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f0 (ε) = 〈nk〉 =
1

e
εk−µ

kT − 1
(1)

µ�����µÔn�¦£²þÓkê´�¢ê¤©1þ�e�êAT�u1§ù�Ò�¦εk − µ > 0——z
�U?�UþÑ�uzÆ³§¤±zÆ³�uÄ�Uþ"XJÄ�Uþε0 = 0§zÆ³AT÷vµ < 0"
$§-u�µÏf1/kT¬¦©1¯�uÑ§Ïd3$§e§-u�þ�âfé�"
$§Ä�µXJ§Ý$��½§Ý§µ→ ε0§d�NXÄ�âfêòC�é�§$�uÑ§/¤BEC"

Remark 1 ã�KXn�T�5"XnnØ��´�«O��{§¤O��NX¿�ý���.�Î"ã�
KXn��±^uO���âfê��½�NX"ù3zÆ³�?Ø�¥k¤�ã"

p§4�e§

〈nk〉 = e−
εk−µ

kT

(
1

1− e−
εk−µ

kT

)
→ e−

εk−µ

kT (2)

��¤Boltzman©Ù"duµ � ε0§¤±z�üâf��ÓkêÑ��u1"�X§Ý�ü$§µ → ε0Ókê
©ÙÒ¬ké�Cz"

4 OOO���2——Density of States

DOS��5´d��Eâ[!û½�"
DOS½Âµq¡�U��Ý"�3Uþ«mε → ε + dεSkdν�G�§KDOS½Â�g (ε) dε = dν§§�N


G�ê�U?�©Ù"

�¤±I�^�ù�þ´Ï�^ÚO�{��õNXÚ��N5��²~¬��XeO�∑
α

F =
∑
σ,k

F =
N0

V

∑
σ

∫
d3k

(2π)3
F (k) =

N0

V

∑
σ

∫
F (ε) gσ (ε) dε (3)

5¿�¦Ú´é�G�¦Ú§��=z�È©�I��ÄÄþ�m�(�§ù´éE,�ó�§k
UÌ±

�Ò�±réÄþÈ©=z¤éUþÈ©£IþÈ©§{ü¤§ÏDOSÒ´^5éXùü«È©�óä"

Remark 2 7L�Ñ�´¦ÚCÈ©´��Cq�Y§þãúª¥��ÒØ
1���	Ñ´Cq¤á�"
,	��Ý�Ú\¿vk3��þü$O��JÝ§�´3ö�þ�{z"
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4.1 ���UUUÌÌÌ¦¦¦DOS

�Kþ�
UÄþ'X£UÌ§ÚÑ'X¤ÒU¦Ñ����Ý§�NÔn¥�����IO��{´

g = σ

∫
dS

(2π)3
1

|∂E (k) /∂k|
= σ

∫
dS

(2π)3
1

~ |v (k)|
(4)

��5`�Ñ��UÌ§U¦Ñ��Ý§¿¦ÑÙ9åÆ§3dØKã"e¡�ü�~f´'5�:"

4.2 ~~~1µµµnnn���gggdddâââfff���DOS

£1¤O�p±e�o�G�"äkÄþp�âf3��m�$Ä3¥¡þ§¤±p±eo�G�ê�

G =
∫
d3r

∫
d3p

h3
= V

4π
3
p3 1
h3

(5)

Ù¥V´�8�z�NÈ"�\UÄ'Xp =
√

2mε��

G (ε) =
4πV
3h3

(2mε)3/2 (6)

£2¤��Ý"3ε→ ε+ dεS�G�êØ±dε¡���Ý§u´

g (ε) =
dG (ε)
dε

=
2πV
h3

(2m)3/2√
ε (7)

ù�(Ø�±í2�d�——d�gdâf���Ý

g (ε) ∝ ε
d
2−1 (8)

4.3 ~~~2µµµnnn���������ÉÉÉ555���fff���DOS

¢�þ*ÿ��BECÑ´3§B�|¥*ÿ��"åP3n¥�BECEâ����£duíN�f¬�n9L
¡Ð¼¤

�.µ��É5�f§³U

U =
1
2
(
Kxx

2 +Kyy
2 +Kzz

2
)

(9)

=
m

2
(
ω2

xx
2 + ω2

yy
2 + ω2

zz
2
)

(10)

Ù¥ω2
i ≡ Ki/m"�âþfåÆ§�f�UÌ�

ε (nx, ny, nz) = ~ωx

(
nx +

1
2

)
+ ~ωy

(
ny +

1
2

)
+ ~ωz

(
nz +

1
2

)
(11)

e¡O�DOS
£1¤O�ε±eo�G�êG (ε)"
{z1µÑ�":U"
{z2µrniÀ�ëYCþ"È©é1����²¡ε = εx + εy + εz�¤�NÈ¤?1

G (ε) =
∫ ε

0

dεx

~ωx

∫ ε−εx

0

dεy

~ωy

∫ ε−εx−εy

0

dεz

~ωz
=

ε3

6~3ωxωyωz
(12)

£2¤DOS�

g (ε) =
dG (ε)
dε

=
ε2

2~3ωxωyωz
(13)

éud���É5�f§�±ÊH��ÑDOSL�ª

g (ε) =
εd−1

(d− 1)!
∏

i ~ωi
(14)

�ugdâfÚ�fDOS3/ªþ�aq5§éõ©zÑòDOSÚ�P�

g (ε) = Cαε
α−1 (15)

Remark 3 �f�U?5�ûÐ§¥��ê�§Ù�ê´�'ê�"Ïdq�Ø7¦ÚCÈ©Ò�±��O
�9åÆ£{¿ÝØ´éÐ?n¤"
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5 BEC������


AAA���þþþÚÚÚ555���

5.1 vvvààà§§§ÝÝÝ

ù�!�Cqεmin = 0£Ø�Ä":U¤§¿Ø�ÄSÜgdÝ£g^¤"-u��oâfê�±^Xe�ª
O�

Nex =
∫ ∞

0

f0 (ε) g (ε) dε (16)

�N = Nex�§3µ = εmin = 0§d�T = TC=

N =
∫ ∞

0

g (ε)
eβCεk − 1

dε (17)

Ù¥βC = 1/kTC"Ú\#Cþx ≡ ε/kTC

N = (kTC)α
Cα

∫ ∞

0

xα−1

ex − 1
dx (18)

= (kTC)α
CαΓ (α) ζ (α) (19)

y²µ�±|^Γ¼êÚζ¼ê�½Â

Γ (α) =
∫
xα−1e−xdx; ζ (α) =

∞∑
n=1

1
nα

(20)

∫ ∞

0

xα−1

ex − 1
dx =

∫ ∞

0

xα−1e−x 1
1− e−x

dx =
∫ ∞

0

xα−1e−x
(
1 + e−x + e−2x + · · ·

)
dx

=
∫ ∞

0

xα−1e−xdx+
∫ ∞

0

xα−1e−2xdx+
∫ ∞

0

xα−1e−3xdx+ · · · (21)

é
∫∞
0
xα−1e−mxdx�Cþ��∫ ∞

0

xα−1e−mxdx =
(

1
m

)α ∫ ∞

0

xα−1e−xdx =
(

1
m

)α

Γ (α) (22)

u´ ∫ ∞

0

xα−1

ex − 1
dx = Γ (α)

∞∑
m=1

1
mα

= Γ (α) ζ (α) (23)

y."

u´�Ñ�và§Ý�

kTC =
(

N

CαΓ (α) ζ (α)

)1/α

(24)

�,=C§Ý�±�¤Ú��/ª§�¯¢þØÓXÚ�=C§Ý´Ø�'�"

~�µn��f§α = 3, C3 = 1/
(
2~3ωxωyωz

)
(kTC)3DH =

N1/3

(Γ (3) ζ (3))1/3

(
2~3ωxωyωz

)1/3
(25)

~�µn�Ýf§α = 3/2, C3/2 = 2πV
h3 (2m)3/2

(kTC)3DB =
N2/3

(Γ (3/2) ζ (3/2))2/3
2m
(
h3

2πV

)2/3

(26)

Remark 4 ��gdâf�và§Ý�ýé"Ý£Ï�ζ (1) = ∞¤§�é{`3k�§ÝØvà§�´��
��f%�±và"

3



5.2 vvvààà©©©êêê£££vvvàààâââfff¤¤¤ÓÓÓ���'''~~~¤¤¤

ù�!O�vàâfÓoâfê�'~"3T < TC�§µ = εmin = 0§u´-u��f�ê�

Nex =
∫ ∞

0

g (ε)
eβCεk − 1

dε = (kT )α
CαΓ (α) ζ (α) = N

(
T

TC

)α

(27)

Ä�âfê

N0 = N

(
1−

(
T

TC

)α)
(28)

N3DB
0 = N

(
1−

(
T

TC

)3/2
)

(29)

N3DH
0 = N

(
1−

(
T

TC

)3
)

(30)

ÏLxã'���§ùü«�¹é'uy�f�và�Ç�p"

6 vvvàààNNN���555���ÚÚÚAAA:::

6.1 BEC���ÿÿÿþþþ

¢�þ��U
°(ÿþ�Ò´�Ý©Ù£Density Profile �Ý¿¡ã¤"ÿþ�Ý©Ùkü«�{
£1¤áÂ¤�{"|^�f��é>^Å���áÂ§ÏLáÂrÝÒ�ÿ½�Ý©Ù

�m©EÇ�±ÏL'4§B^|4Ùgd*Ñ��"

":µ»�5ÿþ§éïÄNX��m�üzØ�B"

£2¤Phase-Contrast Imaging§��¤�{"
�Ýû½ò�Ç§�ÝØÓ§ò�ÇÒØÓ§¤±^�å1�©1ì��¬2��ì�1å?1Z�2�

�Ñ�Ý©Ù"ù«�{`:´�»�5§�±ÿþXÚ��m�üz"

�m©EÇ�±d��§B	|��üz�±Or"

6.2 BEC���ÝÝÝ���555���

ù�!O�BEC§²;íN§-u���m©Ù�é'"

6.2.1 vvvàààNNN������mmm©©©ÙÙÙ

NX�¤kâf?3üâfÄ�§u´NX�âfê�Ý�

n (r) = N |ψ0 (r)|2

��fÄ�

ψ0 (r) =
1

π3/4 (axayaz)
1/2

e
− x2

2a2
x e
− y2

2a2
y e
− z2

2a2
z

Ù¥°Ýa2
i = ~/mωi�§ÝÃ'"¤±�Ý©Ùdu	|��3´��É5�"	|ªÇ�$§©Ù�°Ý�

�"ù�©Ù�C²;�Ý©Ùké�ØÓ§²;ÚOe§�Ý©Ù�'uexp [−V (r) /kT ]

ncl (r) = N
exp

{
K+V

kT

}
Z

ù��Ý´�m�I�¼ê§Ùé��mÈ©AT�uoâfê§�m©Ùk³UVû½"¤±Ø7O��
�

ncl (r) =
N

π3/2RxRyRz
e
− x2

R2
x e
− y2

R2
y e
− z2

R2
z

²;°Ýµ

R2
i =

2kT
mω2

i

��T©Ùe§²;©Ù°Ý´�X§ÝCz�§BECØC"
°Ýé'µ3���¢�^�e§ü«°Ý�'�Ri/ai = (2kT/hωi)

1/2
��u1§ÏdvàN��8¥"
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6.2.2 vvvàààNNNÄÄÄþþþ���mmm©©©ÙÙÙ

ÄþL�Ä�Å¼ê�±d�IL����L�C���

ψ0 (p) =
∑

r

|ψp (r)〉 〈ψp (r) |E0〉

=
∫
eip·rψ0 (r) dr

=
1

π3/4 (cxcycz)
1/2

e
− p2

x
2c2x e

−
p2

y

2c2y e
− p2

z
2c2z

Ù¥

ci =
~
ai

=
√
m~ωi

Äþ�m�Ý

n (p) = N |ψ0 (p)|2 =
1

π3/2cxcycz
e
− p2

x
c2x e

−
p2

y

c2y e
− p2

z
c2z

���m©Ù���É5¬��Äþ£�Ý¤���É5§��öfÐ¥�'——�m�Ý�°§�ÝÒ�
�"ØÑ¿	�uyü�©Ù°Ý�¦ÈfÐ÷vØ(½'X§=ciai = ~"é'Maxwell�Ç©Ù

fM = Ce−
p2

x
2mkT e−

p2
y

2mkT e−
p2

z
2mkT

vàN�Äþ©aq��É5�Maxwell©Ù£z���éA�§ÝØÓ¤"M©Ù�°Ý∼ (mkT )1/2
§ù�

��vàN°Ý(m~ωi)
1/2
�'�u(kT/hωi)

1/2 ∼ N1/6 � 1§Ïd�Ý©ÙÚ�Ý©Ù'²;4��°§a.
%aq"

6.2.3 ---uuu���âââfffêêê���ÝÝÝ������mmm©©©ÙÙÙ——���²²²;;;CCCqqq

�ìíN��m�Ý©Ù�±ù�O�

n (r) =
∑

ν

fν |ψ0 (r)|2

�´ù�éJO�§¤±��{�Cq"c¡®²�ÑvàN��Ý©Ù§ù�!O�-u��Ý©Ù�A

:"

Remark 5 ?3²ï��éõâf§@z�âf�½?uUþ���íº

�XeCq?1O�

£1¤E÷^þfÚO
£2¤Uþ^²;Uþ�O"ù´Ï�·�ÚO���Å�oN5ù�	³�ºÝ�'´é��§Ïd^²

;åÆ�U´éÐ�Cq"

u´�m�Ý�

nex (r) =
∫

dp

(2π~)3
1

e[εp(r)−µ]/kT − 1

=
g3/2 (z (r))

λ3

Ù¥gn (z)´ÀÚÈ©§z (r) = exp [(µ− V (r)) /kT ]´2Â�ºÝ§εp (r) = p2

2m + V (r)"

Remark 6 'uù�Cq�n)´§BoseÚO´I�î��Å�§�3-u�þUÌÀ�ëY§Ïd^²;
UÄþ'XO�"

-u�âf3O²;Cqe©Ù�Ä�©Ù/ª�«Oé�§�±lÖþ�ã¥wÑ"
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6.2.4 gggddd***ÑÑÑ

þ¡·�?Ø
§BíN��ÝA�§ù!£�ù
�Ý3��åP�XÛ��müz

£1¤²;4�üz"Ð©©Ù
fP (r.0) = eµ/kT e−εP (r)/kT (31)

3��^|�§âf$Ä÷vÚî�§

ṙ =
p

m
; ṗ = 0 (32)

u´�mt���©Ù

fP (r.t) = eµ/kT exp

−
(

p2

2m + V (r − pt/m)
)

kT

 (33)

�m�Ý©ÙÒ�±épÈ©��

n (r) =
∫

dp

(2π~)3
fp (r, t) (34)

ù�È©�±�Ñ5§(J´

n (r, t) = e
µ

kT
1
λ3

∏
i

(
1 + ω2

i t
2
)−1/2

exp
[

−mω2
i r

2
i

2kT (1 + ω2
i t

2)

]
(35)

Ù¥ri = x, y, z"34��¹t� 1/ωi

n (r, t) = e
µ

kT
1
λ3

∏
i

1
ωit

exp
[
−mr2i
2kT t2

]
(36)

ù�©Ù°Ý�(2kT/m)1/2
t§´����Ó5�Gauss©Ù"=��müz§²;íNÐ©���É5¬C�

��Ó5"

£2¤Ä�£vàN¤üz"�âSeq§3��	|�§�fÄ���m�üz£ÄþL�¤�

ψ (p, t) = ψ0 (p, 0) e
−i
~

p2

2m t

L�C�

ψ (r, t) =
∫

dp

(2π~)3/2
e

ip·r
~ ψ0 (p, 0) e

−i
~

p2

2m t

ù�´�Gauss.È©§ÈÑ5(J´

ψ (r, t) =
1

π3/4

∏
j

a
−1/2
j (1 + iωjt)

−1/2 exp

[
−r2j

2a2
j (1 + iωjt)

]

Ä���Ý�'u|ψ (r, t)|2

|ψ (r, t)|2 =
1

π3/4

∏
j

a
−1/2
j√

1 + ω2
j t

2
exp

[
−r2j

a2
j

(
1 + ω2

j t
2
)]

¤±t = 0�ÿ§��É5©Ù§j��°Ýaj = (~/mωj)
1/2
§éu�t§j��°Ý¬üz�ajωjt = (~ωj/m)1/2

t§
5¿ùüö��O——Ð©��´��È�/©Ù�BECN�gdüz¬C¤��\"�é{`�X�mü
z§vàN�ÝE�±��É5§�¬±��Û©��ªüz

7 999åååÆÆÆ555���

7.1 vvvààà���£££T < TC¤¤¤

SU

E = Cα

∫ ∞

0

εα−1dε
ε

eβε − 1
= CαΓ (α+ 1) ζ (α+ 1) (kT )α+1 (37)

'9

C =
∂E

∂T
= (α+ 1)

E

T
(38)
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Ï�

C = T
∂S

∂T
⇒ S =

C

α
=
α+ 1
α

E

T
(39)

Remark 7 ù�(J�~k�§Ï��§SUÚ'9�âfêÃ'§£XJ�3":Uù�(J´Ä�´�
(Qº¤

Remark 8 þ¡�9åÆk6uTLíºXJ´§��ÑØ�6TL���"

|^þ¡�TCL�ª

kTC =
(

N

CαΓ (α) ζ (α)

)1/α

⇒ Cα =
N

(kTC)α Γ (α) ζ (α)
(40)

u´Uþ�¤

E = αNk
ζ (α+ 1)
ζ (α)

Tα+1

Tα
C

(41)

'9Ú�

C = α (α+ 1)Nk
ζ (α+ 1)
ζ (α)

(
T

TC

)α

(42)

S =
C

α
= (α+ 1)Nk

ζ (α+ 1)
ζ (α)

(
T

TC

)α

(43)

Remark 9 �d�O�¿vk��oCq§ÏdO�Ñ�(J´���·^�"5¿L�ª¥�N´oâfê
�Ä�âfê"

e¡é'²;4�(J§BoltzmanÚO

Ncl = Cα

∫ ∞

0

dεεα−1e(µ−ε);Ecl = Cα

∫ ∞

0

dεεαe(µ−ε) (44)

©ÜÈ©��

E = αNkT, C = αNk (45)

��C²;4�e'9Ø�TCz§và��'9´�§Ýª"�§¿�3=C§ÝNC

C

αNk
∼

 1 ²;ÚO

1.28 Ýf

3.60 �f

5�ké�ØÓ"

7.2 ���~~~���£££T > TC¤¤¤

O�²;ÚO�?�§3$§e|^(ex − 1)−1 ≈ e−x + e−2x——£x� 1¤

N = Cα

∫ ∞

0

dεεα−1 1
eβ(ε−µ) − 1

≈ Cα

∫ ∞

0

dεεα−1
(
eβ(µ−ε) + e2β(µ−ε)

)
(46)

E = Cα

∫ ∞

0

dεεα−1 ε

eβ(ε−µ) − 1
≈ Cα

∫ ∞

0

dεεα
(
eβ(µ−ε) + e2β(µ−ε)

)
(47)

ù�L�ª3$§�O("e¡ÏLN�L�ª)ÑºÝz = eβµ
"|^©ÜÈ©

d
(
xαe−x

)
= e−xdxα + xαde−x

∫ ∞

0

dεεα−1e−εβ =
1

αβα

∫ ∞

0

xαe−xdx∫ ∞

0

dεεα−1e−2εβ =
1

α (2β)α

∫ ∞

0

xαe−xdx

7



N = Cαe
βµ

∫ ∞

0

dεεα−1e−εβ + Cαe
2βµ

∫ ∞

0

dεεα−1e−2εβ (48)

=
Cα

α

(
eβµ

βα
+

e2βµ

(2β)α

)∫ ∞

0

xαe−xdx (49)

z = eµβ =
−2α +

√
22α + 4 α(2β)αN

CαΓ(α+1)

2
2g|^TCO�N

N = (kTC)α
CαΓ (α) ζ (α)

z = −2α−1 +

√
22α−2 + ζ (α) 2α

(
TC

T

)α

�\E�L�ª¿Ðm§ù�Ðm�¦TC/T´�þ

E = Cα

(
eβµ

βα+1
+

e2βµ

(2β)α+1

)∫ ∞

0

dxxαe−x (50)

= αNkT

(
1− 1

2

eβµ

2α

1 + eβµ

2α

)
(51)

= αNkT

(
1− ζ (α)

2α+1

(
TC

T

)α)
(52)

'9

C = αNk

(
1− (α− 1)

ζ (α)
2α+1

(
TC

T

)α)
(53)

Remark 10 ù@O�^
ü�Ðm§1���¦kT�-u�U?�'´�þ§1��Ðm�¦T > TC"Ï

dù@O��·^��TÑpuTC"
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