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8§16 First Variation

Suppose {¢,} _,_(¢>0) isal-parameter family of

diffeomorphisms of an open set U of R"*" satisfying

(1) ¢, = iU,EI compact K C U such that ¢, |, = iUNK,Vt € (—e,¢)

16.1
(17) (z,t) — ¢, (x) is a smooth map U x (—e,e) — U

Thenif V =v(M,0) is arectifiable n-varifoldand if K CU is
comact as in (i) above, according to 15.7 above,

M(¢, (VZE)) = [ 67, f)d7"

and we can compute the first variation % e ]\_4(@# (VzK))

exactly as in Section 9. We thus deduce

d .
16.2 — oo M (¢, (VZK)) = fM div, X dp,

where X, :%L_O ¢, (x) is the initial velocity vector for the

family {¢,} and where div,, X is as in Section 7:
div, X = VX (= e,o( V" X7))
(V"X’ as in Section 12) we can therefore make the following

definition.

16.3 Definition V =v(M,0) is stationary in U if
LdiUMX du, =0 forany C' vector field X on U having

compact support in U.
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More generally if N isa (n+ k,)—dimensional submanifold
of R"™"(k, <k),if U isanopensubsetof N,if M C N, andif
the family {¢,} isasin 16.1, then by Lemma 9.6, it is reasonable
to make the following definition (in which B is the second
fundamental form of N)

16.4 Definition If U C N isopenand M C N is as above, then
we say V =v(M,0) is stationary in U if
fU div, X dpt, = — L XeH dp,

whenever X isa C' vector fieldon U with compact support

in U: here HM => B, (r,7,), T;-,7, any orthonormal basis
- i=1

for the approximate tangent space T.M of M at z.(Notice

that by 16.2, which remains valid when U C N, this is equivalent

to %\H M (¢, (VZK))=0 whenever {¢,} areasin16.1 with

UCN).

It will be convient to generalize these notions of stationarity

in the following way:

16.5 Definition Suppose H is alocally p, —integrable function

on MNU with values in R"*". We say that V(: y(M,H)) has

generalized mean curvature H in U (U openin R"™") if
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LdvaX dpy, = —f[]X-IETduV
whenever X is a C' vector field on U with compact support

in U.

16.6 Remarks

(DNotice that in case M is smooth with (]\_4 ~ M) NU =@ ,and
when 6 = 1, the generalized mean curvature of V is exactly
the ordinary mean curvature of M as described in Section 7
(see in particular 7.6).

(2)V is stationary in U (U openin R"™")in the sense of 16.3
precisely when it has zero generalized mean curvature in U, and

V is stationary in U (U openin N) in the sense of 16.4

precisely when it has generalized mean curvature in H .
=M



