
2

α
 ∈   

 and 

( ),0 Rρ ∈ , then 

(2)      
( ) ( ){ }( )

( )
( ) ( ){ }

; ,

; ,

n n

x n

xx
2

1
B x y dist y TV

2

B spt y dist y TV

ρ

ρ

µ ερ ω α ρ

µ ε α ρ

< <

⇒ ∩ ⊂ < +

∼

 

Indeed if ( ) ( ) ( ){ }; , x
2

B x spt y dist y TVρξ µ ε α ρ
 
 ∈ ∩ ∩ ≥ +
  

, 

then ( ) ( ) ( ){ }; , xB B x y dist y TVαρ ρξ ερ⊂ <∼  and hence the 

hypothesis of (2) implies ( )( ) n n

n

1
B

2
αρµ ξ ω α ρ≤ . On the other 

hand, (1) implies ( )( ) n n

n

1
B

2
αρµ ξ ω α ρ≥ , so we have a 

contradiction. Thus (2) is proved, and (2) evidently leads 

immediately to the required result. 

 More precise, by (5) in the Proof of Theorem 11.8, we’ve for 

any ,
1

0
2

ε
 ∈   

,  

( ) ( )( ),
lim

2 x1

n0
n

B x X x
0

ρ ε

ρ

µ π

ω ρ

−

↓

∩
=  

[This is cone condition] 

where ( )x xPπ
⊥

= . Thus we can take ρ  small enough such that  
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( ) ( ){ }( ); , n
x

n

n

B x y dist y TV

2

ρµ ερ ε

ω ρ

<
<

∼

 

[This is cylinder condition, you may take a picture to see it 

clearly.] 

Hence 

( )
( )

( )
, x

2

dist y TV
y B x spt 2 4

2

ρ µ ε ε ερ∈ ∩ ⇒ < + =  


