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ABSTRACT

A multi-agent system (MAS) consists of multiple agents, each under the influence of a local rule that
represents its interaction with other agents. Most recent research on discrete-time MASs concentrates on
local rules that are linear and does not deal with communication constraints on the information exchange
among agents. However, local interactions between agents in the real world are more likely governed
by nonlinear rules and are in the presence of time-varying delays. This paper aims to investigate the
consensus of a discrete-time MAS with transmission nonlinearity and time-varying delays. In particular,
based on a representative general nonlinear model, we obtain several basic criteria for the consensus
of the MAS. These results cover several existing results as their special cases. Moreover, the model we
consider does not satisfy the convexity assumption which was commonly taken as an important condition
for the consensus of discrete-time MASs. The assumptions we make on the nonlinear transmission
function are necessary in the sense that, if they are not satisfied, a connected topology can be constructed

that does not guarantee consensus.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Over the past decade, consensus (or synchronization, coordina-
tion) of multi-agent systems (MASs) has received increasing atten-
tion in various disciplines, including control theory, computer sci-
ence, physics, mathematics, and artificial intelligence (Jadbabaie,
Lin, & Morse, 2003; Li & Wang, 2004; Liu & Guo, 2007; Vicsek,
Czirok, Ben-Jacob, Cohen, & Sochet, 1995). It is well known that
consensus or synchronization is a typical collective behavior in an
MAS and is a fundamental nature phenomenon with a very long
history (Lii & Chen, 2005). By consensus we mean a general agree-
ment among all members of a group or community, each exercis-
ing some discretion in its decision making and in its interactions
with other members. A typical example is the heading synchro-
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nization of the Vicsek model (Vicsek et al., 1995). To reveal the in-
herent mechanism of consensus in an MAS, many mathematical or
physical models have been introduced, including the classical Vic-
sek model (Vicsek et al., 1995) and the Couzin-Levin model and
its variants (L, Liu, Couzin, & Levin, 2008). Based on these models,
many interesting results have been obtained on the consensus of
MASs (Cao, Morse, & Anderson, 2008a; Jadbabaie et al., 2003; Lin &
Jia, 2009; Liu & Liu, 2011; Olfati-Saber, Fax, & Murray, 2007).

There are several well-developed approaches to dealing with
the consensus of continuous-time MASs, such as the Lyapunov
method (Bauso, Giarré, & Pesenti, 2006; Cortes, 2008; Cucker
& Smale, 2007; Hui & Haddad, 2008; Munz, Papachristodoulou,
& Allgower, 2008; Olfati-Saber, 2006). However, the analysis of
discrete-time MASs is quite different from that of the continuous-
time MASs. Olshevsky and Tsitsiklis have recently proven in
Olshevsky and Tsitsiklis (2008) that it is impossible to construct
a common quadratic Lyapunov function for a discrete-time MAS
with a switching topology, even for the basic case of

n
x(t+1) =Y ai()x(0). (1)
j=1
Therefore, it is necessary to develop some new methods for deal-
ing with discrete-time MASs based on, for example, graph theory
(Cao et al., 2008a; Cao, Morse, & Anderson, 2008b), stochastic ma-
trix theory (Wolfowitz, 1963), convex analysis (Blondel, Hendrickx,
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Olshevsky, & Tsitsiklis, 2005; Gazi, 2008; Li & Wang, 2004; Savkin,
2004), and the set-valued Lyapunov function method (Goebel,
2011; Moreau, 2005).

Recently, there have been some results on the consensus of
discrete-time MASs (see, e.g., Blondel et al., 2005; Chen, L, & Lin,
2009; Jadbabaie et al., 2003; Li & Wang, 2004; Ren & Beard, 2005;
Sarlette, Sepulchre, & Leonard, 2006; Xiao & Wang, 2008). The
matrix product approach in Wolfowitz (1963) lays a foundation
for the theoretical analysis of consensus of discrete-time MASs
in many works (Cao et al., 2008a; Jadbabaie et al., 2003; Ren &
Beard, 2005; Xiao & Wang, 2008). Most of these results pertain to
the situation where the interaction among agents is governed by
linear local rules (i.e., modified versions of (1)) and communication
constraints are seldom considered (see, e.g., Cao et al., 2008a;
Jadbabaie et al., 2003; Li & Wang, 2004; Ren & Beard, 2005).
Even though models that are more general than (1) have been
considered, these models are required to satisfy the convexity
conditions proposed in Moreau (2005) (see Cortes, 2008).

Moreover, in most real-world applications, the information
transmitted among agents is often subject to various constraints
(Tsitsiklis, Bertsekas, & Athans, 1986). In this paper, inspired by
Blondel et al. (2005); Li and Wang (2004), we aim to further
investigate the consensus in a discrete-time MAS (1) with nonlin-
ear transmission and time-varying delays. On the basis of a repre-
sentative nonlinear model, several basic criteria for consensus are
established. These results include several existing results as spe-
cial cases. Furthermore, we discover that the above model does not
satisfy the convexity condition in Moreau (2005), which was often
taken as a necessary condition for the consensus of discrete-time
MASs. The assumptions we make on the nonlinear transmission
function are necessary in the sense that, if they are not satisfied, a
connected topology can be constructed that does guarantee con-
sensus.

This paper is organized as follows. Section 2 describes the
consensus problem for discrete-time MASs with nonlinear trans-
mission and time-varying delays. Several consensus criteria are
proposed in Section 3. In Section 4, an example is given to illus-
trate the proposed consensus criteria. Finally, Section 5 concludes
the paper.

2. Description of the problem

Consider a discrete-time MAS of n agents, labeled from 1 to n.
Denote all the agents by the set V = {1, 2, ..., n}. Let the state of
agent i € V be denoted by x;(t) € R™ (t > 0). There exist some
communication connections among these n agents. If agent i has
access to the information of agent j, then j is said to be a neighbor
of agent i and the set of all neighbors of agent i at time ¢ is denoted
by N;(t). Consequently, i € N;(t) if and only if agent i has access
to the information of itself. Let graph G(t) = (V, E(t)) be the
communication topology at time t, where E(t) : Zt — V x V
is the set of edges and (i, j) € E(t) if and only if j € N;(t). A graph
G = (V,E) is undirected if (i,j) € E = (j,i) € E. For several
different graphs G, = (V, E;) with 1 < k < K, their union is

ff:] Gy = (V, U’,f:1 Ei). A graph G can also be represented by a
matrix A = (a;)nxn, Where g; is the weight of the edge (j, i) and
a; > Oif and only if (j, i) € E.

For any two nodes i and j in a graph G = (V, E), if there ex-
ist k different nodes i; € V (1 < s < k) such that (i, iy), (i1, i2),
<. (ix—1, 1), (ix, j) € V,thenthere is a path fromi toj. If there are
paths from a node i € V to any other node j € V (i # j), then this
graph contains a spanning tree rooted at node i. If there are paths
from any node i € V to any other node j € V, the graph is said to
be strongly connected.

Forane > 0,denote O, = {x € R™ : ||x|| < €)}. Given a
set 8 C R™, let bd(8) be the set of boundary points of 8. For

x € R", letd(x, 8) = infjeg ||x — y|| be the distance from x to B.
For A, 8 C R, defineA + B ={x+y:x€ A,y € B}.

Assume that the transmission function is nonlinear and there
exist time-varying delays in the communication channels among
agents. In this case, the evolution of agent i complies with

n

xi(t+1) =Y ay(0fy (x(t — 7/(1)), (2)

=1

where a;(t) € R,x;(t) € R™, and qg;(t) are the weights in the
graph G(t) representing the coupling strength from agent j to
agent i at time t. Here, the term f;; (x;(t — rji(t))) represents the
nonlinearity and time delays in the transmission of information
from agent j to agent i. The overall updating rule (2) describes the
process of transmitting the information of the neighboring agents
into the state of agent i in the next time instant after collecting the
information from all its neighbors.

For the local interactions (2), the question of interest is what
kinds of functions f; and communication topology G(t) will
guarantee the consensus of all the agents, that is,

lim [|x(t) — x(t)| =0, Vi, jeV.
t—00

3. Consensus criteria

Let the MAS considered in this paper be denoted by (V, G(t),
(2)) and make the following definition.

Definition 1. A function f belongs to ¥ if the following conditions
are satisfied:

(a) f : R™ — R™is continuous.

(b) There exists a nonempty compact convex set 8 C R™ and a
nonempty bounded convex set U C B such that: (i) f(x) € 8
forallx € B; (ii) f(x) = xforallx € U, and d(f(x), U) <
d(x, W) for all x € B such that f (x) # x.

For example, let f(x) = x> with 8 = [—1,1] and U = {0}.
Then, it is obvious that f € F.

3.1. Consensus when G(o00) is connected

Let G(00) = liMg—oo [Jyoy G(t). We make the following as-
sumptions. -

Al fj € F foranyi,j € V,and {fij}i",j:1 share two common sets B
and U.

A2 There exists an integer I" > 0 such that, whenever (i, j)
E(o0) and (i, j) € E(t), there exists a t’ satisfying t < t’
t+ I' and (G, i) € E(t').

A3 G(o0) is undirected and connected.

A4 There exists an integer B > 0 such that, for any t > 0,
0 < 7/(t) < Bforanyi# jand 7/(t) = 0.

A5 a;(t) = 0,a;(t) > 0,37 a;(t) = 1foranyi, j € V and
infy;(t)~0,t=0 @;(t) > « for some & € (0, 31.

IA m

Assumption A1 defines conditions on the nonlinear functions,
A2 and A3 pose conditions on the topology structure, A4 states that
the time delay should be bounded, and A5 is an assumption on the
weights of the topology.

For the state x;(t) in (2), denote d;(t) = d(x;(t), U) and,

M; = lim sup M;(t),
t—00

M = max M;,

1<i<n

Mj(t) = max di(t — 'L'),
0<t<B

M(t) = max M;(t),
<i<n

m;(t) = 0111323 di(t — 1), m; = litrglgf m;(t).
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For0 < d < b/, denote Vi(a') = {i € V : M;(t) < d'} and
Ad, b))y =1{ieV:d < M) < b}.Forany V' C V and
G(t) = (V,E(t)), let 3] (V') and 8, (V") be the in-degree and out-
degree of V' with respect to G(t), respectively. Furthermore, let
(V') = L (V") + 3L, (V).

In what follows, we will state several lemmas. The proofs of the
first two lemmas are obvious and omitted.

Lemma 2. Foraconvexset U C R™, x,y € R",and a € [0, 1], one
has

d(ax + (1 —a)y, U) < adx, W) + (1 — a)d(y, W).

Furthermore, d(x, U) is continuous in x.

Lemma 3. Let Assumptions A1, A4 and A5 hold for MAS (V, G(t),
(2)). Then, for any initial states x;(ty) € B (i € V,—B < ty < 0),
xi(t) € Bforanyt > 0andie V.

The proofs of the following three lemmas can be found in the
(Appendix).

Lemma 4. Let Assumptions A1, A4 and A5 hold for MAS (V, G(t),
(2)). Then, lim;_, oo M(t) = M.

Lemma 5. Given any 0 < | < M and any positive integer N, there
exist an ¢ > 0 and a sequence {I,}, with ly = I, I,».1 > I, such that,
forany0 <p <N,

b1+ > (1= )M +e) +al, + ), (3)
M—¢e>1,+e. (4)

Lemma 6. There exists an increasing sequence {ty};2, of natural
numbers satisfying limg, oo Mi(ty) = r; and M = maxjey M; =
maxXiey Tj.

Theorem 7. Let Assumptions A1-A5 hold for MAS (V, G(t), (2)).
Then, for any given initial states x;(ty) € B (i € V,—B < t5 < 0),
one of the following three cases holds:

(a) The MAS (V, G(t), (2)) will reach consensus.
(b) There exists H > 0 such that

lim d(x(t), W) = H
t—o00

forany i € V. Furthermore,
lim  d(x;(t), {x: f;j(x) =x}) =0

teTj,t—>o00

foranyj € V, where

Ty = {t — 7/(t) : q(t) > 0, (. i) € E(c0)}.

(c) lim;_, o d(x;(t), bd(U)) = O foranyie V.

For the above three cases of Theorem 7, Case (a) means that MAS
(2) will reach consensus; Case (b) means that the states of the MAS
will approach a surface on which each point has equal distance
to U; and Case (c) means that the states of agents will approach
the surface of U. The intuitive meanings of the above cases are
illustrated in Fig. 1.

To illustrate the basic idea of the following proof of Theorem 7,
denote m(t) = min<i<p, m;(t) and consider the following two sets:

C(t) = {x e R™ : d(x, U) = M(t)},
C(t) = {x e R™: d(x, U) = m(t)}.

The aim of the proof is to show that the gap between C(t) and C(t)
will gradually approach zero, as illustrated in Fig. 2.

Proof of Theorem 7. By Lemma 6, there exists a subsequence
{t¢} of natural numbers satisfying limy_, .o M;(ty) = riand M =

A Surface with Equal

Cosensus Value
B @

The Surface of U

Distance to Set U

Fig. 1. Illustration of the three cases of Theorem 7. Upper left plot: Case (a); upper
right plot: Case (b); lower plot: Case (c).

This gap will
decrease to zero

C(t)

(0]

Fig. 2. Illlustration of the proof of Theorem 7.

max;ey 1. Denote R = min;ey ;. In what follows, the proof is
separated into three cases, as illustrated by the roadmap of the
technical analysis shown in Fig. 4 in the Appendix.

CASE 1: If R < M # 0O,letl = max{r; | < M} and
N = n(B+ I'). By Lemma 5, there exist an &€ > 0 and a sequence
{I,} satisfying inequalities (3) and (4).

For a sufficiently large t; in {t}, one has

Vid+e) =V, (+e)#V,
AgyM —e,M+¢e)= Ay, (M —e,M+e¢)#0,

Voo U+ 8) [ ) Ages M — &, M + £) = 0,

for Vs > 0. Given the following iteration

#(tk +P + 1)
0, p<p1—1,
#t+p)+1, pelp—1L,pp+B+T—1),
#(tk—‘f_p)? pe[pi+B+F_15pi+1_1)7
#tx+p)+1, p=pa—1,
Apt1 = Vyapr1Usep) + ), (5)
G=V—-A4A, (6)

P+1=min{p: p > pj+ B+ I, %*P(Ay) # 0},
where 0 < p < p, and the initial states are given by
Ao =Vy(+e),  pi=min{p:3*P(Ay) #0,p=>0}

Intuitively speaking, #(t; + p) denotes the number of times when
A; is affected by the nodes of C; for t € [ty, ti + p]. Fig. 3 illustrates
the meaning of #(ty + p).

It should be noted that the definition of A, and pj; are
interdependent. Initially, one can get the value of Ap, then one
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#t, +p)

s ses sseses sss eee ass
~ — ~—

| | | |

[
Lo+ p L+p, B+T L+p, L+D L+p

Fig. 3. #(t, + p) denotes the number of small circles in the interval [, t; + p], and
there are B + I" consecutive small circles in each subinterval.

checks whether p; = 0 or not. If p; = 0, then one gets the values
of #(ty), #(ty + 1), ..., #(ty + B+ I" — 1), and next check whether
p2 = ty+B+ 1" ornot; If p; # 0, one gets the value of #(t;,) = 0and
consequently the value of Ay, then repeat the process and check
p1 = 1ornot.

Here, the connectivity of G(co) can naturally guarantee the
existence of p;. According to the above definition, there is #(t;, +
pj) = #(ty+pj—1) +B+I".Consequently, #(ty +pn) = (n—1)(B+
IN+1<N

According to Appendix A4 in the Appendix, one gets A, <
Ap+1. By the definition of p; and Ay, one has 3" (A,,) # 0 or
85’1‘+p '(Ap,) # 0.Then, we have the following detailed discussion.

(i) If agﬁf" '(Ap,) # 0, then there exists ani € C,, satisfying
Ni(ty + p1) N Ap, # @. According to Appendix A.5 in the
Appendix, one obtains i € Ay, ygand A,; C Ay, 48 C Ap 1841

(ii) If a{g*" "(Ap,) # 0, then there exists ani € A, satisfying
Ni(ty + p1) N Gy, # O, then one can select some j € Cp,
satisfying (i, j) € E(tx+p1).Inview of Assumption A2,ifA,, =
Ap,+B+r. then there exists some T with0 < 7 < I satisfying
(j, i) € E(ty + p1 + 7). Hence, similarly to the reasoning of
Appendix A5 in the Appendix, thereis A, 1+ C Ap, 47+, Which,
in view of A, C A,1, is in contradiction with the assumption
Opr1 = Ap1+B+I"-

Based on the above discussion, one obtains A,, C Ay, g1 By
the definition of p;, one has Ay, C Ap,. Since A,, has at least one
element, by inductive reasoning, there exists some A, 1 < A <

n — 1, such that A,, € A,, € --- C A,, = V. Consequently,

according to the definition of A;, there exists some tj s > t; + pa
satisfying Ay, (M — &, M + ¢) = @, which contradicts with
Ay (M — &, M + &) # 0.

CASE2:If M = R # 0, thenone hasr; = M; = M foranyi € V.
The detailed analysis is given in the following.

(i) f m; = M; foranyi € V, then lim;_, o, d(x;(t), U) = M. For
the T; given in Case (b) of the theorem, denote S; = {x;(t) :
t e Ty}. Moreover, if there exist a pair of indices ?]A and an
accumulation § of S satisfying f}j(é’:) #* é according to the
definition of #, it holds that

d(fE), W) < dG, W) =M.
Let ¢ > 0 be such that
M—e>(1-a)M+e) +a[dfEE), W +e).

According to the definition of €, there existsa T € T; satisfying
M — ¢ < di(t) fort > T and

d (o5 = e, u) <d (5E). u) +e

for any t — rg(t) IS Tij and t — rjj(t) > T. Consequently,
according to Lemma 2, it holds that

Gt +1) < > a(Od(Fxi(c — (). W
j=1

< (A—)M+e) +a- dFGE), U +e),

forany t — rjf(t) € Tyjand t — rjf(t) > T.Inviewof M — ¢ <
d;(t + 1), this leads to a contradiction with the definition of ¢.

Therefore, lim¢ery, 00 d(x;(t), {x : fj(x) = x}) = 0 for any
j € V and it becomes Case (b) of the theorem.

(ii) If there exists an i € V satisfying lim inf;_, .o M;(t) # M, then
there exists a sequence {t;} satisfying M;(t,) — r # M and
M;(t,) — rjfor Vj € V. Similar to the proof of CASE 1, the
proof of this case can be easily deduced and hence omitted
here.

(iii) Beside the above two cases, one only needs to consider the
following CASE 7.

CASE «/: There exists an i
lim;_, o M;(t) = M foranyj e V.

For some i satisfying m; £ M;, one can select an accumulation
point x* of {x;(t)} with d(x*, U) = ny < M. By Lemma 5, there
exists a sequence {),},*5 and an & > 0 such that (1—a)(M +¢)+
a(mp+e) <npr1+e,mp+e<M—¢gandn, < npy <M for
0<p=B

Therefore, for the above ¢, there exists a positive integer T
satisfying d(x;(T), U) < no +eand M — e < Mj(t) < M + ¢
forVje Vandt > T.Since rl-" = 0, by the definition of ¢, one gets
T+ =(A-a)M+e)+alp+e) <n+e

Furthermore, d;(T + 1) <n, +& <M —eforany 1 < 7 <B.
Consequently, one obtains

€ V satisfying m; # M; and

M;(T +B) < max{ni,n2,...,me}+e=np+e<M—e.

Obviously, this is contradictory with the fact that M — ¢ <
M;(t) <M +¢eholdsforanyje Vandt > T.

CASE 3:IfM = 0, denote U} = ﬂg_i)eE(oo){x SR —x| < e}
Then one has U € U}. By the uniform continuity of f; on U, for
this ¢, one can choose a suitable 0 < £ < ¢ satisfying U; = {x €
R™ : d(x, U) < &} € UL Thus, for any ¢ > 0, there exists some
N > 0 such that Xi(t) € Uz foranyt > N—B. Consequently, there
is fij(x;(t — 1)) = x;(t — ) + &;i(t — 7) with ||g;;(t — 7)|| < & for
anyi,je Vandt zN.

In detail, one has the following three cases:

(i) If there exists an integer T > 0 satisfying {x;(T —
T)}iev.o<e<g & U, thenx;(t) € U foranyi € Vandt > T.
Construct two sets 8 = U and U; = {X;}, where %, is any
element of U. Repeating the reasoning of CASES 1 and 2, one
obtains that there exists an h; > 0 satisfying

tlin;o d(x;(t), bd{{X;} 4+ Op,}) =0

for any i € V. Iteratively, forany 1 < k < m, let X1 €
ﬂ’,‘:1 bd{{x;} + O, }, there exists an hy4; > 0 satisfying

lim d(x(0), bd{{fe1) + O ) = 0

for any i € V. Therefore, one has

k=1

m+1
ymd<mnmﬂba&u+0m>zﬁ

According to the construction of X,, one knows that
;?;1 bd{{X} + Oy} must be a singleton. Therefore, MAS
(V, G(t), (2)) will reach consensus.
(ii) If lim sup;_, o, d(x;(t), bd(U)) = O forany i € V, it becomes
Case (c) of the theorem.
(iii) Excluding the above two cases, one has

Vig = {i €V : liminfd(xi(t). bd(U)) = 0} # @,
Vo = {i € V : limsupd(xi(t), bd(U)) = 0} # V.

t—00



1772 Y. Chen et al. / Automatica 49 (2013) 1768-1775

Then, there exists an i € V such that {x;(t)};>o has some
accumulation point x{' € U — bd(U). For any ¢, there exist 0 <
€ < eand ty > 0 satisfying x;(to) € {x{} + Oz and x;(t) € U; for
anyj € Vandt > ty. Consequently, fort > tg,

x(t+1) =Y ag(Ox(t — 7/(0) + (1), (7)

j=1

Denote P; = {x{} 4+ O; and recursively P11 = Uﬂe[a,l—a]
(BPy + (1 — B)Uz). Then, for sufficiently small &, one has
Pyg+ry & U. Similarly to the proof in CASE 1, one can prove that
there exists some T > O satisfying x;(t) € Pygyr) foranyi € V
and t > T. As aresult, it leads to a contradiction with the fact that
Via # 0.

Therefore, summarizing the above reasoning, the proof is
completed. O

where g/(t) = Y, a;i(t)e;(t — ‘L'ji(t)) satisfies ||/ ()]l < e.

Although Theorem 7 cannot tell us that consensus will be
reached once G(o0) is connected, one gets the following result for
m = 1, whose proof is omitted due to space limitation.

Corollary 8. Suppose that Assumptions A1-A5 hold for MAS (V, G(t),
(2)) and m = 1. Then, for any given initial states x;(tp) € B (i €
V,—B < ty < 0), MAS (V, G(t), (2)) will reach consensus.

3.2. Consensus when {G(t)}>o is jointly connected

Consider the following assumptions:

A3.1 Each U;";}:l G(t) is strongly connected, where 1 <t —
ty < I forsome I" > 1.

A3.2 Each Uf":ﬁ}:] G(t) contains a spanning tree rooted at some
common node v € V where v has zero in-degree in each G(t),
and 1 < ty4q — ty < I' forsome I" > 1.

When Assumption A3.1 is satisfied, we say that {G(t)}>o is jointly
connected. We recall the following lemma.

Lemma 9 (Chen, Lii, &Yu, 2011). Suppose that Assumptions A3.1, A4
and A5 hold for the MAS

xi(t+1) =Y ai(0)x(t — 7/ () + wi(D), (8)
j=1

with ||wi(t)|| < e&. Then, there exists a nonnegative continuous
function h : R — Rwith h(0) = 0 such that lim sup,_, ., max; jev
llxi(t) — x;(t) [l < h(e).

Let C1 = {A1, A3.1, A4, A5} and C2 = {A1, A3.2, A4, A5}. The
following results can be obtained.

Theorem 10. If the set of conditions C1 are satisfied for MAS
(V, G(t), (2)), then the MAS will reach consensus for any initial states
xi(tp) e B(ieV,—B <ty <0).

Proof. Similarly to the proof of Theorem 7, one can get that one
of Cases (a)-(c) will hold. In fact, for Case (b) or (c), similarly to the
reasoning in (iii) of CASE 3 in the proof of Theorem 7, one can obtain
formula (7). Then, by Lemma 9 and in view of the arbitrariness of
& and the continuity of h(-),

lim sup (max [|x;(t) — xj(t)||> =0,
t—00 ijev
and the consensus is reached. O

The following result can be viewed as the counterpart of the
leader—follower case in Ren and Beard (2005).

Theorem 11. If the set of conditions C2 are satisfied for MAS
(V, G(t),(2)) and x3(0) € U, then the MAS will reach consensus
at x3(0) for any initial states x;(ty) € B (i € V, —B < to < 0).

Proof. The main idea of the proof is similar to that of Theorem 10
and the proof is thus omitted. O

Remark 12. The set of conditions C2 alone cannot guarantee the
consensus of MAS (V, G(t), (2)). It can be easily verified that
(x1(t), x2(t)T = (0, )T forany t > 0, when

3x, <1,

andA(t3) = ((1 0.5)T (0 0.5)7) with initial states (x;(0), x5(0))”
= (0, ).

3.3. Necessity and comparison with the existing results

The condition f € ¥ is necessary for the consensus of MAS
(V, G(t), (2)) when m = 1 in the sense of the following theorem.

Theorem 13. Let f be a continuous and monotonically increasing
function defined on some bounded closed interval 8 C Rand f(x) €
B for any x € B. If the MAS

n

x(t+1) =Y ayf (x(6) (10)

j=1

will reach consensus for any initial states x;(ty) € 8 (i € V, —B <
to < 0), and any fixed stochastic matrix A with a; > 0 and strongly
connected 4(A), thenf € ¥.

Proof. Let B8 = |[a, b].
Forf : 8 — B, one knows that the set {x : f(x) = x} must be
nonempty. Denote

d =inf{x:f(x) =x}, b =supfx:f(x) =x}.

Without loss of generality, suppose thata = a’ and b = b'. Indeed,
if, for example, b’ < b (the case of a < d' can be considered in
a similar way), one knows that there is f(x) > x or f(x) < x on
the interval (b, b]. If f(x) > x for x > b/, then f(b) > b, which
contradicts with f (x) € 8 forx € 8. Therefore, f(x) < xforx > b'.
Consider each x € (b, b], since f is monotonously increasing, there
isd(f(x), U) < dx, W) forany U’ C [d, b']. Consequently, one
just needs to construct the set U which belongs to the set [a’, b’].

If there does not exist X € [a, b] satisfying f (X) # X, let U =
[a, b], thenf € F.

If there exists an X € [a, b] satisfying f(X) # X, then, for any
such %, by the continuity of f, there exists an interval (a;), bi))
satisfying X € (a;, b;),f(a;) = a;,f(b;) = b; and f(x) # x
for any x € (aj, b;). Let the set of all these intervals (a;, b;) be
H = {(a;, b;) : i € 4}. Then, for any (a;, b;) € H,f(x) — x will
not change its sign on it because of the continuity of f. Let

HT = {(ai, by) € # : f(x) > xforx € (a, b},

H™ = {(a;,b;)) € # : f(x) < xforx € (a;, by},

b* = sup{b; : (a5, bs) € #}, when H" £ ¢,

a* =inf{a, : (as, bs) € #~}, when H~ # (.

If #7T is empty but #~ is not, let U = [a, a*], thenf € F.

If 76~ is empty but #7 is not, let U = [b*, b], thenf € F.

If neither #* nor #~ is empty, one will prove that a* > b*. If
a* < b*, by the definitions of a* and b*, there exist ¢y, ¢, and c3
satisfying a* < ¢; < ¢ < ¢3 < b*, f(c1) < ¢1,f(c;) = ¢, and
f(c3) > cs.
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Consider an MAS (10) with 3 agents. Let the initial states be
x1(0) = ¢1, x2(0) = €3, x3(0) = ¢3,and

1—C flc) —a 0
flc) —a flc) —c
. e —f(c3) 1 flen) —c
2(f(c1) — f(c3) 2 2(f(c1) — f(c3))
0 c3 — f(c3) C—C3
¢ —f(c3) ¢ —f(c3)

Then, one gets that A is stochastic and 4 (A) is strongly connected.
It is easy to verify that x;(t) = x;(0) fori = 1, 2, 3andt > 0.
That is, the MAS (10) does not reach consensus. Similarly, one can
construct counterexamples for the MAS with n agents. Therefore,
b* < a*.

Hence, let U = [b*, a*],thenf € . O

In fact, the conditions on f in Theorem 13 can be reduced to:
f : 8 — B is continuous and defined on some bounded interval
B CR,D,f(x) > —1andD_f(x) > —1% for any x € B. Because
of space limitations, the related proof is omitted here.

Let m = 1and f;j(x) = x. It is obvious that f;(x) = x € ¥
since we can take 8 = conv{x(tp) : i € V,—B < tp < 0}3 and
U = {X} withk € 8. When 7;(t) = 0, Theorem 11 covers Theorem
2 of Jadbabaie et al. (2003). When rji(t) # 0, Theorem 11 covers

Theorem 3 of Blondel et al. (2005). When ‘L'ji(t) # 0, Corollary 8
covers Theorem 5 of Blondel et al. (2005).
Moreau (2005) investigated the general nonlinear MAS

xi(t+ 1) = fi(t, x1(£), ..., x(0)). (11)

It should be pointed out that our MAS (V, G(t), (2)) does not
always satisfy the convexity condition proposed in Moreau (2005).
From Assumption 1 in Moreau (2005), convexity implies that

xi(t + 1) € conviey {x;(t)} (12)
hold for any i € V and t > 0. This is equivalent to the existence
of nonnegative coefficients a;;(t) satisfying 2'7:] a;(t) = 1and

X(t+1) =21, a(0)x(0).

Consider the case of m = 1. Let tf(t) = Oforalli, j € V,and
f (x) be given by Eq. (9). It is easy to verify that 8 = [0, 3], U = {3}
andf € F.

Given a simple MAS of 2 agents with initial states x;(0) = 0 and

X,(0) = 1. Let its topological structure be fixed: a;(t) = % for any
i,j € {1,2}andt > 0.Then,one hasx;(1) = x;(1) = 3(f(x1(0))+
f(x2(0))) = 2. Therefore, one gets x;(1) = 3 & conviey {x;(0)} =
[0, 1], which contradicts with (12). In fact, based on this idea,
similar counterexamples can be constructed for m > 1.

Angeli and Bliman (2006) generalized the result of Moreau
(2005). According to Assumption A in Angeli and Bliman (2006),
one deduces that

Xi(t + 1) =x* if {X(0)}iev,(—p<r<c = (X}, (13)

which does not hold for our model (2). In fact,letB = 1,n = 2,
and f (x) be given by Eq. (9), a;(t) = 0.5, x;(0) = 0.1 for model (2),
then x;(1) = 0.3 s 0.1. This contradicts with (13).

Lorenz and Lorenz (2010) further investigated the nonlinear
MAS (11) by introducing a novel concept of y-averaging. Our main
results are different from the main results of Theorem 2.4 in Lorenz
and Lorenz (2010). Connectivity for each iteration is not required
in our model (2), while for the model in Lorenz and Lorenz (2010),
each iteration contains the connectivity information.

2 D, f(0) = liminfy_o+ LTO p_f(x) = liminf, - [T
38 = conviey,—p<r<o{Xi()} is a singleton, then MAS reaches consensus and it
is not necessary to make the following deduction.

4. An illustrative example

Consider the following nonlinear MAS

xi(t) = vi(b),
{i)j(t) = u;(t), (14)
where

n
ui(t) = —yovi(te) + ¥ Z a;i () (F (X5 () — xi (), (15)
j=Lji
fort e [ty, fk+1). Denote Ay = (a,»j(tk))}fj:],xi(tk) = X;O l),‘(tk) = Ulic
and u;(ty) = uj.
One obtains
) ) . h?
Kip = X+ b+ —F,
Vi1 = U + Iyl
For brevity, let h = hy = t;+1 — t; be the fixed sampling interval.
However, Theorem 14 below can be easily extended to the case of
time-varying hy = ty1q — ty.
The consensus in (14) is defined by lim;_ o x;(t) = x* and
lim;_, o v;(t) = O forany i € V. This consensus is equivalent to
limy, o X, = x* and limy_, o, v, = O foranyi e V.

Theorem 14. The MAS (14) and (15) will reach consensus under the
following three conditions:

(i) fj € F foranyi,j e Vandi #j.

(ii) {Ax}k=0 are stochastic matrices with zero diagonal entries;
{9 (A }k=0 is jointly connected and inf; jev k>0 a;j(tx) > o for
somea € (0, 1].

(iii) yo > 2,/y1 and

. 1
h<min{l, —

Y vot v — V|

Proof. Define & = X, + yv}. The dynamics of (14) and (15) is
transformed to one characterized by the topology matrix Hy as
given in (16), shown in Box I on the top of the next page. The
rest of the proof can be derived easily from Theorem 10 and hence
omitted. O

5. Concluding remarks

In this paper, we have further investigated the consensus
of discrete-time MASs with nonlinear transmission and time-
varying delays. The obtained results generalized several well-
known results. Detailed comparisons with some existing results,
especially with respect to the commonly assumed convexity
condition, were given in this paper.

Appendix

A.1. Proof of Lemma 4

By Lemma 2, it holds that d;(t + 1) < Y"1 a;(t)dj(t — 7/ (1)) <
M(t). Hence,

ieV,0<t

M(t).

M({t+1) = Vrr(}ax Bd,-(t+ 1—1)
1eV,0<t<
< max{ max di(t+1—1), M(t)}
ieV,0<t<B
< max{ max Bd,—(t — 1), M(t)}
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= h? h? h? h
(<+yh)0@—m>—>l+<4ﬁm>m (L—W<4qm>+>1
2 14 14 2 Yy \2 Y

h h2V0 I
2y (16)

Box L.

YES

M=0? —— CASE3

i€V,0<7<B

N()l YESJ’

R=M? Y25, CASE?

o] |

CASE 1

| ves| o

Impossible Theorem 7: b) CASE &/

— s A (T -1}y cu? 2%

Theorem 7: a)

m; = M, vi? N9, i, liminf M (1) # M? ==
—>00

limsup d;(t) = 0 for Vi € V?
L%Aoc
d;(t) = d(;(t), bd(U))

YESJ’

Theorem 7: c)

NO NO

——— Impossible

YES Attributed to CASE 1

e Impossible

Fig. 4. Roadmap of technical analysis in the proof of Theorem 7.

Consequently, M(t) is decreasing and M(t) > 0. Thus there is an
M’ satisfying lim;_, .o M(t) = M’.

By the definition of M(t), there exists some j € V such that the
setS = {t : M(t) = M;(t)} is an infinite set. Select a subsequence
{ty} <€ S. One has lim sup[p_,ooM(tp) = lim suptp_)ool\/lj(tp) <
lim sup,_, o, M;(t). Thatis, M’ < M; < M.

On the other hand, since M = maxcy M;, for any given
infinitesimal € > 0, there exists a sequence {t;} and some i € V
satisfying M;(t;) > M — e. By the definition of M(t), one gets
M(ty) > M — €. Thus, one obtains M" = lim;, oo M(ty) > M — €.
Since ¢ is infinitesimal, one deduces M’ > M.

It then follows that M’ = M. O

A.2. Proof of Lemma 5

One can find a sequence {I,} with ly = [, [,41 > I, such that
Ly > 1 —a)M + al,and M > I, hold forany 0 < p <
N. Consequently, this result holds once ¢ is chosen sufficiently
small. O

A.3. Proof of Lemma 6

Since M;(t) < M(0) foranyi € V and t > 0, there exists
a subsequence {t;} of {t} satisfying limy, . M;(ty) = r;. In what
follows, one only needs to show that M = maX;cy M; = maX;ey 1;.

On the one hand, since M; > r;, one has M = maXjey M; >
max;ey T;. Onthe other hand, by the definition of M (t), there exists
some j € V satisfying that the set S = {t; : M;(ty) = M(t) } is an
infinite set. Taking upper limits of M;(t;) and M(t,) along S, one
obtains from Lemma 4 that M < r; < maXiey T;.

Therefore, M = max;cy ;. O

A.4. Proofof Ap € Aptq

Fori € Ap, one has M;(tx +p) < li+p—1) + &. In the following,
the proof is separated into two cases.

(i) If 3 "P(A,) # 0, one gets #(t, + p) = #(ty +p — 1) + 1. Then
one deduces
ity +p+1) < allggep-n +8)+ A —a)(M +¢)
< Leap-n+1 + ¢
= lpp + &

Hence,

Mi(ty +p + 1) < max{M;(tx + p), di(tx +p + 1)}
< bgerp) +

andi € Apqy.

(ii) If 3*"P(A,) = 0, one obtains #(t, + p) = #(ty +p — 1) + 1
or #(ty +p) = #(ty + p — 1). Thusone has d;(ty +p + 1) <
lit,+p) + €. Therefore, one gets

M;i(t, +p + 1) < max{lg@g4p-1) + &, di(ty +p + 1)}
< et T €

andi € Aprq. O

A.5. Proof of Ay, C Ap 4

Since i € G, and N;(tx + p1) N Ap, # @, one gets
di(te +p1+ 1) < allggrp—n +) + (1 —a)(M +¢)
< @tp-n+1 + ¢
= lerpy + e

Similarly, by the definition of #(t), forany 1 < t < B,
one obtains di(ty + p1 + 1) < lgw+p,+r—1) + &. Thus, one has
M;i(ty + p1 + B) < lg+p,+8-1) + € and i € Ap yp. Therefore,
Ay, CAy e O

=

A.6. Roadmap of the proof of Theorem 7

See Fig. 4.
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