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Preface to Edition 2003

This is an advanced text of classical electrodynamics for graduate students of optical
physics, optics, and radio physics. It is assumed that all the graduate students have had
some basis of classical electrodynamics in undergraduate level and have some experiences
of using Maxwell’s equations and advanced mathematics to treat the electromagnetic
field related problems. Hence, in this text, a new system of electrodynamics is adopted
and the emphasis is focused on some new properties of electromagnetic field which may
be ignored in undergraduate grades, such as the conservation properties of field-particle
system, the transverse and longitudinal properties of the electromagnetic field, the gauge
properties, and the covariant forms of electromagnetic field. Further, some preliminaries
of free classical electromagnetic field theory are also given.

The units adopted in this text is Gaussian (cgs) since in many theoretical problems
this unit is a preferable one, which can make the analysis clearer and physics therein
easier to be understood.

In the references, those very original ones are listed and emphasized, such as the
original work of the experimental laws discovered by C. A. de Coulomb, A. M. Ampere,
and M. Faraday., who, respectively, gives the Coulomb’s law, Ampere’s law and Faraday’s
law of induction. Also, J. C. Maxwell’s original work are also listed cause it is him
who introduced the so-called electric displacement and derived the foundations of the
electromagnetic theory, i.e., Maxwell’s equations, which are a set of complete, unique
and self-consistent equations for exploring the interaction between charged particles and
electromagnetic field in classical regime. The work of H. von Helmholtz, G. Kirchhoff, P.
de Fermat, A. Fresnel and A. J. W. Sommerfeld are listed since they also contribute to the
development of electromagnetic theory or applications in optics, radio physics, etc. The
famous work of M. Born and E. Wolf, Principle of Optics, is the first one which treated the
problems of optics, systematically, using completely the electromagnetic theory and also
gives the relations among electromagnetic theory with geometrical optics and diffraction
integral theories. The work of John David Jackson, Ewan Wright and Renchuan Wang
are listed since we adopted some of their materials in constituting the viewgraph of our
text.

The author hopes that after learning this text, the graduate students can have a
much better understanding of Maxwell’s equations and an improvement in handling the
electromagnetic field related problems.

The author acknowledges the contribution work of his several students, Mr. Shixiong
Liu, Miss Dongmei Deng and Miss Hua Tang, for large amount of typing this viewgraph
and for their critical problems encountered during the period of preparing this viewgraph.



Chapter 1

Experimental laws

e Coulomb’s law: @)
i pP\T = =1\ 73 2
= /., |f_f/|3(x—x)dx.
e Biot-Savart’s law: ~
B 1/ JE) X (T —T) oo
cJv |©— 2|3

e Faraday’s law of induction:

e Ampere’s law:
— — 4 — —
?{B-dlzi/j-ds.
L c Js
e Conservation of charge:
dp -
LTiv.i=0
ot VY
e Lorentz equation:
F=q(E+ 2 x B), (Lorentz force)
c

(Lorentz force density)

(1.1)

(1.2)

(1.6)

(1.7)



Chapter 2

Derivation of Maxwell’s equations

2.1 Differential equations for electric field
To evaluate a point charge in a closed surface S, since

— —

E-dS =2 cos8dS = qd9, (cos8dS = r2dQ)

r2

= 5 B | 4mg, (the charge is inside the surfaces);
jé'E 45 = %qqu B q?{;dﬁ N { 0, (outside).

Hence
j{ E-dS = 4d7q.
s
Generally, for a discrete charge system with many charges, ¢; (i = 1,2,3,---), one has
]{ E-dS = 47?2(]1' = 47(Q).
S i
To be more general, for a continuous charge system, one has
jl{ E-dS = 47r/ p(T)d>T.
s v
This is Gauss’s law. Then according to Gauss’s theorem (mathematical)
fﬁ-d§:/ V. EdT,
s v
one yields
/ (V- E —4np)d®ZF = 0
v
for an arbitrary volume V. So, we can, in the usual way, simply put the integrand equal
to zero, i.e., .
V. E =4mp, (2.1)

5



6 CHAPTER 2. DERIVATION OF MAXWELL’S EQUATIONS

which is the differential form of Gauss’s law of electrostatics. Eq. (2.1) can also be derived

by directly using Coulomb’s law, i.e., Eq. (1.1):

=
Ve B o= va [ 8 g

v @ — a3
-
— Vf X =/ d3 =/
/:< F—ap) )
= 4md(z — 2 p(2)d> T
V/
= Amp(Z),
where we used V - % = 4716(Z) (Verify, Problem 3.1).
r
Further, since
r—a 1 ,
ERTE = V|f Tk (verify Problem 3.2)

one has

From Faraday’s law, one easily derives, using Stokes’s theorem, that

o 10 =
E=--28.
VX c Ot

2.2 Differential equations for magnetic field

Based on Biot-Sarart’s law, one has

— 1 — r —
B(@) = /J@ﬁxéjf:ﬁf

c |7 — 2|
1 (&
- V X Z(IZ d3f/
cJv |7 — 2|
= V X A,
where
Zzl/ z(fz d3—‘/
c v |&— 2|
Hence

(2.2)

(2.3)

(2.4)

(2.5)



2.2. DIFFERENTIAL EQUATIONS FOR MAGNETIC FIELD 7

Also, since
VXézlevX/ I g
c v T — 2|
and
VxVx=V(V)-V? (verify, Problem 3.4) (2.7)
one has

1 (&
foVx/ 2(961 a3
v 7]

c T
1 -, 1 1/ - 1
- - = AN d3—»/ . 7/ =/ v2 d3—»/'
[ (e -1 [ e (L) e
Using the relations
1 , 1 :
V| =——|=-V|—=1, (verify, Problem 3.5) (2.8)
7— 7| T-7
1
V2 <|_, _,/|> = —47d(7 — '), (verify, Problem 3.6) (2.9)
-7
yields,
- 1 - 1 4 -
VxB = —=V [ j@) V7 + — (%)
c Jv |7 — | c
1 L@ Ame
= -V dgf'v J&) ij(f) (integration by parts, verify, Problem 3.7)

c Jv |7 — | c

Since, in magneto-statics, V- j = 0 (Oyp = 0), hence
V x B=—j(&). (2.10)
c
This can also be verified by directly using Ampere’s law, i.e.,
— — 4 — —
fB-dl:i/j-ds,
L c Js
together with Stokes’s theorem

fé-df:/Vxé-d:?,
L S

therefore
— 4 —, —
/(VXB—lj)-dS:o,
s c
then
— 4 —
V x B = ij



8 CHAPTER 2. DERIVATION OF MAXWELL’S EQUATIONS

2.3 Maxwell’s equations

In vacuum: .
V- E =47p,
V-B=0,
VXE=———
x coOt '
— 4 —
VXB:—W]

To fulfill the charge conservation, one must consider that

ap

BT +V.5=0.
However, Eq. (2.14) and (2.11) will lead to conflicts:
0 10 - 1 0 =

V.ji=v.VxB=o.
47

Hence, Maxwell introduced the so-called displacement current, i.e.,

104
JD A1 Ot

into Eq. (2.14), then

- 10 = 4dm-
VxB=-—F+ —7.
x c Ot +c‘7

in fact, one can also get from following

1 - 1 =

% |7 — | c OtJv |©—12

1_0

and thus

- 10 = 4r-
) B) = N (il -, B
V- (Vx5 v (c@t + cj)

1[0 -

Am (0 -
- c(atpw'f)

= 0. (consistent)

37

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)



2.3. MAXWELL’S EQUATIONS

Maxwell’s equations hold:

V'5:47T,0,

After introducing the electric polarization and magnetization, i.e.,

Coulomb’s law
(

(Biot — Savart’s law)

(Faraday’s law)

(Ampere’s law + displacement current)

(2.22)

(2.23)

(2.24)



Chapter 3

Properties of Maxwell’s equations

3.1 Conservation Properties

3.1.1 Maxwell-Lorentz equations

In vacuum, Maxwell-Lorentz equation hold:

3.1.2 Conservation of electric charge and current

1.

Bt +V - (@) =0,
2. Define Q = [ d3%Tp(Z,t), then
dQ
—- =0

10

(3.1)
(3.2)

(3.3)



3.1. CONSERVATION PROPERTIES 11

[Proof-1]
8p 1 0 =
- 2 Vv.FE
ot 47T0tv
_ 1y 98
C Arx ot
1 o
= E(chB—47rj>
4
= -V '.;7
0
[Proof-2]
8p 1= - dfa(t)
ot %:Qaé (x - 1304@)) [_ dt ]
= — ané/(f— $a<t))77a(t)7
Vi =308 (F — Talt)Ta(t),
likewise,
9 iv.j=
(915'0 J=
dQ [ 300 [ 3o *'——f*' S =
T R T P A R
[EOP]

3.1.3 Total energy of the charged particles and the electromag-
netic fields

1 1 . ﬁ
H =3 smaia(t) + o / d*FE*(Z, 1) + B (&, 1)], (3.10)
o 7y
dH
— =0 11
dt 0 (3 )
[Proof]
dH .
() = D Mala - Valt) (3.12)
dt ), .




12 CHAPTER 3. PROPERTIES OF MAXWELL’S EQUATIONS
where we have used the identity .
v-Ux B=0.
Actually, the above identity can be easily verified using Levi-Civita tensor (e;;x):
U-U X é = UieiijjBk

€ijkvinBk:

1
= §€ijk(vivj — Uj’UZ‘>Bk
= 0.

That is to say, Lorentz force does not contribute to work.

@ — 1/d3f
dt s 8

_ 417T [ @ {B@0) - [V x B(.0) - 4xj(7.1)]
~B(#,t) - [V x E(#1)]} .

—

OE(Z,t) = OB(Z,t)
t) -
ot

2E(Z,t) -

Noting that

—

V- (ExB)=B-(VXE)—E-(VxB), (verifity, using ej, Problem 4.1)

one has . .
il I /d%’ [~V - (E x B) —4nj - |, (3.14)
dt P dr
in which
—i/d3fv-(ﬁxé)=—i ExB-d5=o, (3.15)
4 dm Js
L / Pr(—4rj-E) = — / &Pij - E (3.16)
4 '
- / PES qata(D0(F — Za(t)) - B(7,1)
= =D aatia(t) - E(Za(1).1)
So,
dH S 5o
( o ) = = qala(t) - Eo(Za(t),1). (3.17)
f [e]
Compacting with (dH /dt)p, one has
dH
= oo
dt

[EOP]
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3.1.4 Total linear momentum of the charge particles and the

electromagnetic fields

. 1 . .
P= Y malalt) + / PHEE, 1) x B(#,1),
o e

P
— =0
dt
[Proof]

dP n Ua(t) x B(Z4(t),

() = St = Y a0 | E(@a(t), 1) + L2l X Bl )]

dt o o c

P
dP 1 1, |0E 5 - OB
(w)f = e 7Gx BrEx G

1 " — -, — — —
_ —/d?’f[(chB—zle)><B—|—E><(—cV><E)].
4mc

Noting that

—

(VxB)xB = (B-V)B—(VB)-B

—Ex(VxE) = (E-V)E—(VE)-E

— (E-V)E - ;VEQ,
(verify Egs. (3.22) and (3.23), Problem 4.2)
Also, since
V-(EE) = (V-E)E+(E-V)E
— 4npE 4 (E-V)E,

V-(BB) = (V-B)B+(B-V)B

— (B-V)B.
(verify Eqs. (3.24) and (3.25), Problem 4.3)
then
(V-B)E—Ex(VxE) = (VE)EJF(EV)E—;VEZ
— V. (EE) - 1 (IE?)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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S o S o I |
(V-BYB+(VxB)xB = (V-B)B+( -V)B—§VBQ (3.27)
|
= V-(BB)—§V-(IB2)
= v(éé—;m?)

SO

— — — — 1 — —
(VxB)xB = V- (BB- 5JB2) —(V-B)B (3.28)
T
= V- (BB - 51B2),
(VxE)xE = V.(EE—- ;132) _(V-B)E (3.29)
Lo 1 .
= V- (EE - §]E2) — 4mpE.
So
(Vx B)x B—E x (VxE) (3.30)
Lo
= V- E+BB—§1E2—JB?) — 4npE
Therefore,
1/ V. (EF+ BB - L1m2 — Lipyaew (3.31)
Are 2 2 ‘
1 LS 1
- = /V (EE + BB - ~1E* — ~IB))d*%
47 2 2
1 [ 2s oo 1 1
— — ¢(EE+BB—-IE>—Z-IB?-d
A %9( * 2 1B - dS
= 0,
1 . .
- / (—4npB)PE = — / PEY qud (T — To(t) E() (3.32)
= _anﬁ(fa(t)at)a
1 S 1 [ e =
— /(—4m x B)d#*7 = —f/d 7 x B (3.33)
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(3.34)

[EOP]

3.1.5 Total angular momentum of the charged particles and
electromagnetic fields

J'= 3" Zu(t) X Myt + 471TC /d?’f % x E(7,t) x B(&,1)] . (3.35)
Cg = 0. (3.36)
[Proof]
(2{) = SU[Ta(t) X Mala(t) + Falt) X matia(t)] (3.37)
R NACE {qa Baa(e),t) + 2> E_i(f““)’t)”

dJ 1 . L Ly
(d‘t]) - R/dffxExB—l—fxExB (3.38)
f
1 — -, — — —
= r/d?’f :Ex(chB—47rj)xB—l—fxEx(—chE)}
e
- = /d3 [#x [(Vx B)x B+ (V x E) x E|} —f/d3 (#x ] x B).
7
Since, from Eq. (3.30), one has
(V (VX E)x E (3.39)

xﬁ) 3+
- 1, 1 .
V- (EE+ BB - Gl E* = 51B%) —4mpE,
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where

So

[EOP]

3.2

3.2.1

ie.,

ie.,

CHAPTER 3. PROPERTIES OF MAXWELL’S EQUATIONS

— — — —

L;rc/d?’fcf x [(Vx B) x B+(V x E) x | (3.40)
_ 417T / P[T x (—4npE))]
— —/d%f X ané(f— To(t)) x E(Z,1)

= —anxa x E(Za(t), 1),

——/d3 (# % ] (3.41)

dJ dJ dJ
900 -

Transverse and longitudinal properties of electro-
magnetic fields

Fourier Transform

2 1 3L (1) pikE
F(@) = oo / PRE(F)e*?, (3.43)
F@) L E),
N 1 3212\ —ik-T
) = oy / PEF(T)e 7, (3.44)

/ BReEFT = (97)35(3). (3.45)
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3.2.2 General relations

Helmholtz’s theorem:
VYV (¥), it can be decomposed into two parts, i.e., transverse and longitudinal parts,

—

V(@) = V(&) + V) (D), (3.46)

and at the some time, transverse and longitudinal parts, which satisfy, respectively

V-V (Z) =0, (3.47)
V x V(&) = 0. (3.48)
So
V(@) =@+ V@), L VE =T+ 7)), (3.49)
— o f - = - o
v.-h@ =0 <L EV.B=o0 (3.50)
- f — = —.
V x VH (x) = 0, — k x VH(k) = O, (3.51)
Vi(F) = (RO - V() = KORO - V (R), (3.52)
V.R) = VE) =V (F) = (I - FF) - V(E) = O(F) - V(F), (3.53)
VxVxV(@ = V(V-V)=-VV (3.54)
L iR xR X V(R = k@R -V (F)) = (—k2) V() (3.55)
ie.,
ExExVE) = KI-V(F) - R 7(F) (3.56)
= ROR) - V(F),
therefore

RO RO V(E) = OF)-V(E) =TV .. (3.57)

V (k) = (I — KR -V (i), (3.58)
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(7 1 7T iRE
V(&) = (%)B/Q/d%m(k)e’f (3.50)
1 N - B
= (2 )3/2/d3]€([ k,OkO)_/V(x/)e—zkrezkde 7
T
1 DU
~ o [ SR TR P )
T
ﬁﬁ>=2w/fm3%—wwWﬂﬁWﬂ (3.60)
- 5 fere-mne)
where .
s [ R 557 - V) (3.61)
T
. 2 . 1 32, ;
03;(7) §5ij5(x)— 47T7"3(6ij 7]) (3.62)
Next, evaluate
1 g
2n)? / ARk (2)e™ ) (3.63)

[Proof: (Not finished) consult Quantum field Theory]

3.2.3 Maxwell-Lorentz equations in configuration and reciprocal

space
V. D(&,1) = dnp(E,1) Lo ik D(F,t) = dnp(k,t), (3.64)
v.B@n=0 Lo . Bl -=o, (3.65)
. 10 =, F 2oL 12 -

Vo B ) =~ B ) i x B 1) = —B(E D), (3.66)

- 10 = 5 477'—3 5
V x H(Z,t) = EaD(m,t) + ?j(l‘,t), (3.67)

R 12 o Ar= -

L ik x B = DG ) + 50,
C C

P—7 F 5k 1 —ik-&
=Y ad@ -t Lo pE) = o Ve 0, (368)

Z QOzvoc $ - foa (t)v — 5(127 t) = W Z qaga(t)e_ik.fa(t)v (369)
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. To(t) x B(Za(t), )

MEs = g E(T4(t), 1) + (Noreciprocal correspondence), (3.70)

6 T t — RN - = -
p(;;’ Vi i@n—0 L FEn+ik-iF =0 (3.71)
1 L. o o
H,, = 8—/d3£(E-D+B-H) (3.72)
m
1 - = 2k 2 o =*
- 8—/d3k[E(k,t) D (K0 + HE 6B (k1)
N
B, - 1/#[5(* 0 x (7,1 (3.73)
em = Z|E(T, z, )
1 370 2%,
- E H
[ EHE ) x H (F.1)],
J. —1/d3ffx(ﬁxﬁ) (3.74)
T Are '
3.2.4 Fourier Transform in space-time
- 1 37 (1 i(k-Z—w
F(#,1) = (2ﬂ)2/d FdwE (F, w)eiEa-wt), (3.75)
ie.,
— f ~ g
F(z,t) <— F(kw), (3.76)
00T 1 3= = 4\, —i(k-F—w
Fk,w) = (%)2/0[ FALF (T, 1)e (-0 (3.77)
le.,
=7 f_l —
F(k,w) & F(Z,t), (3.78)
VD&, 1) = dnp(@, 1) Lo ik D(F,w) = dmp(k,w), (3.79)
V.B@ =0 <o F. BFw) =0, (3.80)
= ]_ a EPIR f — = w = -
V x E(Z,t) = 5 (@,t) <— kxE(k,w)=—B(kw), (3.81)
C C
d 1 a — 4 —
Vx H(#t) =~ D(#t) + %j(f, ) (3.82)
= Z Z o 47 = -
Lo Bx H(Ew) = <D, t) - i~ (K, 1),
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p(F.1) =D .0(T — Za(t)), (3.83)

J(@1) = qula(t)d(T — Zu(t)), (3.84)

MTo = o | E(Za(t), t) + -2 - (3.85)
3.2.5 Gauge, gauge transformation and gauge invariance
B(Z,t) =V x A(Z,1), (3.86)
. 10 -
E(Z,t) = -VU(Z,t) — C;A(f, t), (3.87)
E(Z,t) = D(Z,1), (3.88)
B(Z,t) = H(Z, 1), (3.89)
B(#,t) = BL(%,t) + By(Z,1), (3.90)
Bl(f, t) =V x AJ_(I, Zf),
= (3.91)
B”(f, t) =V X AH(ZE,t) =0
= A (%,1) = V(& 1), (3.92)
E(T,t) = EL(,t) + E|(7,1) (3.93)
S BEy =221 @ (3.94)
1T, c ot 1\r,t), .
— . 10 -,
Ey(z,t) = =VU(Z,t) — *a*AH(%t)a (3.95)
cot
Gauge transform: under the gauge transform, i.e.,
A — A7, t) = A(Z,t) + V(T 1), (3.96)
- 19

we can show that E and B does not change. Also, since g||(f, t) play a role of gauge, so
we know that

B 10 - .

1. By (#t) = ——EA(f, t) is gange free, or in other words, E; has nothing to do with
c

gange.
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2. én(f, t) =0, i.e., the magnetic field is always transverse.

3. Longitudinal components of the electric field:

Since
V- Ey(Z,t) = 4mp(Z, 1),
SO
ik - Ey(F.t) = 4mp(k, 1),
then
By (k,t) = —idnp(F, t)lf;.
Hence
By(#@t) = 2733/2 [ dkampk ) (_]j) iz
- 2@3 s / d*kAr l TR / (@, t)e= % g 5,}

3/2 7 oo -

(2m) Lo ik 37| ik

(2 3/2 4 //3e d’z"| e
r

(2m)3
O
= x!, 3’
[ ot

The above expression indicates that the longitudinal electric field responds instan-
taneously to changes in the charge density which would seem to violate special
relativity. The resolution of this problem lies in the fact that it is only the total
electric field, longitudinal pulse transverse, that has a physical meaning, and the
total electric field is always retarded.
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4. In Coulomb gange, V-/T(:Tc’, t) = 0, The vector potential is transverse, i.e., fTH(f, t) =

0. Hence
T 10 -,
Ey(,t) = —VU(Z,1). (3.98)

Together with what we have just derived,

TR WA (3.99)

En(it)Z/p(f’,t S :f
|© — 2

one yields

U(fv t) - p(£ ZQQ

Ix—wl

ﬁa o (3.100)

5. Coulomb electrostatic energy:

1 o 1 R
Hipng = — dngﬁ(f, t)=— [ &k|E(k,t)]*. (Parseval identity) (3.101)
8T 8w

Also, since
o, P( 3.7
U(zZ,t) = d ! qa — ,
& — o] Z a(t)l
- » i
E\(k,t) = —z47rp(k,t)p,
2
Ey(Z,t) = [ p(a',t) f ° d*a,
|7 — /|3
hence
kD2 1 (@ O)p(a
Hiong = QF/dBkW = /d3j‘/d3x/w_ (3.102)
k 2 | T — o]
[Proof]

From Parserval identify, one has
S 1 R (1
o [ @RI DP S = 2 [ @ 7F {1k 0} F 1{1{:2}

Also, since

11 1 (1 iy 1
- = — L (oq)3/2_—_
(27)3/2 k2 f{ 47T1“}’ d {k2} (2r) 4y’
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and
. 1 - s
—1)~ 2 - ~ 2 k- 33
FHIBEDR) = s [ E O (3103)
1 1 z
— 7 ik-a’ 43,7
= oy | [ 003
1 * ik-x’ 33 1k-T 73
X [(2@3/2 /p (", t)e™ ™ d x”] e dk
1 Too( Rl 4l
— ()| [ e >d3k} B d
(2m)3/2 (2)3 /p o ) [ rad
1 ~ o=
- G / p(z T (F — &+ )BT P
1
= Hd3x
(2m)3/2 /p )
one yields
o 1 S 1
27r/d3k]p(k,t)\2ﬁ = 27r/d3xl EE /p (o, t)p*(a' — T, t)d>a (27r)3/247W
= /d?’“/d?’ /M_
2 7
Further,
1 L pH (T t)p(2 t
Hig = - / &7 / P CITICAU) (3.104)
2 |7 — 2|
1 S "
- [ T a8~ Falt)) X 0@ — ()
a B
1 7043
12; )~ 0
QaQﬂ
= 6CO'LI + ?
St 32T i
in which €2, is the Coulomb self-energy of the a'* charged particle, and the second term
is simply the Coulomb potential between pairs of particle o # (. One should just keep
in mind that €2, = constant (this can only be treated in QED).
QaQB
Hcoul coul y (3105)
RN TR
1 -
Htotal - 5 Z mava + ‘/vcoul + Ht'r'ans, (3106)

Hypans = — / BTE (1) + BA(T,1)]. (3.107)
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3.2.6 Transverse field

S 10 5,
V x EL(I7t) - _EEBL(xut%
=N 471'—,» 5 1 a =
V x B, (Z,t) = ?]L(x,t) + Ealﬁ(x,t).
From the scalar and vector potential and their Fourier transforms, one has
~ 10 - -~ 1=
Bt =~ Au@t) S Bule) = ALk,
c c

- R Ar= o 1= -
ik x ik x AL (k,t) = gmk,t) AL (R 1),

therefore,

In real space,

3.2.7 Longitudinal field

In real space,

Hence

In vacuum, there is no polarization, hence, D(Z,t) = E(Z, t), so one has

ik - Ey(F.t) = amp(k. 1),

2 o 0= -
Ay (k,t) + —E)(k,t) = 0.
(K, )+8t 1k, t)

Hence

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)
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Since
Ey(Z,t) = =VU(Z,1) — - A (&, 1) (3.118)
c ot
SO
= — -~ = 1 ;»’« —

ik - E)(k,t) = k*U(k,t) — 1 ; (3.120)
R e ko= -
k*U(k,t) = 4mp(k,t) +i—- Aj(k,t). (3.121)
c
In Coulomb gange, g||(f, t) = EH(E, t) =0, so we get Poisson equation
k20 (k,t) = amp(k, 1), (3.122)
in real space
V2U(%,t) = —4np(F,t). (3.123)
3.2.8 Maxwell’s wave equations
Generally, the Maxwell’s wave equations for electromagnetic field field holds:
Vi) - VIV - B — =L B (3.124)
Y ) C2 at2 ) *
47 0 -, A 0% =
[Proof]
Maxwell’s equations read,
V- D(Z,t) = 4mp(Z,t),
V- B(Z,t) =0,
. 10 -
E(Zt) = ——=DB(Z,t
V x E(Z,t) e (Z,1),
—» 4m - 10 =
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4T 9~ 1 (0% - 0? -
T ey >y a2 D
2o’ & <at2 e >

182E;ﬁ 4 0 -, A 0% ~

On the other hand, from

one has

o* = 0 -
7D||($,t> + 471'&]”(

o Z,1) = 0.

Also,

VxVxE = V(V-E)-V’E,
- —Vzﬁl
10

= _EaVXBJ_

_ 1o (105 Ams
N cot \cot— + c]L

1 82 — 47T a -
2ozt ¢ 8t]l’



3.2. TRANSVERSE AND LONGITUDINAL PROPERTIES OF ELECTROMAGNETIC FIELDS27

SO

2
VLB, — appPL 50+ =0
ie.,
B 1P A0 0.
LTt T @2artt T cadt T
Then
B, 2 - - I,
2 7 b o
VPEL = 55 (Bl + E)) = o5 (Pr+ B = — (1 ) =0, (3.125)
v, L0 g An O g An 0 (3.126)
oo T 2o c ot’ '
- 1 0% 5 47 0% o 4w O -
v 2 912 =z T e (3.127)
Next, evaluate E|| related:
Since
VxVxE = V(V-E)—VE =0, (3.128)
SO
~V2E; = -V(V-E)) (3.129)
~VI[V - (E - Ey)]
- —V(V-E)
Hence
= = 10?2 o 47 0? = 47w 0 -
’E — E)— S =FE=—_——-P+——=j. 1
v VIV-E) c? Ot? c? ot? * c ot’ (3.130)
3.2.9 Newton-Lorentz equation in Coulomb gauge
Since .
Ey=-VU, (3.131)
SO
. . Ua () X B(Za(t), ¢
Mafalt) = ~0aV2U(Eort) + g0 | Eu(Fal). 1)+ 2 BE )
U(Za,t) = Usars + ! > = CR— (3.132)
2 75 [Ta(t) — Ts(t)|

Since Ugep = constant, so Vg, Userr = 0 and it does not paly a role in the Newton-Lorentz
equation. Also, we can find that longitudinal field provide the Coulomb interaction be-
tween charge particles.
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3.2.10

Since

So

then

3.2.11

gives

where

CHAPTER 3. PROPERTIES OF MAXWELL’S EQUATIONS

Charge and current densities:

%~ Salvisa- a0 -]
= _anﬁa@ z (f_fa(t))a
Vi@ = Y da Ta(t))Va ()]
= D dalalt (7 — Za(t)),
o ap(‘fa t)
V- j(Z,t) 5 0.
Potential
V2U(Z,t) = —4np(Z,t)
—K*U (k,t) = —4mp(k, 1)
T ﬁ(E, t)
Ok t) = 4n 25
U(T,t) = = 3/2/d3k4 ”(;;t)e @

1 —1f =70 )\ kT
= o [ EE a0,

[ 1 32 1
4 {kQ}:(Qﬂ)/Zlﬂr”’

1 - - L7 . T —
FYp(k, t)e™ ™) = =73 Blpk,t)e*Te k" = p(F — 2 ).
(2m)*

N 47 - 1 L =
U = G / P (2m) (7 — a7 1)

_ /d3’ (xlt)

|7~

- Y

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

(3.141)

(3.142)

(3.143)

(3.144)
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Special Relativistic Theory

4.1 Preliminavies of Differential geometry

e Coordinate transform:

_ og

- Oz

dge

da*, (4.1)

e Proper element:

ds* = d&,de"
= Napd€®de’
o o¢”
(eprmpe
= gudatdz”.

(
(
dz*dzx” (
(
(

dee eb

= TNab
. . . dxt Ox¥
manifold linear and curvilinear coordinates.

o Metric: 1y =< €4,€, >, Gu =< €,,€, >, are the metric of the
g = det(g)-

e Volume element:

dP¢ =[] d¢* A = /g ] daA
a Iz

Examples
T = x€ + ye, + ze; (4.7)
= &l + %6, + 3¢ (rectangular)
= rsinf cos ¢er + rsinfsin ¢pey + r cos Oe; (spherical)

= pCOS @€l + psin ¢ésy + z€3 (cylindrical)

29
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1. Spherical:

Grr =
gro =
Joo =
Yoo =
oo =
Gor =

CHAPTER 4. SPECIAL RELATIVISTIC THEORY

. T . .
e, = i sin 0 cos €] + sin 0 sin ¢y + cos fes,

r
. or . s s
€p = 20— 7 cos 0 cos p€1 + 1 cos 6 sin ¢pey — 1 sin fes,
. or L . .
€y = a—(b = —rsinfsin ¢é; + rsin 6 cos ¢és,

< €, €, >=sin?fcos® ¢ + sin®fsin® ¢ + cos? 6 = 1,

< €,8y >=rsinfcosfcos® ¢+ rsinf cosfsin® ¢ — rsinfcoshd =0,
< €,y >=1?cos? 0 cos® ¢ + r?cos? Osin® ¢ + r?sin® 6 = r?,

< €p,Ep >= —7r2sin 6 cos @ sin ¢ cos ¢ + % sin @ cos 0 sin ¢ cos ¢ = 0,
< €y, 8y >=1r?sin* @ sin® ¢ + r? sin® f cos® ¢ = r?sin* 0,

< €g, 6 >= —rsin? @ sin ¢ cos ¢ + rsin® 0sin ¢ cos ¢ = 0.

Let r=160=2 ¢ =3, then

Hence

ie.,

2. Cylindrical

1 0 0
guw =10 r? 0 ., det(g,) = rtsin® 0. (4.8)
0 0 r’sin®f

d*F = |det AdE> A dE?| (4.9)
06 O g O
gi gf; gggd PN da¥ A da
= ’nggiigid A da? A da’|

= Jgldx' A dz® A da?,

d*7 = r? sin Odrdfde. (4.10)
€, = g; = C0S P€] + sin Pé, (4.11)
. or o L
€y = 7 = —psin ¢e; + pcos ¢é,

or

€. = %Ze&



4.2. FUNDAMENTALS OF RELATIVISTIC THEORY

Gop = < €p, €, >= cos? ¢+ sin® ¢ = 1,

Gop = <y, s >= p’sin® ¢+ p?cos® ¢ = p?,

Gex = < €,€ >=1,

Gpg = < €p,Ep >= —psingcos¢+ psingcosp = 0,
Gp. = < €y, >=0,

Gzp = < €,6,>=0.

So

0 O
p2 0 3 det(Quu) = p2'
0 1

Guv =

O O =

d*F = \/gdpdpdz = pdpdpdz.

4.2 Fundamentals of relativistic theory

1. Coordinates:

ml

&= (%8 = («,
where 7, = (—1,1,1,1).

2. Momentum:

a E g E n
p = (p()?ﬁ) = (C’p> ) Pa = nabpb = (p(hﬁj = (_C’p> .
3. Energy:
From the definition of invariant proper time
€2
i =~ %
c
one has
_ G
dr =dt 1—6—2—dt’y ,
SO
. 1
dr T 72
==
Now, evaluate p,p® :
Pap” NabPaP”
—(°) + 7

—

), Ea = N’ = (€0, 6) = (—ct, £),

31

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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On the other hand

a

deo detded  dge dt dge
pf=m = = = =

dr ~ agodr - dtdr " d

mu®, (4.20)

a

_déa_dga@_ de®
T dr dtdr . are

where
0
NS
dt
N
U=y— = yU.
fydt Y
Hence
P’ = mye, P = m~yu.
Therefore
papa — m2uaua — —m2’}/2(62 . ,UQ) — _m2027
Ugut = —c2.
Therefore, one has
E2
—m?c® = —— t P,
c

ie.,

E? = p? + m?c,
where F is the total mass-energy, mc? is the rest mass-energy and |pc| is the kinetic
energy of the particle.

4. Two invariant variables in Lorentz transform:

(a) Four-dimensional Dirac-0 function:
die = |de® NdEP A dE? N dER| = dre = |dEO A dET A dEP N dER,

where £'* = A%, £/7 = A%€0 A% is the matrix element of the Lorentz trans-
form.

(b) Four dimensional Volume element:
01(€ = &) = 0" — &),

[Proof]
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(a)

die = |dEO ANdET A dE? A dED

= AL ALAZASAEY A dE” A dEE A dE”|

= PN AGALNY|dE" A dgt A dg? A dg|
= (detA%)d*¢

= d'¢,

where we have used the identify det(A%) = 1

(b)

400 +oo | a_sa
€)= o [ e[ ety

1 +oo “+oo ika RS (flb—g/b) 4
S

S Y A FOO K€€y 3o (A AL
= G /m e det (A )d'k
= (¢ - ¢,

where we have used the identity d*k = det(A? )d*k’, and det(A%) = 1.
[EOP]
5. Energy-momentum density field of a particle:

det d
dr dT
)

e = o 5e—gulr)m

P ()p°(t

= 0253(5_ ga( )) E(t)

where 7% is called the energy-momentum density tensor of a particle, which is
a 2" order contravariant tensor, i.e., T°%(¢) = A%ALT(¢). Then, the energy-
momentum 4-vector is

and V. (t) denotes the total space at €% = ct. p®(t) is a contravariant vector, i.e.,
pet) = A3 (t)

[Proof]
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d€s deb dr

a7 7e0
dr dr d&° ¢

) = o 5e—ulr)m
des deb dr
cn dr Ediﬁo

dee deb - o
= mla e, se g ),

(€ — €,(1))

At the same time,

a __ dg(olc b __ d g I dgg _ 2
p—de, p—de, E—pC—mch—MC’)/,
SO
C2papb _ —1d§gd7§g
E dr dr’
hence
ab 2¢3/F pa(t)pb(t)
TH(E) = (€ - L)
(b)
gt
“t) = & 4.21
Pl =m=, (121)
1 1 - p*()p°(t)
Z TOEBE = = 253 ot d?
Sl TUOPE=T [ ERE - G
Since
E(t) g
0/1) _ a_ S
) =—"—- pr=mo
So

1/‘/00(” Tao(f)d3g: / (53(5— 5a(t))p“(t)d3§: p“(t) .

¢ Voo () dr -’

(c) Since t is a fixed number, d¢° = 0, so

a _ 1 a0 3¢
p@)—-C[;@T(Odf
_ i; /V T () epone | dE° A dE? A dE°),

oo (t)
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therefore

1 1 ! / / / /
P = o T el ndg A"
¢ 3 v aun
11 /
A A T - Sy N A A A
c 3! Voo (1)

11 1
= E?Ai‘u /V Tarby (f )(detA.gf)Eblcldlq‘dfcl A d£d1 A d£€1|
. oco(t)

= A1),
[EOP]
6. Force density G(§):

GO = cf oMl

— BE- N
[Proof]
+oo
() = cf e
‘oo Lo o 2 a1 AT o
— ¢ /_ L TE= G = NS (7) g
— FE-EONE)
[EOP]

7. Action law:
AT™(€) = G*(€).
[Proof]

agt
—2d
dr T

oo 0 d&®
are) = of T L - lrym:

_ too dgrdel o,
= —C[w mﬁ%aiggé (f—ga(T))dT

+o0 [e8) d2 @
[T e e S

déa a7 7
— e |miEHE- 6

— o[ s G
- (.
[EOP]
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8. If p(&) = T(€) is the energy momentum density field, j“(ﬁ) = c(T(£), T*(£), T(¢))
is the current density of the energy momentum field, when G*(§) = 0, one has,

op”

ot

+V- =0

[Proof]
Since G*(£) = 0, so 9T (&) = 0, therefore

00T (&) + 0T (€) =0,

in which
10 10
TaO — 77Ta0 N
aO (5) c 8t c 815'0 9
ak 1 “a
ATH(E) = TV H(E),
hence
@pa Za
Y +V.3"=0.
[EOP)

9. When G*(£) = 0, the 4-momentum is conserved, i.e.,
ap”

BT 0.

[Proof]

op* 1 Q a0 35
ot c/voo@ 6tT (©)d¢

= 1] Spewe

¢ JVew Ot

- — [ Vv-jeee
Veo(t)

= f -8
6Voo(t)
= 0’

—

where OV is the boundary of Vo) at £° = ct. At the boundary, j* is zero. The
reason is as follows:

Tak(§>|§€‘9voo(t) = Tak(t7§)|§eavoo(t)

— 02 3 _’— c ZM
= 67§ — &alt)) E(t)  lecovi

Since [£,(7) < 00|, hence 63 (€ — g}(t))keavm(t) =0 (i.e., |£] — o0).

[EOP]
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10. Angular momentum and spin:
(a) The angular momentum density tensor is defined as
M(E) = €T(E) — €T (€).
(b) The angular momentum is defined as

Jab / MabO d3£

oo(t)

(c) Spin is defined as

1
Sa - §6abcd<]bCUd’

where U¢ = p?/M, M is the rest mass of the system and
M = [=napp"]' % /c.
11. Mass system

T —m}j/ (6~ gurm e Koy

—cZ GO

p%®=i/;mTW©f5

4.3 Electrodynamics in covariant forms

4.3.1 Electric current density 4-vector:

r=e [T ate- ey S

Notes:

—

53 (g_ ga (t))Qaﬁa (t)

1

1. j(¢) =

M=

— —

2 6 = ¢ & BE—E()aa = p(é)e

3. Continuity equation (conservation of charge):

(a) 0aj(§) =0,

37

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)
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—(pc) +V -] = f—i—V = 0;
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@) . 3‘0:0

o=
-~ [@&v

= _f] ds
0.
[EOP]

4.3.2 Maxwell’s equations in covariant form:

1. Four-dimensional electromagnetic potential:
AT = (A% A) = (¢, A).
2. Electromagnetic field tensor:
Fb = 9oAb — 9P A,
3. Electric field and magnetic field written by the components of F:
EF =F%  BF= ;ekijFij.

4. Maxwell’s equations:

ey Fy =0, (0uFpe+ OpFra + 0Fuw) =0,

O F* = in 7%
c
[Proof]
1. Considering V - B= 0, one has
B = Vx /T,

ie.,

Bk = ekij&»Aj

1 ,..
= §€k” (8,14] — @AZ)
1
= §€k‘7ﬂj
Further, from
L 19 -
VxFE=—-———8B,
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one has Lo
E+-=A)=0
VX ( + c Ot > ’
therefore L 9
E=—-"A-VA°,
c Ot
ie.,

EF = 9%AF — 9k A = FOF,

2. From V- B = 0, one has
1 ,..
8kBk = §€kmakFij =0,

so that
2%y, Fy. = 0.
From L9
vxB--195
cot '
and
FOj = 770c77ijCk (j = 172,3)
= noonx
— 77005iF0k
= 7700F0j
= —FY,
E; =nyE' = 0y F% = —n;Fy = —Fy; = Fj,
one has
(Vx B) = o,
= ek”@-Fjo
L ki
= 56 j(aiFjo - 3]'Fz'0)-
Because .
10 = 10 1 .. 1 ,..
——B| === . 2E. = ZMg,F,
(c@t ) c ot 26 J 26 0543
therefore
. 10 -
0 = VxE+-——B
+ c Ot

1 .

— 0 == §€Oklj<ai}7}'0 - 8jFi0 + 30Fl-j)
1 ...

= 561“] (80E~j + ajFOZ' + @-Fjo)

1
— _Zekabcaanc.
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Therefore, one has

so that

which is equivalent to

3. From

one has

From

one has

Because

therefore

anbcaanc = Oa
e, Fe = 0. (k#0)

0y Fog = 0,

8CLFbC + abF’ca + acFab = 0.

1 / / ’
777]'177” 52” 52” €'m'n’ Fm

non
n

2
| ’
56; El/m/n/ Fm "
1 mn
§€jmnF )
1
Lhs. = ek”a@ejmnFm”
1 . )
— S0k, — ok O
1 ) )
1 ) .

= O,FF,

41
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4
r.hs. = 80Ek+—7rjk
c
4
_ 80F0k+jjk
c
47
— —80Fk0—|—?jk,

therefore A
O,F* 4 9y = L jk,
c

ie.,

4
g F = ik (h=0,1,2,3)
C

In summary, since

47
abF’Ob = 7]0a
c
47
akab - 7‘]k7
c
one have 4
T
abFab _ 7]a
[EOP]

4.3.3 Lorentz force:

1.
[ = qF®u)c,

dp® "
dr J*

G*(&) = F*(§)5(8)/c.

[Proof]

dp®

Po= T

= qF%uy,/c

= gF%u/c+ qF%u/c,
d§  d&y dt

“ar T aa Y
déy  dgydt

Y= Tt dr

Uk

—7¢,
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therefore

Hence
dp° dpo dr

_ 0, -1 _ *E -1/, _ —'E‘

;i e =f"-y q-E)-v-y " fe=q(U-E)/c
dp dp dr
dt dr dt

G*(e) = e [ e lm)nar

N 4o

= > | 8M(E — Gl Pt a(r) aatiand

400 ab dgozb(T)
= z/m (6 = GalT) P (a(m)) 0= dr

_ N > g
= S EEme [0~ Galman g

= F™(&)mei(€)/c
= F*(€)n(&)/c

[EOP]

3. Motion equation of charged particles in electromagnetic field:

G*(&) = 0T (§) = F*(&)5(&) /e,
Tiy = T() + T (),

1) = S IO = 3 [ e B B




44 CHAPTER 4. SPECIAL RELATIVISTIC THEORY

TS€) = o [FHOF™(©) ~ (n Pl F(0)].

KT (E) = 0.

[Proof]
HTI(E) = OHT™(E) + T2 (&)
= F(€)jp(€)/c+ T (€);
Fabjb/c — Fab'nbcjc/c
C
= Fi. —0F®
4 /e
— i[_abFanc + (6bF‘w)Fb ]
4dr ¢ o
where
1
Fyd’F* = S(FyedF* + Fud F")
1
= inC(abFac + acha)
1
— _F CaanC
9 b
1
= 10" (Feal™)
1
= O e,
4
Because
abFac + aaFcb + acha — 0
SO
abFac + acha — —8aFCb — aanc
Therefore
Fabj /C — _a [Fanc . lnadech] . i
b bl e 4 ¢ A
= _abTea%(f)a
therefore

3171}%2 (f) = 0.
[EOP]
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4.4 Summary

4.4.1 Electromagnetic field tensor: F®
The electromagnetic field tensor is defined as
Fo =0%A" — 9 A%, Fy = 0,4, — OpAa

Now we examine the properties and elements of this tensor, In the following discussions,
we assume that a,b,c,d,e =0,1,2,3; i,j,k,l,m,n=1,23.

1. F%(F,;) is an anti-symmetric, i.e., Fy = —Fyq, Fop = —Fpq.
2. On F . o = F. = 0.
3. FOk = —F()k = —FOkaO .

k
FO* — 9P AF — 94 A% 4+ —i%‘i — A" = E*.

That is to say, F°F plays the role of the three components of the electric field.

4. On F :
BF = (V x A)F = cFiig,A; = ;(gkijaiAj — 0,A;) = ;(ekw‘Fij.
So,
B' = ;(51ijFij = ;(51231723 + &' Fy) = ;(Fzs + Fo) = Fig,
B? = ;(5%}%’ = ;(82311731 + e F) = ;(F?)l + Fy1) = Fy,
B® = ;(g?”'jFij = ;(53121% + 3 Fy) = ;(F12 + Fi2) = Fls.

5. Matric representation of F% and F:

0 E! E? E3 0 —-E' —-E* —FE3
~E' 0 B® -B? " E' 0 B} -—B?
—E2 _B3 0 Bl ) F* = E2 _B3 0 Bl ) (429)
—-E3 B> —BY 0 E} B> —-BY 0

Fab —

4.4.2 Energy-momentum density tensor of the electromagnetic
field: T2

The energy-momentum density tensor of the electromagnetic field:

1 1 1
Tab — (FCLFbC = abFC ch) — Fanc abLem 4.30
em A .c 477 d Ag © +n ( )
Now we examine the properties and elements of this tensor, and we assume that a, b, c,d,e =

0,1,2,3; i,k 1, mmn=123.
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1. T% is a symmetric tensor, i.e., 7% = T% .

2. On T
1% = (PO R

47 \ - 4

— i FOCFOC EF ch
A Tyt
E2 1 -, =

- = _ = E2 B2
A7 87T( )
1

= 87<E2+BQ)

= Wem

- Hem

So, T® = H.,, plays the role of the energy density, and also, the Hamiltonian
density of the electromagnetic field, Also, it should be mentioned that

1 1 =
Loy = ———FF“ = —(E? — B?%),
167 8

is the Lagrangian density of the free electromagnetic field.
3. On T2
1
47

1 1 , 1
(F(éFk:c o 477016chch) — 7F?Fkl — 7FOZF]“.

TOk: —
en 47 47

On the other hand, since

- . . 1 ... . . . . L
(Ex B)f =" E;B; = 5g‘“ﬂF‘”sﬂmF““ = —(6F0! — 6F SHFYF!™ = FU Rk,

1

2
So, one yields

Ok Loz sw_1iaw

T, =—(E x B)"=—(5)".

e Ar c

That is to say, TOF plays the role of the k' component of the Poynting vector
(energy-flux vector).

4. On T/
T3, =

o 1 ..
FzCF]c o 4771]chch>

. 1.
FiF7¢ — 45;chch>
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1 o . 1 .
= —(=E'E’ + FyF*) — ——§iF ,F*
yed +ERlT) = g0t

1 - . 1 = =
= —(=E'E’ + FyF'%) + —(E* — B%)5!
1

i g i DJ 32 i 1 = P2\ i
— 7(—EE’—BBJ+BQ(5].)+8—7T(E2—BZ)5J-

47

— _E(EEJ+BBJ—§E 0 — 5B 0;)

5. Matrix representation of 7% :

I 1 1 1 2
Hew —-S' =52 -8
c c c
351
Fab — ¢
1
- 52 T
c
133
L C J
where
T— - (BE+BBE- i li
C Ar 2 2 ’
6. Energy-Momentum theorem: 9,7% = —%F ab gy,
(a) For a =0:
10 1 -
BT = 0T + OpTow = = —Wem + —V + S,
cot c
1 1 1 1 =
——F%j, = ——F%jy = ——E"j, = ——j - E,
c
So one yields
10 1 = -
5, lem % Sem = - E;
c@tw * c J
where
Wom = ——(E? + B?) Som = —(E x B)
em Sﬂ' 9 em 47T
Hence,
0 N > ~
awem +V - Sep = — QQﬁa(t)(S(g - ga(t)) E<§7t)7

47

(4.31)
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therefore

where

are the energy of the electromagnetic field and the work the electromagnetic
field exerted on the charge particles.

(b) For a = k:
abenZ = angg +aiTe’j;
cot RY 27 2
o1 - = l 2= == 1 1= k
= {—-—(ExB)-V-— |EE BB—EQI—B%H
{8t47rc( xB) -V 47 + 2 2

0
= (=q. —V-T. )k
(atgem V em) 9

g, = —Lpwj, - gk,
C C
— lEij *Fkljz
C &
. N . 1 N oo k . .,
= EEN Y @€~ Elt) — ¢ 3 aa|t) x BED] € - &t
a=1 a=1
N L. Lo - B’ c k
= -3 @i~ ) [BE + E D]
a=1
= —[RmEn]"
so one yields
VT = gt*em+fl(5,t),

where 7, is the stress tensor of the electromagnetic field, g.,, is the momentum
density of the electromagnetic field, and f7(&,t) is the Lorentz force density.
Hence, one derives

Sin(0)+ RE00 =0, (20— R0,
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where

are the momentum of the electromagnetic field and the Lorentz exerted on the
charged particles, also, —F(&,,t) is the counter-force of the particles exerted
on the electromagnetic field, respectively.

4.4.3 Energy-momentum density tensor of the charged parti-
cles: T;b

The energy-momentum density tensor of the charged particles:

b b
Ty = ZTS

= o3 [T S e )ar

_ 53 _'__(;pozpa’
L

«

where a denotes the o™ charged particle and

ab Foo dgadga 4
T = o TmaSetesie — g )dr

Ta() — C/—H)OWL dfa dfa 4(5 504)

g dr dr

. teo o dgg dfa 5t 0

= o TSR - ) e
+oo dge

= o[, Bl %o ¢ — &)a(e — eag?
dge

= CMgy d:ég(g—fa),

a 1 a0 35 _ déq
Pa = 1 /voo(t) TOdE = ma dr’

0
p = —_—
@ c
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ab : : : ab __ ba
1. 177 is a symmetric, i.e., 17" =T

00.
2. T

where v, = (1 —

kO.
3. TH.

4. T;j:

TkO

2

o

2

ij
Tp

N O
Z/ dg Ko 20%(§ — &a)dr
S déodé L
az/ “dr dev 0% (€ — €a)0 (€ — £0)de”
N
>~ em, %056 - €, 1)
a=1
N —
3 mac?7a03 (€ — E,(1))
a=1
al 00

T b)
agl "

~1/2
) is the Lorentz factor for the a'" charged particle.

N

Z Tk(]

a=1
0 k
z [ ma e g ¢, par
00 dk
Z /+ 5 (£ ga)dgodgo
0o dkd N .
Z ¢ /, g dg 4?553(6 — £a)0(€" — €0)de’
zc “535 &)

Z eMavEya 03 (€ — €,).
a=1

= 5o m e e g yar

= dr dr
B N +oo dfl dga
= Yof magEEie-g) Tt
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dg;, dg;, Nk

2o S0 1€ - £)

Mg

avivgy’)/aég (g_ ga) :

Mz‘ﬁMz

Q
Il
—

Tab —

[
nn

N
=

where

gp = Z aC Ua7a(53(€ fa( ))

5. Relation of the energy-momentum density tensor:
HT;"(€) = G(§) = F(€)5(8)

where G(§) is the force density 4-vector exerted on the charged particle system and
the electric current density 4-vector is defined as

5

ﬂ::cz/ 1a8*(§ = &a(7) =
J—CZ/ 2" (€ - @U)aw—cz%fg &lt)) = pl(©)e.

g N
%%Z/ e (€ = €alr)) G2 = 3 autk(08°(E - Eul0)
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The reason is as follows:
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First of all, the Lorentz force 4-vector exerted on a single charged particle is (denoted

by a):

where

So

Since

SO

dpe, _ dphdr _
dt  dr dt e dr

dpa _ dpa dr _
it~ drdt

_adpl, Ua(t) x B(&a)
dr c

1
fg QOaFab<§a)uab7

C

o dgoab

- dr’
d€ao dég,

~ ar - ar o
dfak o @ o k

dr  dr = Tala

1
fg = EquFOb(fa)uab

1
= EchFOk@a)uozk

1
= gank(ﬁa)%«Ufi

1 . =
= EQava'E(fa)’Vaa

1
Eankb (ga)uab

Gl P €0t + (€0t
1

el = EM€)(7a6) + Moy B

1 ii
Qa'Ya[Ek(ga) + Egk ]UajBi]

G Ve E(éa) + M

dpy 4
dr '
1P

_ 1, =
= 7a1f2 = Eqava ’ E(fa)a

_ = Ve
= ’Valfo’f = (a E(ﬁa) +
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23

Therefore using 6*(£ — &,(7)), we can naturally generalize the Lorentz force 4-vector

into the force density 4-vector exerted on a system of charge particles as

G%)zcz/

Next, we prove that 9,T5°(£)

(T (€)

&= &) fiEa)dr
= Z /Jroo 54(’5 - fa)anab<€a(7—))uade

= P nbczf e~

= ZFYOE).
= ().
B

d&s dﬁb
Me dr d agb (5 - fa)dT

oo G diN(E — o)
—CZ/ e

£a)da “dT

20%(E = £a)8(¢" —

00 /+OO d2§a

—00

al dé,
_CZ lma dr

N 00 d2 .
cz / * Sa53(E— £)8(€° — £0)dr

—00 d7'2

2y 00— &)

N
Z faléa)a'o* (€ = &)

N

/ Y- &) faea)dr
Ga
IR
EFa (5)]17(5)-

6. Energy-momentum theorem of the charged particles:

(a) For a =0:

AT = M) (€).

1
KT, = 0T, + 0T =~ w, +

)dT]
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1

1 1 1- =
—Fj, =
Cc

—F%jy = —E'jy =5 E,
c c c
so one yields

9 L
awp‘i‘vsp:]E,

where

Hence one derives

where

12
3
g

o

[N}

+

3
8

S
=

B

A

=

are the energy of the charged particles and the work the electromagnetic field
exerted on the charged particles.

For a = k:
ATy = 9T,
== Z mOc (17053(5' 506 + a Z mOl OC,YOC53 5 gOé( ))

k

- {at Z (1) 7a0% (€ = Eu(1)) + V - Z MaUaliaVad (§ — 5a<t))}

=1 a=1
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S = 3 b€ Eo) | By + OB
- @

So we yields

SBEN - FlEn =~V TEn),

where 7, is the stress tensor of the charged particles, g, is the momentum
density of the charged particles, and f; the Lorentz force density, Hence, one

derives
d - Lo
%pp(ﬂ = FL(€0¢<t)7 t)>
where

are the momentum of the charged particles and the Lorentz force exerted on
the charged particles, respectively.

4.4.4 Total Energy-Momentum density tensor: T/
The total .... is defined as:
Tt = Toh + T,
1. T is symmetric tensor, i.e., T2 = T4,

1
2. Ty = Wiot = Wem + Wp = St (E2 + B )+ Z maC %v(sg(g fa( )

a=1

1 = = S k
A (E B _'_ Z macvafya (5 - £a<t))

a=1

ol

1 - - -
3. T = Th = —(Su) = —(Sem + 5) = |-
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ﬂgt = (Zot)ij

1~

1z
SE*T -
2

N ij
BT+ Y matalinadE—£(0))

a=1
5. Energy-momentum conservation:
ab
T, = 0.

(a) For a =0:

9 .
%(wem + wp) + v * (SB’ITL + Sp) -

So
a —
awmt +V-Sit =0

therefore p
—Fi = 0,
dt tot

where

Etot = /d3 _’ Wem + wp)

— St 8—/d35[ (€:1) x BE0)

a=1
1 =
~ Zmac + mav /d B(E, ).
a=1
(b) For a = k:
g, o
a(gem +gp) + V- (,];7 - ,];m) = Oa
So P
E-Ptot = 07
where



Chapter 5

Classical Electromagnetic Field
Theory

5.1 Variational methods for particles
1. Principle of least action:
(a) Definitions:

o Action: Sui(1)] = [  Lla(t), d(t), ),

t1

e Lagrangian: Llx,(t), &;(t),t] = T[4,(t),t] — V]zi(t),1],

o Hamiltonian: H{z;(t), pi(t),t] = S pi()ai(t) — Limy(t), ar(t), ],

where x; (I = 1,2,---,3N) is the generalized coordinates, p; (I = 1,2,---,3N)
is the generalized momentum, and satisfies

_ oL
=55

(b) Principle of least action: In all possible trajectories, the particles will take that
the 0.5 = 0 is satisfied.

2. Euler-Lagrangian equations:
Since

t2 oL oL _. t2 oL d oL

where we have assumed that
(51’5@2) = (5131(151) = 07

o7
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and the variation dx;(t) were assumed arbitrary, §S = 0 gives

d oL OL

2 == (1=1,2,--,3N
dt 0@, Oz’ (t=1,2,--,3N)

which are a set of second-order differential equations (totally 3N equations).

. Equivalent Lagrangian

d t
It can be verified that if L — L' = L + f(gtl’ ), the equation of motion keeps
invariant.
[Proof]

Sl — ST = [ Llm0).1(0),

t1

= Sl + [f(ma(t2). t2) — Fla(ty), t)]
= S[x(t)] + constant,

hence S = 0 is equivalent to 65" = 0, and therefore, we call L' an equivalent
Lagrangian of L.
[EOP]
. Hamiltonian equation:
oL
b= aj}l’
H=> pi;— L,
1
Hence
(a)
om_ oL _
om0y
i.e., H(x(t),p(t),t) is ;—independent.

) 0OH OH OH

dH = —d —d —dt

Zl:(axl o pl)+ ot
also,
oL oL
dH = ( dp — 224 >—dt,
; Tiapy o1, x ot

so one yields

oH oL OH OH 0L

T

“on Tom ow o ot
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Using Euler-Lagrangian equations and the definition of p;, i.e.,
oL d ( oL ) d

871‘1 = % 8701 = %pl’
one has
. OH ) OH OH oL
xl:aT?f pl:_%v ot oL
Further, it can be proved that
dH oOH

. 8H dxl 8H dpl
dt ot +Zl:<(9xl T dt)

OH OHOH OHOH
- % * 2 (5adn ~ mom)
ot 7 a.l'l 8pl 8]?[ 8$l
_ OH
ot
So if H is not explicitly dependent on time, i.e., il 0, then it is a constant of
: . dH
motion, i.e., — = 0.
dt
Poisson brackets:
For a variable F(x;,p;,t),
dt n 815 I 8?[51 : 8plpl
OF OF OH OF OH
- o+ 2 (Gnon ~ amom)
ot 7 8.1'1 3pl 8pl axl
OF
- E + {F, H}

Example:

The following gives an example of N— charged particles moving in an electromag-
netic field. (Only Coulomb potential is taken into account)

The particles: 7, ;(t) (i = 1,2,---,3N), a denotes the o™ particle.

e Newton-Lorentz equation:

-, 9 ...
mara,i<t> = _QaWU(Taa t)

e Lagrangian:

L(Fas ) = 3 K”;%{(t) _ an(Fa,t))].

«

So Euler-Lagrangian equations give
oL 0
Oini 107,

U(7y,t)

- maFa,i(t) = _qanO?oé, t).
d aL . (77"0“

—

dtor,,

mara,i
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e Hamiltonian:
oL

OTa.i

— o
Pai = MaTai,

My -
H:Z[2fi+qa (7t } Z[ b aaU (1),
So Hamiltonian equations give

8H (9 8H ﬁai
- an _)Ont ) = - 7 )
87?0[,1' q 87’0[71' (T ) apa,i L
pN ﬁai 5 a —

= a,i — 777 i — Qo755 U a,t . 51
P =T = —ase Ut (5.1)

ot

5.2 Classical electromagnetic field theory (free field
theory)

1. Definitions

(a) Coordinates: ®;(r,t), (i=1,2,---)

(b) Velocities: ®;(7,t) = gtq) (ryt), (i=1,2,--+)
oL
M t: i_’7t = =, :1,2,'
(¢c) Momenta: m;(7,t) 9%, ( )
(d) Action:
S[e;] = /dtL(@i,ci’z‘ﬁjq)ut) (j==,9,2)

/dt/d?)FE(@i,(i)i,aj(I)i,t).
(e) Lagrangian density: E(q)i,ci)i,aj@i,t).
(f) Lagrangian: L(®;, ®;, 0;®;,t) = /d?’f’ﬁ.

(g) Hamiltonian density: H(m;, ®;,0;®;,t) = mebl — L(P;, ®;, 0;9;,t).
(h) Hamiltonian: H = /d3f7'(.

2. Principle of least action and Euler-Lagrangian equations

(a) Principle of least action:
05[®;] = 0.
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(b) Euler-Lagrangian equations:

5S[®;] = /dt/dS*Z( 5c1>+ 5<1> +Z aq%.))

85 0 OC 8£
_ /dt/drg:(a@i 555 ;aja(aﬂ%))acw,t)
0.

Therefore

0 oL

GOL _ %y O

otod, 09 7 0(0,;9;)
To be more compact, using Einstein convention, one has

oLr oL
50, ~ Y 500,5,) (¢=0,1,2,3)

(c¢) Equivalent Lagrangian:
d
L—1L= L_’_%f(q)iﬂ?at)

does not change the state of motion.

(d) Hamiltonian equations:
. oL
(7 t) = —.
0D,

H(ﬂ'i, (I)i, 8]<I>Z) = ZWZ(I)@ — E(q)z, (i)i, 8J<I)l)

OH OH
dH = dt+z< dr, + -, +aaq)daq>)
oL oL . oL
= b, dm; AD; — —d®; — ——dD; — d,
Z( b — G — b — o, >
. oL oL
> (cbidm- ~ 5599~ 5540 @)
So one has
Cb'_aH oL _OH on 0L
e 87’(’1‘7 0@1 B 8(1)2’ 8@@1 N 883(1)1
Using Euler-Lagrangian equations,
oL 0 oL oL
00, ata@+gaja<ajq>i)
0 OH
= —m—> 0=,
ot ; 70(0;®;)
one has

0 OH OH

—T; — 8 = .
ot Ej: T9(0;®;) 0D,




62 CHAPTER 5. CLASSICAL ELECTROMAGNETIC FIELD THEORY

(e) Examples —1:

Consider an electromagnetic field in vacuum:

1 —, —,
o= [ @A + B,
8T

1 -, —
L= [ 7| B - B2,
8T

1 —, —,
L—— [E?(f, 1 — B(F t)],
8
H = [E (7.t) + B (r,t)],
8

—

1 .
S:/dt/d‘g”[EQ ") — B2 jt}
o rIES(t) (7,t)
To proceed, using scalar and vector potential

Fevu-'2%1 F_ovxAi
c Ot

So,
L(U,U,8;U; Ay, Ay, 0,A;) = 817r [(ikﬂ VU)2 ~ (Vv x /T)Q].

Now, we evaluate L, firstly,

(VxA) (VxA) = ejudAcumdiAm
= (030km — Om0nt) 05 Ak A,
- 8]Ak8]Ak - @Ak@kAj

= Y (040 - (X aa)”

0]

Hence
LU, O.U; A, Ai, 0 A) = — [1A2+2A-6-U+ @]
9 ] I T 1y YJE M - 871' - C2 7 c 1Y )
1 9 2
~ &r[%(aj/xi) —(zijaiAi) ]

Now, evaluate Euler-Lagrangian equations,
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(a) Set ®; = U, then from Euler-Lagrangian equation, one has

0oL _ oL

oror ~ " au
oL
; = A;+2
zjja]a(ajw Za( + 8U)
— sz:aj(CA]nL@]U)
1
= —*ZajEj
Hence, one has .
V-E=0.
(b) Set ®; = A;, then
0 oL 1972, 2
Jion = srarladt 200)
11
B 47rc< A +8U>
_ 1y
 dme "
oL
0A; 0
oL 2 S
0, 2 [a»aAi—(sﬁ-a-v-A}
; JE)(@AZ) 871'; I I

Therefore, from Euler-Lagrangian equations, i.e.,

8 oL
IMtod, 00, ;@a(aj@i)’

one has



64

CHAPTER 5. CLASSICAL ELECTROMAGNETIC FIELD THEORY

le.,
~  10E
B=—-—.
VX c Ot
(¢) V x Eand V- B equations can be directly derived by writing the potentials,
ie.,
S 104
E = — _ 7
V x Vx(-vU ; at)
10
= ——— A
c@tv %
_ 198
e ot
V-B=V-VxA=0.
(d) m;:
Set &, = U, then
9L _
7 aU Y
Set &, = A;, then
oL
T, = 0
0A;
172 . 2
— |2 A+ %0,
871'[62 + c JU}
1
4me
So
_ Z_LEA -
N —  dmc e
_ ¥ 1(1,21- n a.U)A» 1y [1/12 EyEY (8-U)2]
—i47rcczl 187Ti02icll !

817r [%: (0;4;)° - (;aiAiﬂ
_ ;;T[;A?_(@Uﬂ+817T{;(ain)2_(zi:aiAi)2]
_ i(EMEQ),

8T

(e) Example-2:
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2
(V2 - ;gﬁ)U(ﬁ t) = 0.

. 1 ,0U\2 1.
£(U,U,6jU):C—2(E) —(VU)? = EUQ—(ZajU)Q.
J

quZU,
oL

ar ~ Y
oc_ 2,
ou 2’

oL
= —20.U.
2(0,0) U

Therefore

—Y"20;0,U = —2V*U.
J

Since
oo _ 2,
otou &’
from Euler-Lagrangian equations, i.e.,

0oL oL oL

2= =N ). 7
otor  oU 2]: 79(0,U)

one yields
2 02
22U =9Vv2
2 8t2U VU,
So that | 5
2 AR
(v*- g@)U(r,t) = 0.

9 .
_oL 2y

CoU &2

Further,

Uy

H = Zﬂ'lq)z—ﬁ

9 . 1. )
- C2U2—[02U2—(VU)
1 ,0U\2 9

c2

_ 1 2 n2
L= (-5
= Iy Zia s o] -
- A2+ ZADU + U] -

8 W[Z(ain)Q - (;31'14@)2],

i .3
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oL

e :7.20,:}71' UZO
U i U
oL 12 . 2
== —|=A,+-0,U|.
A 0A; 87T{C2 l+caZU}
. 1 2 .5 2
So
H = Z?TZCI%—E
1 2 ., 2 1 2 2
) [CQAZ. —(aiU)F&J%(ain) —(;@Ai”
1 2 1 112
1 = 1
— 7E2 782
8 + 8
Also
Lo—t p,pe (5.2)
T 16r @
[Proof]
L = 3o
L = —[E*— B (5.3)
8
1
= _—|[E.E* - B.B*
EF=F% E,=FE=F%=_—Fy (5.4)
So
E EF = —FyF% (5.5)
1
= ——(FouF% 4 FoF™)
| ki 1 "
B = 56 E], Bk = §€ki’]’F (5 6)
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So
1
B,BF = G LIy 9 Akl (5.7)
1
= 1((53,5? - OV F FTT
1 ij ji
= g Lu(F = 1)
1 g
— iFZ‘jFZ‘j7
So
L = 1{—1[F F% + F F’f”]—lF--FU} (5.8)
S 9 0k kO 9 i .
1 k0 ij
= _F{FOI{:F + FroF ‘|’EjF}
1
— —7FbFab
167

5.3 Lagrangian and Hamiltonian of free classical elec-
tromagnetic field

The Lagrangian density of the free electromagnetic field is:
1

- cd
Eem - 16 chF
= —F(a Ay — 04A)(0° AT — 97 A°)
— 16 — (0. Aq0° A% + 04A0A° — 0, A0 A¢ — 03A4.0°A%)

- —g(acAdaCAd — 0,A40°A°),

where
0. Aq0°A? = 9yA40° A + 0, A0% AY
= (0gAg0°A° + 0y AL AF) + (0, Ag0" A° + BkA»(?kAi)
3 3
_ le(AO)Q - ;’; (AW] ap (D ATY? k; (9 A")2
and

0. A40"A¢ = 0yA,0%A° + 9, A0 AF
= (0yAg0° A° + 0y AL 0" A°) + (E)kAoﬁoAk + akA-aiAk)
1 3

_ [é(AO)Q ; ZAkakAO]

k=1

Z Ak, A° + Z L A'D; AF

i,k=1

= Loy ZA’“akAO L3 A0A"

2
¢ i,k=1



68 CHAPTER 5. CLASSICAL ELECTROMAGNETIC FIELD THEORY

So
1 [1 10\2 13 & i > 02
Low = _87 g(A) _CEZ Z akA Z(ékA)
L k=1 i,k=1 k=1
o —1(A0)2+2 3 Ak A° 4 i DR A0 A
o | o - k k ()
8 _CQ € k=1 ik=1
1|13 . 2 3. . 3 3 . .
= o0 AP AGA 3 (A + Y [%A0AF — (0:A)]
T k=1 € =1 k=1 ik=1
- L (—VAO - 1,I>2 —(V x A)?
- 87 c
_ 1 [Ez B gz}
- 8r ’

where we have used the fact that
(V X 14))2 = 6z‘jkajAk8ij/k/aj/Ak/
= (670F — o] 6% )00 Ak Ay
— (93Ak(8jAk - 8kAJ)
3
- ¥ [(akAl')2 — akAia@-Ak]
k—

i,k=1

Then, the Lagrangian density of the free electromagnetic field is

1

Lom = S—W[EZ—B?]
_ _L cd
B 167rFCdF
3 3
— { Z (AM?2 + = ZAka AO+Z AN+ Y [akAia,-Ak—(akAiﬂ}.
k=1 k=1 k=1 i,k=1

Now, evaluate the Hamiltonian density of the free electromagnetic field. First of all, the
canonical momentum is

acem
0Aa

g =

So,
OLem

Ty = - =0

0A°

So, the Hamiltonian density is

Hem = ’/TaAa - ‘Cem
= WkAk - ,Cem



5.3. LAGRANGIAN AND HAMILTONIAN OF FREE CLASSICAL ELECTROMAGNETIC FIELD6¢

1 71. .
= Ao - L,
4re L
1 1= " 1 i
= — |E*+B?|+ —VA". E
8 [ + } + 47Tv
1 1= " 1 "
= — |E*+ B? — - F.
8 [ + } + 47Tv¢

Hence, the Hamiltonian of the free electromagnetic field is:
Hem = /deHem
— /d?’f{l B2+ 3] + 1v¢.ﬁ}
8T 4
1 _, S
- E2 BZ dS—'
= [ (B + B,
where we have used Gaussian theorem, i.e., V - E= 0, and the fact that

/d3fv¢-ﬁ - /d3f[v-(¢ﬁ)—¢v-ﬁ]

So, we may also rewrite the Hamiltonian density as

How = — [B24+ 5.

8



Appendix A

Appendix

A.1 Some identities, theorems, and equations related
to Fourier transform

1. Parseval identity:

+oo +oo o~ o~ >
/ BFF(7)G(7) = / SR (R)C(E) (A.1)
[Proof]
Since . .
“(F) = : PEF* (k) exp(—ik - 7),
)= Gz | PEF B exp(=ik -7
1 e o
r) = - EKG(E) exp(ik - 7),
1) = ot |, CRCE el 1)
therefore
+00 1 - -~ - o
/ EFF(PG(F) = B / BREFE*(R)GR) exp[—i(k — k) - Ad*F
—00 T —00
_L 37 1370 Tk (TN (1! 3¢/ T
= G [W EREFE(R)G(R)(2r)5(k — k)
foo . L L o =
— / F*(R)G(R)dF,

where we have used the identity
+00 - -
| explilk = B) - fd7 = 2m)6(F — B,

and .
JRGHGIEEF O]
[EOP]
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2. Convolution theorem:

[Proof]
Let . . 1 N
(27) Lm PG —) = 2m)} [m PRV (k) exp(ik - 7),
V(F) = (2r)2 F(R)G(F)
Since |
7_1’_ 3 FEGXZ‘EWCF’E,
)= Gz | B elE -7
A N 1 ~_‘/eXZ, 7 37
G(T—T)—(%)g/G(k) plik’ - ( )Pk,
therefore

-

G(K) exp[—i(K — k) - 7] exp(ik’ - 7)d*F PP kd*K'

?T‘l

Lhs. = g /
2

= ) G(KY(2r)*8(K — k) exp(ik' - P)dPkd* K’

_ (271)2 / FRG(R) exp(ik - R
= r.hs.
So . »
o [erEcr-i) T FERGHE)
[EOP]

3. Some important relations of Fourier transform:

(a)
1 Fl 11

Ay (277)% k2

[Proof]
On the one hand,

f{471rr} h (27?1)3 /:047lrr
),

1 +oo 27
(27)3/2 / / limit [47r Vi +a? exp(—ikr cos 0)r? sin 0 | dpdfdr

exp(—ik - 7)d*F
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where K;
hand,

[EOP]

[Proof]
Since

APPENDIX A. APPENDIX

+oo

— —; 2
= ( 3/2 lzrgot / / 2\/mexp( ikr cos 0)r=d cos Odr
1 Limit oo rsinkr }
 k(2m)3/2 a0’ | Jo Vr? +a?

1
— (27r)3/2khmlt [\/_sgn( )Kl(k;sgn(k)\/@)}

1 1

(2m)3/2 k2’

(ksgn (k) \/a_2> is the second distortion Bessel function. On the other

1 1 1 +o0 1 1 RN
} = (2n)e /_oo @y gz Pk Tk
1 +o0 21
- & / / / exp(ikr cos 0) sin Odpddk
7T

_2 +o00
= T / / exp(tkr cos 0)d cos Odk

1 47r +oo sin kr
B 7"(27T)3/ P
 ldn o7
T or(2n)2
1
=

T Fi 1 —ik
drr® 2m)32 k2
vio T v

so the Fourier transform of — is that of V . Also, since

SO

[EOP]

r3 r

1 Fl 1 1

Amr (zﬂ)% k2
7 1 gl 1 1 - 1 —ik
3 - = 3 72<_ ) 92
drr 4rr (27]')2 k (271') k
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()

o(r — _»a ‘L_i %e —ZE 7_’:1
(7 = Ta) PRE p( )
[Proof]
I — T = L o 7 —7,) exp|—ik - 737
FIOF—7)) = (%)g/_w §(7 — 7,) exp|—ik - 7|d
1 —
= = exp(—tk - 7).
@)} p( )
[EOP]

4. For a transverse field F(7) and a longitudinal field G(7), one has
[ EFFG) - G =0,

[Proof]
From Parseval identity, we have

/ PRE(7) - G(7) = / ERER) - G,

in which oL
k- F(k) =0,
and oL
kxG(k)=0
So . . B
F(k) = (I — k%) - Fiorar(k),
G(k) = KTk - Gopar (K)]
Then,
F(R)-GF) = |(1=F0m Ftom,(/aH FORO . Chpet (F)
= Ftotal(lg) : E EO : étotal(E> kok : ﬁtotal(g) k"k Gtotal(E)
Ftotal(lz) Gtotal(lg) - Ftotal(k) G~(total(k;)
— O,
/d?’kﬁ(/%) G(E) =0,
therefore

[EOP]
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A.2 Preliminaries of tensor and vector analysis and
some important formulae
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