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Abstract—Current brain–computer interface (BCI) systems
suffer from high complex feature selectors in comparison to simple
classifiers. Meanwhile, neurophysiological and experimental in-
formation are hard to be included in these two separate phases.
In this paper, based on the hierarchical observation model, we
proposed an empirical Bayesian linear discriminant analysis
(BLDA), in which the neurophysiological and experimental priors
are considered simultaneously; the feature selection, weighted dif-
ferently, and classification are performed jointly, thus it provides
a novel systematic algorithm framework which can utilize priors
related to feature and trial in the classifier design in a BCI. BLDA
was comparatively evaluated by two simulations of a two-class and
a four-class problem, and then it was applied to two real four-class
motor imagery BCI datasets. The results confirmed that BLDA is
superior in accuracy and robustness to LDA, regularized LDA,
and SVM.

Index Terms—Bayesian framework, brain–computer interface
(BCI), linear discriminant analysis (LDA), restricted maximum
likelihood.

I. INTRODUCTION

A BRAIN–COMPUTER interface (BCI) based on elec-
troencephalographic (EEG) measurements is a system

for communication and control with thoughts. With advances in
this field, researchers have begun to consider more seriously the
limitations of this technology and how these limitations may
be overcome. One of the most difficult problems in BCI devel-
opment is the restricted data throughput that can be achieved
[1]. The information transfer rate needs to be improved, and a
balance between accuracy and speed must be maintained. One
way to partly overcome this problem is to consider the use of
multiclass tasks, and some groups have discussed a five-class
interface [2], [3]. Although the addition of classes has the
potential to increase speed, the level of difficulty in accurately
recognizing multiple classes can counterbalance this gain [4].
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Here, we introduce another way to tackle this problem: com-
bining various priors obtained previously. In fact, many neuro-
physiological priors have been included implicitly in BCI. For
example, in a motor imagery BCI, the neurophysiological infor-
mation about Mu and Beta rhythms has been utilized for chan-
nels and filter band selections [5]. The experimental information
such as the artifact, found by visual inspection, was considered
crucial, and the classification accuracy was improved after arti-
fact rejection [6]. In this paper, based on the fact that linear dis-
criminant analysis (LDA) [7], [8] is one of the most well-known
and popular approaches as shown by its high frequency in the
reports at the 2003 and 2005 BCI competitions [9], [10], we in-
troduce a Bayesian form of LDA (BLDA). In BLDA, the neuro-
physiological and experimental priors are employed explicitly
by modeling the trial-level covariance and the weight vector co-
variance of LDA explicitly as linearly separable components,
and the relative contribution of each component is controlled by
the hyperparameters estimated using restricted maximum like-
lihood (ReML) [11].

To evaluate BLDA, two simulations separately for a two-class
and a four-class problem were conducted, and then two real
four-class datasets collected in motor imagery BCI experiments
were investigated. In general, for a multiclass problem, there are
some different methods to realize the classification [4]. Here,
we take the strategy to divide the problem into a series of “one-
versus-one” problems and decide the class by a majority voting
[12]. In these tests, as aimed at developing BLDA for motor im-
agery BCI, two covariance components were considered here,
one contains the neurophysiological information embodied in
common spatial patterns (CSP), and the other models the ex-
perimental information about the artifacts. To the best of our
knowledge, such an empirical Bayesian framework to explicitly
employ priors is a primary effort in BCI.

This paper is divided into five sections. In Section II, the real
datasets used in this work are described and the feature extrac-
tion method is summarized. In Section III, the BLDA framework
is described. Section IV presents the results of both simulations
and real data tests. Finally, in Section V, discussion is presented.

II. DATASET AND FEATURE EXTRACTION

A. Real Data Description

Two datasets were used in this study: dataset 1 was from our
own experiments, and dataset 2 was obtained from the BCI com-
petition 2005 dataset IIIa. In dataset 1, we recorded EEG sig-
nals from three healthy, male, right-handed participants (Y1,
P2, H3), with ages between 22 and 26, during a session with
no feedback. The task consisted of performing motor imagery
of the left hand, right hand, right foot, or tongue in response to
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Fig. 1. The � -values of the averaged spectra and amplitude envelope for the
multi motor imagery tasks (red: left hand, green: right hand, blue: right foot,
black: tongue) of a subject (Y1). The averaged spectra are displayed in (a). The
mean � -value of all the six binary class combination conditions is color-coded
and the frequency band (8–25 Hz) that has been chosen is shaded gray. The
average amplitude envelope of that frequency band is shown in (b), with 0 being
the time point of stimulus presentation.

a cue. The order of the cues was random. The experiments con-
sisted of nine runs and each run contained 40 trials over about
9 min. Within a trial, the first 2 s were blank. At s an
acoustic stimulus indicated the beginning of the trial, and a fix-
ation cross was displayed that remained on until the end of the
trial. From s an arrow to the left, right, up, or down was
displayed for 1s and at the same time the subject was asked to
imagine a left hand, right hand, right foot, or tongue movement,
respectively, until the fixation cross disappeared at s.

For the three participants, 360 trials of 7 s EEG signals were
collected. The recording was made with the Net Amps 200 sys-
tems with a 129-channel electrode cap (Electrical Geodesics In-
corporated), two channels for EOG, and the other 127 for EEG;
The Cz channel was used as a reference. The sample rate was
250 Hz and filtered from 1 to 50 Hz.

The experimental design for dataset 2 was similar to that of
dataset 1, where the details can be found in a paper [13]. Sixty
channels of event related potentials were recorded from three
subjects (K1, K6, L1). The total number of trials was 360 for one
subject (K1) and 240 for the other two subjects (K6 and L1). The
recording was made with an amplifier from Neuroscan, using
the left mastoid as reference and the right mastoid as ground.
The data were sampled at 250 Hz and filtered from 1 to 50 Hz.

In offline analysis, datasets 1 and 2 were down-sampled to
100 Hz, and re-referenced to common average reference [14].
The epochs were split into a training set (180 trials) which were
labeled 1, 2, 3, and 4 for left hand, right hand, right foot, and
tongue movement, respectively, and an unlabeled test set (180
trials). For K6 and L1 in dataset 2, test and training sets con-
tain 120 trials. Trials were visually inspected for artifacts and
labeled.

B. Subject-Specific Feature Extraction

We utilized all of the 127 channels in dataset 1 and 60 chan-
nels in dataset 2. With subject Y1 in dataset 1 as example shown
in Fig. 1, the selections of the filter band and time interval were
done semi-automatically based on the class-wise averaged

Fig. 2. Scap CSP maps of subject Y1. From the left to the right are the six pairs:
��� ��� �����������������������������; from the top to the bottom are the
four filters for each of the six pairs. Scalp maps with blue border are neurophys-
iologically implausible pattern, subjectively determined by visualization.

plots of the spectra [Fig. 1(a)], and the event-related desynchro-
nization/synchronization (ERD/ERS) curves [Fig. 1(b)]. The
respective -values are defined as

(1)

where and are the features of class “a” and
“b,” respectively, and and are the numbers of
samples. The mean -value over the six binary pairs,

and , was used to
select the best discriminable parameters. As illustrated by
Fig. 1, we found that the 8–25 Hz band for filter and the time
interval between 0.5–5.0 s after cue display were good choices
for most of the subjects.

The Common Spatial Patterns (CSP) method [15] was em-
ployed for the spatial information of the EEG data. According to
the one-versus-one method [12], the CSP filters for each pair of
each subject were generated. Here for fairly comparing the var-
ious methods, we consistently took the first and last two rows of
the whole CSP filters in each case, therefore, totally 24 spatial
features were obtained (6 pairs 4 filters) as the initial choice
for each subject (Fig. 2).

As a meaningful CSP should be the projection of some spe-
cific underneath sources to the scalp, the pattern can also be uti-
lized to decide whether a CSP filter has strong neurophysiolog-
ical meaning or not, for example, for data of a motor imagery
task, the scalp map should exhibit typical somatotopic pericen-
tral foci, however, in Fig. 2, the scalp maps with blue border
are of too localized patterns with either a multipolar structure
or the focus being located in the outmost region of the electrode
configuration, thus they are deemed as neurophysiologically im-
plausible patterns in our opinion. In general, CSP selection is
needed for each subject so as to discard the neurophysiologi-
cally implausible patterns from further processing [16]. In this
work, we hope to develop a unified framework to wisely deal
with the plausible and implausible neurophysiological and ex-
perimental priors, thus we kept all the 24 CSP filters initially,
and let ReML to decide the relative weights of the assumed neu-
rophysiological implausible patterns.
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III. EMPIRICAL BAYESIAN LDA

A. Probabilistic form of LDA

Consider a two-class problem, for example for a classifier to
separate A versus B, we assume that the class labels for trials in
set A and set B will be and , respectively. Here
and denote the number of trials in sets A and B, respectively.

denotes the number of trials in the training set.
After setting the labels, the algorithm presented in this section

learns from the training data a function , which lin-
early maps feature vectors to class labels, where .
The training data consists of a set of feature vectors
and class labels ; here indicates the
number of features, the size of the feature vector. Class labels
indicate to which the feature vector of a brain activity corre-
sponds.

It is assumed that each class label can be expressed as a
weighted sum of the features and noise

(2)

where is assumed being from independent and identically dis-
tributed (IID) samples of a zero mean, Gaussian noise process.
For a dataset and the assumption of Gaussian noise, we
have

(3)

where is the matrix resulting from the horizontal stacking
of all the feature vectors, and is the column-vector resulting
from the concatenation of all class labels. The joint likelihood
for the covariance and the weight vector is

(4)

In the following, we will refer to as the “trial-level” co-
variance.

On the “feature level,” the weight vector is assumed to be
a Gaussian variable with zero mean (shrinkage priors) and a
covariance , then we have

(5)

and

(6)

We will refer to as the “feature-level” covariance.
Given the joint likelihood (4), and the prior assumption (6),

we have the posterior

(7)

Since both the prior and likelihood are Gaussian, the posterior
is also Gaussian

(8)

and its parameters can be derived from the parameters of the
likelihood and prior, i.e.,

, and the maximum a posteriori (MAP) estimate of is
.

With the posterior, the probability of the class label for a fea-
ture vector in the test set is

(9)
Since both terms in the integrand are Gaussian, we have

(10)

and its parameters are and
which is the variance estimate of the feature vector , and
is the trace of matrix . Furthermore, (10) allows us to calcu-
late the probability that a feature vector belong to class “A”

; a similar reasoning may be used for class “B” that
)

(11)
The output probability, given by (11), can be utilized in at

least two different ways in a BCI. First, EEG segments clas-
sified with low reliability can be identified and excluded from
further processing. Second, a probabilistic output can be used
for a continuous control, such as the 1-D cursor control [17].

B. LDA and Regularized LDA

In practice, if trials and features are assumed being from IID,
we may have and in (7) and (8), where

is a identity matrix, then the MAP estimate of is

(12)

where or with is
the covariance matrix inverse . Equation (12) is actually the
regularized LDA [18], and it is termed as hereafter.

If setting to zero, the MAP estimate of will reduce to the
simplest LDA, or say the Least Squares Regression [7]

(13)

C. Covariance Components (CC)

For experimental data, IID may be inaccurate. For example,
there may have some artifact trials, the covariance prior in (3)
should encode such information for reducing the effect of arti-
fact trials later. Suppose the th trial being contaminated by ar-
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tifact, then the precision matrix , the inverse of covariance,
may be set as

(14)

If is positive, the penalty to the artifact trial would be infi-
nite and the conditional estimate (8) would be immune from this
artifact. This processing is identical to a rejection of the artifact
trial [6], and this fact indicates that various new functions could
be realized by a proper design of the covariance matrix. In fact,
we could generalize this approach to include a whole series of
priors by letting

(15)

Similarly, the covariance of the weight vector could be mod-
eled via a set of a priori defined covariance

. Apparently, the contributions of and
can be controlled by the hyperparameters and . By de-
creasing the variance at a special element of the weight vector,
the contribution of the corresponding feature will tend to zero.
In some instances, the priors can be so precise that they pre-
clude the solution from spanning. In the following, we take

to denote all the hyperparame-
ters in both trial and feature levels, or
for simplicity.

D. Hierarchical Observation Model

With the above groundwork, the probabilistic form of LDA,
(3) and (5), and the decomposition formula of the covariance,
(15), can be written in a compact framework of a two-level hi-
erarchical observation model

(16)

where both and follow Gaussian distribution with zero
means as noted in (3) and (5), and the corresponding covariance
matrices and can be modeled as a linear combination of
covariance components (CCs), respectively

(17)

Using the following “restricted maximum likelihood”
(ReML) algorithm, the hyperparameters can be estimated
jointly [19], then with identified and can be calculated
easily with (8).

In the “feature level,” the unknown parameters are assumed
to be Gaussian variables with zero mean (shrinkage priors), as
noted in (5), but by increasing some variance components of ,
the corresponding features can have chance to play more im-
portant role. Indeed, a feature with a larger variance is less con-
strained, thus it is more likely to be different from zero. With
the assumed covariance component structure of in (17), a
variety of feature constraints can be considered simultaneously

and, more importantly, the relative weight of each constraint
may be determined by ReML and the data. This characteristic
is particularly useful when divergent priors are used simultane-
ously.

For the BCI problem concerned here, based on (17), we may
choose CSP by ReML and the data. In fact, it has been a long-
term problem to select the CSP filters. The scalp maps of CSPs
in Fig. 2 illustrate how the presumed sources project to the scalp,
where their neurophysiological rationalities are usually identi-
fied by visualization so as to decide which CSP filters are to be
used and which are to be dropped [16], [20]. Apparently, such
a CSP filter selection may be false especially for beginner who
is lack of experience. In addition, other priors, which might be
obtained manually from neurophysiological knowledge or past
experience or an approximate measure of the classifiability of
the resulting features (such as -value), are also hard to be
included in a current BCI algorithm. In contrast, in the above
BLDA framework, using (17), various priors including CSPs
can be easily integrated together, and the relative contribution
of each component is determined by data and ReML, and the
procedure is same for both beginners and experienced.

Similarly, (17) also allows a better approximation of the
“trial-level” covariance matrix . For example, independent
and uniform noise over the trials can be represented by defining

with an identity matrix, and if we know a subset of trials
picked up more noise than the others did, it can be modeled
separately in in a form like (14). Also, the different noise
CCs are balanced through the hyperparameters determined
by data and ReML.

In summary, both the feature and trial level covariance are as-
sumed as a linear combination of various priors, and the actual
contribution of each prior is then determined by the following
ReML algorithm which favors some priors by increasing their
hyperparameters and ignores the others by rendering their hy-
perparameters very small according to the actual data.

E. Restricted Maximum Likelihood Solution

To ensure non-negativity for the hyperparameters, we used a
log-transform and imposed a Gaussian hyperprior
on

(18)

where and are prior expectation and variance of . As a
result, the system of (16), (3), (5) and (17) can be solved by
minimizing the ReML objective function

(19)

where const denotes constant, and is
the conditional covariance of the hyperparameters (see [19], for
details). is the log-probability, , of the data given
the hyperparameters. The solution is iteratively realized. Given
data with estimated feature , and the assumed covariance
structure in (17), an algorithm may iteratively find the best
and . i.e., for a temporal and , we have a temporal and

, and a MAP estimate of by (8) and a value of , then
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by such as a gradient descent method, we may get another
and for a smaller [19]. In this work, the initiate values for
iteration are and with , a relatively
small value for ’s expectation, and a relatively large value
for their variance, thus we employed “sparse” hyperpriors on .
The use of sparse hyperpriors encourages the hyperparameters
of redundant CCs to be switched off since when

[19]. Therefore, ReML can be used to implement automatic
model selection as the optimal model will comprise only those
CCs with non-negligible hyperparameters.

IV. RESULTS

In this section, BLDA was first evaluated by a simulation of a
two-class problem to look at the efficiency in the estimate of the
weight vector and the computation cost. Then it was evaluated
by a four-class problem to check the effect of invalid feature and
artifact trial. Finally, BLDA was applied to datasets 1 and 2. For
all the three parts, the results are given comparatively with all
or part of LDA, regularized LDA, Mahalanobis distance (MD),
and support vector machine (SVM) as contrasts.

A. Simulation Test 1: Two-Class Problem

In this simulation, a two-class eight-feature problem is con-
sidered. We assume that the feature vectors of all the two classes
are normally distributed with the same covariance matrix

, but the mean vectors are
and

, respectively, where is a diagonal ma-
trix with vector on the main diagonal. Based on the assumed
covariance and mean values, 60 trials with 30 trials per class
are generated by a random number generator, and 10 trials are
randomly selected as artifact trials, and then different Gaussian
noise with variance are added to these trails. T is assigned
three values: 0, 1, and 25, corresponding to no, weak and strong
artifact. The weight vector [7] is set to:

, which we adopted to deliver
the information that the class separability of features 1 to 4 is
higher than 5 and 6, and features 7 and 8 are noise. The corre-
sponding class-label is generated with (2) under the noise-free
condition: , B. Hence, 2 for class A, and
for B. We repeat the data generation process 100 times, and
then statistic results are obtained. In this way, we generate a
dataset with correct class-label but the feature vectors are noisy.
We are going to see if the method can correctly recover the
weight vector . The efficiency is measured by the relative error

.
1) LDA and rLDA: The rLDA and LDA are calculated with

(12) and (13), respectively. The value of the regularization pa-
rameter of rLDA is estimated by minimizing the leave-one-out
cross-validation error [21]. The ar LDA and ar rLDA are arti-
fact-rejection versions of LDA and rLDA where artifact con-
taminated trials are rejected.

Fig. 3 shows the mean REs over the 100 runs. Fig. 3(a) shows
that the rLDA (or its artifact-rejection version), which intro-
duces a regularization parameter that can compromise classi-
fication errors on the training set, gives better results than LDA
(or its artifact-rejection version) regardless of artifact or arti-
fact-free conditions.

Fig. 3. Statistic results of simulation. The red, green and blue bars correspond
to free, weak and strong artifact conditions. (a) Mean relative error over the 100
runs. BLDA achieved the lowest error compared with LDA, rLDA, ar LDA and
ar rLDA, regardless of free, weak or strong artifact conditions. (b) CPU time
consumption (milliseconds). LDA: Linear discriminant analysis. rLDA: Regu-
larized LDA. ar LDA: Artifact-rejection versions of LDA. ar rLDA: Artifact-re-
jection versions of rLDA. BLDA: Bayesian linear discriminant analysis.

Under the artifact condition, the artifact-rejection, with ex-
clusion of outliers and abnormal samples, improves the perfor-
mance of the classifier tremendously, especially for the strong
artifact condition. After rejecting trials contaminated by noise,
RE of LDA declines from 0.6987 to 0.2768; for rLDA, from
0.6902 to 0.2616 [see blue bar in Fig. 3(a)]. Even under the weak
artifact condition, a small improvement is also achieved. How-
ever, the artifact-rejection may also cause a negative impact on
the classification when artifacts are overvalued, as illustrated by
Fig. 3(a) (red bar), which shows that the relative error was in-
creased after the artifact-rejection. The reason may be due to
that the number of training data itself is small, any exclusion of
trials actually reduce the training set size further, and impact the
training effectiveness of the classifier.

2) BLDA: For BLDA, a very important step is to de-
termine the structure of the covariance. In this simula-
tion, we assume that the “trial-level” covariance matrix is

, with , the assumption of
IID trial noise, and a leading diagonal matrix with the
th diagonal element being 1 if the th trial is contaminated by

artifact, and zeros for others.
We assume that the “feature-level” covariance matrix is

, where , the assumption
of IID feature noise, and are used to include prior
information of features, such as the class separability in view
of in this simulation. According to the assumed in
above, we set them manually as ,
and .

Apparently, according to Fig. 3(a), BLDA is the best when
compared with LDA, rLDA and their artifact-rejection versions,
under all conditions. To see the detailed reason, we checked the
hyperparameter of BLDA, the means of were 0.0834,
0.6968, and 441.6093 for free, weak, and strong artifact con-
ditions, respectively. These results indicated that for trials con-
taminated by strong artifact, BLDA will increases the covari-
ance of those trials, and the corresponding penalty is very large,
such that the resulting classifier favors the rest of the trials.
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3) Time Consumption: Fig. 3(b) shows the CPU time con-
sumption of LDA, rLDA, and their artifact-rejection versions.
Apparently, LDA and ar LDA are very efficient (about 0.1 ms)
as their main consumption is the matrix inverse. In contrast,
rLDA and ar rLDA consume much more time (about 100 mil-
liseconds) because of the estimation of the regularization pa-
rameter by cross validation, thus the reduced relative error in
Fig. 3(a) is gained at the expense of more computational re-
source. As a low computational requirement is crucial for a real
BCI system, the computational efficiency is quite possibly the
reason that rLDA is much less used than LDA in BCI. BLDA
adopts ReML to estimate hyperparameters. We should empha-
size that ReML computation is not time-consuming, since the
main calculations are the matrices inversion, dimension size

( : the number of trials in the training set), and the iteration
optimization which usually converge in less than five iterations.
As the feature dimension is not explicitly involved in the main
calculation, the increasing of feature dimension also has no es-
sential effect on the time consumption. In these experiments, all
the computations were performed on a 2.53 GHz Intel Core 2
Duo CPU machine, with 3.50 GB memory. The Matlab codes
are available online.

4) Methods versus Artifacts: Looking back at the procedures
of various LDA and BLDA, it is clear that, for LDA, we must
explicitly reject the artifacts if we think they are truly there,
while for BLDA, we only need to index the assumed artifact’s
positions, because BLDA may automatically suppress the arti-
facts through the hyperparameters estimated by ReML. These
facts mean that BLDA is much more flexible, it may seek a
proper compromise to utilize the meaningful part and suppress
the noisy information to reach a better result.

B. Simulation Test 2: Four-Class Problem

In this simulation, we compared LDA, rLDA, MD, SVM [22],
and BLDA by kappa as it is a unified evaluation index for a mul-
ticlass problem [23]. For LDA, rLDA, SVM, and BLDA, we ap-
plied them to the three groups of the four classes, i.e., three spe-
cific classifiers of each algorithm for versus
versus and versus , respectively. And then,
the output results of the binary classifiers for a data point be-
longing to a class are summed as a continuous value, and the
data point is classified to a class if its value is larger than others,
i.e., a majority voting strategy is employed here.

Our implementation of SVM for the four-class problem was
based on the LIBSVM library [24]. The values of the SVM pa-
rameters (the regularization constant and Gaussian kernel argu-
ment) were estimated by 2 5-fold cross-validation (CV) with
the whole training set for each simulation.

For MD, the following (20) describes the calculation from a
point to a class mean. Here, is the MD from the point to
the class mean of class , and the inverse of the covariance
matrix for the class data is .

(20)

Each point is classified as belonging to class if the distance
is the smallest one.

1http://blog.sina.com.cn/eegfmri

TABLE I
COMPARISON OF THE AVERAGED KAPPA OF DIFFERENT METHODS FOR THE

THREE SIMULATIONS

1) Simulation Setting: Two main influences are considered
here: the invalid feature and artifact trial.

In simulation of “invalid feature,” we investigate the influence
of the separability of the feature. For simplicity, “valid feature”
of class pairs “a” versus “b” is set with mean of 1 for class “a,”

for class “b” and 0 for “c” and “d.” Six valid features are
needed at least for the six pairs. Invalid one, in the other hand,
is set with mean of “0” for all classes. In this simulation, 12 valid
features (i.e., two features for each pair) and 12 invalid features
are considered here. We assume that features are independent
and they all have variance of 1. We generated 360 trials with
90 trials per class by a random number generator. Half trial is
used to train the classifier and the other half is utilized as the
test. In this condition, CCs of BLDA are set as follow (CC1),
the “trial-level” covariance matrix: . The “fea-
ture-level” covariance matrix: , where

, and is a leading diagonal matrix, where the th
diagonal element is 1 if the th feature is invalid, otherwise, 0.

In “artifact trial,” all 24 features are valid features (i.e., four
features for each of the six class pairs). With similar setting in
“invalid feature,” 60 randomly selected trials are added with dif-
ferent Gaussian noise with variance eight in each feature (i.e.,
these trials containing artifact). CCs for BLDA are set as (CC2):

, where is a leading
diagonal matrix with th diagonal element is 1 if the th trial is
contaminated by artifact, and zeroes for others.

The integrated influence of invalid feature and artifact trial
is investigated in “invalid feature and artifact trial” simulation.
Feature includes 12 valid and 12 invalid ones, and 60 trials are
randomly selected as artifact trials. The CCs (CC3) are set as:

and . Other
settings are similar to the above “invalid feature” or “artifact
trial” procedure.

We repeat each simulation 100 times, and the statistic results
are shown in Table I.

2) Simulation Result: Invalid Feature versus Artifact Trial:
As note above, three different conditions are investigated here,
invalid feature, artifact trial and their combination. Table I
shows that BLDA is the best for all the cases. However, LDA,
rLDA, and SVM are also efficient methods for their mean
kappas are much larger than 0.5. For MD, the result is not good,
and the possible reason may be that, for this high dimensional
problem with 24 features, the training sets are not large enough
to estimate the covariance matrix accurately.

In “invalid feature” condition, even compared with state-of-
the-art classifier SVM, BLDA is still the better one as the mean
kappas for BLDA and SVM are 0.9313 and 0.9103, respectively.
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We attribute this difference to the feature level which in-
fuses the prior information of the feature validity, because SVM
can not utilize the feature validity directly. In “artifact trial,” the
performances of SVM (0.8448) and BLDA (0.8452) are almost
the same. Actually, thanks to the margin maximization and the
regularization term, SVM are able to accommodate to outliers
and artifacts on the training set, and it is known to have good
generalization. BLDA is also immune from the artifact trials
when these trials information is known ahead. When these in-
formation are not given, for example, if we take
and , the mean kappa of BLDA decreases to 0.8123
which is very close to that of rLDA. The combination influences
of “invalid feature and artifact trial” make BLDA the best clas-
sifier with kappa 0.7708, and it is significantly larger than that
(0.7406) of SVM (right-tailed paired T test; ).

We also evaluated the sensibility of BLDA to a change of
the covariance matrix. We found that if we took CC1 or CC2
instead of CC3 for the “invalid feature and artifact trial” case,
we got 0.6691 and 0.7560, respectively. These results are better
than the LDA (0.5861) and rLDA (0.6464) results (column 3 of
Table I). Besides, as CC1 is devoid of the artifact trial informa-
tion, the result of CC1 (0.6691) is not so good as that (0.7406) of
SVM. If we took CC1 for “artifact trial” or CC2 for “invalid fea-
ture,” we got 0.8123 and 0.9017, respectively, and both of them
were similar to the corresponding results of rLDA. Similarly, if
we took CC3 instead of CC1 or CC2 for “invalid feature” and
“artifact trial” condition (i.e., redundant CCs are utilized), we
got kappa values 0.9292 and 0.8449, respectively. They are very
close to 0.9313 (CC1 for “invalid feature”) and 0.8452 (CC2 for
“artifact trial”). These facts mean that, BLDA is robust to some
small changes in the covariance matrices, and when accurate
and inaccurate CCs are used simultaneously, the solution was
not influenced by the inaccurate priors [19].

C. Real Data Test

Following the “one versus one” approach, we compare BLDA
with the other four classifiers in real data described in above
Section II-A.

1) Feature Weight Constraints: Fig. 4(a) shows the covari-
ance of the training data of subject Y1, Fig. 4(b)–(f) shows the
probabilistic constraints matrices. Totally five different covari-
ance constraints were considered here: three at the trial level

and two at the feature level .
Trial Constraint 1 (TC1): The first constraint at the trial level

was simply the assumption of IID trial noise, i.e., .
Trial Constraint 2 (TC2): The second constraint was an esti-

mate of the trials with artifacts. was a leading diagonal ma-
trix encoding the priors of trials contaminated by artifacts. The
th diagonal element of either takes 0, zero probability of

artifact, or 1, possible artifact at the th trial. The artifact trials
were found by visual inspection.

Trial Constraint 3 (TC3): The third constraint reflects the
fact that each class has its own characteristic of variance. In our
four-class motor imagination problem, four covariance are con-
sidered , and , they all are leading di-
agonal matrixes. The diagonal element of takes 1, if the
corresponding trial is left hand movement task, otherwise, 0.

Fig. 4. The covariance of the training data across the 180 trials, cov(Y), and the
five normalized CCs of subject Y1. The first three components (“TC1,” “TC2,”
“TC3”) live at the trial level; the next two (“FC1,” “FC2”) are projected from the
feature space to the trial level via the feature matrix X (i.e., �� � ). Note
that the latter two components are very similar owing to this shared projection.

, and are also set in the same way, but corre-
spond to right hand, right foot, or tongue, respectively. Fig. 4(d)
shows one of them.

Feature Constraint 1 (FC1): The first constraint at the fea-
ture-level was the assumption that the features extracted by CSP
were from IID, i.e., . Note that, Fig. 4(e) shows the
trail level covariance caused by passed through the feature
matrix . In another word, Fig. 4(e) is the resulting CC
which is in trial space instead of an identity matrix in the fea-
ture space, it contains covariance (off-diagonal) terms induced
by the correlated feature matrix.

Feature Constraint 2 (FC2): The second constraint at the
feature level was based on the neurophysiological information.

is a leading diagonal matrix. The th diagonal element is
1 if the th feature is neurophysiologically implausible, other-
wise, 0. For example, by visualizing the scalp map in Fig. 2,
blue-bordered patterns are neurophysiologically meaningless,
so they take a value of 1.

2) Classification Accuracy of Dataset 1: Based on the covari-
ance constraints shown above, a 20 cross-validation procedure
was conducted for the dataset 1.

The results show that BLDA is the best classifier with a mean
kappa of 0.5618. However, LDA is also good with a mean kappa
of 0.5113. By introducing a regularization term, rLDA can ac-
commodate outliers and obtain a better kappa 0.5397 than that of
LDA. SVM with its immunity of outliers gave an even better re-
sult than that of rLDA. The details of the averaged kappa of dif-
ferent methods for the three experimental participants in dataset
1 are shown in Table II.

3) Classification Accuracy of Dataset 2: To allow for a direct
comparison with the results obtained in the BCI competitions,
the algorithm was trained only with the competition training sets
and tested on the competition test sets. The row “Competition”
in Table III contains the results of the competition winners, and
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TABLE II
COMPARISON OF THE AVERAGED KAPPA OF DIFFERENT METHODS FOR THE

THREE EXPERIMENTAL PARTICIPANTS IN DATASET 1

TABLE III
COMPARISON OF THE AVERAGED KAPPA OF DIFFERENT METHODS FOR THE

THREE EXPERIMENTAL PARTICIPANTS IN DATASET 2

the row “BLDA” contains the result obtained by BLDA devel-
oped in the present work.

Since an estimate of classification accuracy based on only one
test set is not very reliable, the algorithms were also tested in a
20-fold cross-validation, where the results are shown in Table III
in the column “CV.” And the result of BLDA is significantly
better than SVM, LDA, regularized LDA (right-tailed paired T
test; ). If compared with the winner, the result of
BLDA also is comparable to or a little better.

V. DISCUSSION

To improve the information transfer rate of a BCI, one way
is to utilize a multiclass task. Here we proposed another way to
tackle this problem by combining possible priors in the algo-
rithm. By a proper construction of the covariance matrix, valu-
able neurophysiological information such as the spatial struc-
ture of CSPs, and experimental information such as an identi-
fied artifact, can be modeled explicitly in an empirical Bayesian
approach, where the weight vector of the linear classifier and
the hyperparameters which control the contribution of various
priors are estimated jointly from the data by ReML. The method
is tested by simulations and real datasets from our experiments
and dataset IIIa of BCI competition 2005; the results show that
BLDA is the best classifier for all the tested cases.BLDA has a
number of characteristics that make it an attractive candidate for
application to BCI.

First, with the analysis and proper construction of the vari-
ance component, BLDA provides a natural framework to accept
various priors for multiclass classification. In the last decade,
the development of various neuron-information techniques has

substantially increased the amount of prior information that can
be utilized for EEG-based BCI. For example, MRI/fMRI/DTI,
which produces a 3-D image with a spatial resolution of roughly
a few millimeters, provide in additionally spatial information
than EEG alone. Cincotti et al. [25] have shown that, with in-
dividual head model derived from anatomical MRI, the accu-
racy of BCI control could be enhanced. In this work, by in-
cluding neurophysiological information contained in CSP and
artifact trials identified by visualization, we obtained a better
classification. Apparently, the performance of BLDA might be
improved by further involving the anatomical information from
MRI/fMRI/DTI.

Second, different from a time-consuming cross-validation
procedure, BLDA takes a method to estimate multiple regu-
larization parameters and evaluate the relative contribution of
different priors simultaneously and efficiently. The reason is
that it takes an object function with all the priors involved. The
resulting classifier can accommodate outliers and neurophysio-
logical knowledge, and obtain better generalization capability.
As outliers and neurophysiological information are common
in EEG data [26], BLDA would be better than LDA or its
regularized version in general.

Other properties of BLDA include the fact that BLDA gives a
probabilistic output for a given feature vector, a value between
zero and one that indicates how probable it is that the class label
is correct. The main drawback of BLDA is its linearity derived
from LDA, which may result in poor results for a complex non-
linear problem. However, by translating X nonlinearly into an-
other space, a nonlinear version of BLDA may be easily induced
from (16).

In summary, the main advantage of BLDA is its utilization
of various priors and efficient estimation of the hyperparame-
ters. In future work, BLDA may be applied to other fields, such
as online settings. In addition, we can explore whether prior in-
formation, inferred in previous sessions, can be used to reduce
training times and achieve better accuracy in the current ses-
sion, even to zero training for BCI [27]. This is noticeable in
our BLDA, as initial prior distribution of the weight vector is

in (16), it can be updated by , where is
the result of a previous session. Another attractive character of
BLDA is that, without storage of the redundant, abundant data
of previous sessions, all priors are compressed in and which
can be utilized in the coming sessions.
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