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1. INTRODUCTION

In this paper, our objective is to begin the study of the changes of the stability for a
system of linear retarded differential difference equations with two delays.

Let us consider the n-dimensional system of linear retarded differential difference equa-
tions with two delays:

(t) = a Ax(t) + B Bx(t — 7) + v Ca(t — p) (1)

d
("= %), where we assume that 7, 4 are non-negative real numbers, the parameters a, (3,

are real numbers and A, B, C' are real n X n matrices.

In this work, we study a particular class of such system, it is assumed that the matrices
A, B, C are simultaneously triangulares. The general case will be the subject of our next
study.

We present some results that give us sufficient conditions about these parameters under
which no stability switch occurs. As a consequence of these theorems, we can say that the
stability of the trivial solution for the system (1) is determined only by «, when we have
this parameter sufficiently large. We also introduce a study for the case |a| small.
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256 S.M. TANAKA AKI AND S.M.S. GODOY

Systems of delay differential equations have been investigated in many contexts. For
example, in [6], the dynamical behavior of a two neuron netlet of excitation and inhibition
with a transmission delay is investigated.

We can use linear systems of the form (1) to study the stability of equilibria for a n-
dimensional system of autonomous retarded functional differential equations:

#(t) = f(z(t),2(t = 7),2(t = p)), (2)

where f: R™ x R" x R™ — R"™, and are such that solutions to initial value problems exist
and are continuous.

System (2) appears in many applications, for example, see [5]. In this paper, they study a
particular case of this equation, for n = 2, using the Nyquist criterion on the characteristic
equation.

The stability for the two delay equation (2) also has been investigated by many authors.
See, for instance, [1], [9],[7], [8], [10].

Bélair and Campbell, in [2], considered the retarded differential difference equation

o(t) = fi(e(t = T1)) + fo (x(t = T2)),

where the functions f;(u) = —A; tanh(u), ¢ = 1,2(A; are positive constants), to analyse the
influence of multiple negative feedback loops on the stability of a single-action mechanism.
Now, we are going to study the stability for the solution = 0 of the equation (1) using
the works by Cooke and van den Driessche[4] and Boese[3].
The Section 2 is dedicated to study a relationship between a particular type of the system
(1) and a first-order delay differential equation which has the form:

(t) = ax(t) + bx(t — 7) + cx(t — p), (3)

with a, b, ¢ complex numbers. In this section, we also analyse the characteristic equation
associated to (3) and in the next section, we present our main results that give us conditions
to have unchanged stability for this equation. Such theorems are proved in the Section 4.

One application of all these results is introduced in the Section 5. In this section,
we present some parameters that claim the stability of the origin for a linear system of
differential equations with two delays.

2. THE CHARACTERISTIC EQUATION

In this paper, we require that the matrices A, B, C cited in (1) are simultaneously tri-
angulares. The general case, much more complex, will be the subject of our next study.

Observe that a necessary condition to have simultaneously triangularity is that each
matrix should be triangular. It is not necessary that the matrices A, B,C should be
commutative, however this condition is sufficient to occur the triangularity. This fact is
illustrated with an example in the Section 5.

We suppose that there is a basis B= {uq, ua, ..., u, } of C" so that all the matrices A, B,C
are triangulares.
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PERMANENCE OF STABILITY 257

Therefore, let us consider that exists an invertible matrix P of order n such that:

PlAP = triang(ai, ...,an) = Ax
P™'BP = triang(Bi, ..., Bn) = By
rPlcp = triang(y1, ..., Yn) = C1.

Note that the characteristic equation associated to (1) is:
p(s) = det(sI —aA— BBe™ ™ —~yCe #°) = 0.
Then,

p(s) = det(sPP™!' —aPA P~ — fe ™ PB P! —ne " PC, P
= det [P(sI — aA; — Be""*By —ve MCy)P!
= det P.det(sI — aA; — Be""*B; —ye #*C}).det P71
=det(s] — aAy — Be 7By — ve *°CY)

=[](s — aqi — Be™™*B; — ye ;) = 0.
=1

Thus, if we are interested on the study of the local stability for the trivial solution(i.e.
the zero solution) of (1), we have to analyse the existence of s € C so that

s—a—fFe T —yeTH =0, (4)

with «, 3, v € C.
Observe that the last equation is the characteristic function of a first-order delay differ-
ential equation which has the form:

() = ax(t) + Szt — 7) + yx(t — w), (5)

therefore, we can relate the stability of the trivial solution to our system with the stability
of this solution for such equations.

Throughout this paper, we refer to the stability of a differential equations as the stability
of its trivial solution.

Let us begin to analyse the characteristic equation (4).

If we define the functions P(s) = s —a—~ye % Q(s) = —0, the characteristic equation
(4) takes the form:

P(s) 4+ Q(s)e” ™ =0. (6)
To study the equation (6), we use the following result that can be found in [4] and [3]:
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258 S.M. TANAKA AKI AND S.M.S. GODOY

THEOREM 2.1. Consider the equation P(\)+Q()\) e =0, P()\) and Q(\) are analytic
functions in R(N\) > 0, and satisfy the following conditions:

(1) P(\) and Q(\) have no common imaginary root;

(i) P(—iy) = P(iy), Q(—iy) = Qiy) for real y;

(2i) P(0) + Q(0) # 0;

(i) limsup{|Q(A)[/[P(M)] : [A] = o0, R(A) = 0} < 1;

(v) F(y) = |P(iy)|? — |Q(iy)|? for real y has at most a finite number of real zeros.

Then the following statements are true:

(a) If F(y) = 0 has no positive roots, then no stability switch may occur.

(b) If F(y) = 0 has at least one positive root and each of them is simple, then as T
increases, a finite number of stability switches may occur and eventually the considered
equation becomes unstable.

Remark 2. 1. In this work, we only analyse the case that «, 3, are real constants.
The other case, when «, 3, are complex numbers, will be done in a forthcoming paper.

Suppose that 3 #0, a+ 8+~ # 0 and we examine all the hypothesis described in the
Theorem 2.1. First of all, let us show that the items (i) to (iv) are satisfied.
(7) The fact that 8 # 0 implies Q(s) # 0 Vs, and then, P(s) and Q(s) have no common

imaginary roots.

(ii) Observe that P(iy) = iy — a — v e ~H%  therefore, we get
P(—iy) = P(iy). Also, we have Q(iy) = —8 = Q(—iy).
(ii1) We have that P0) = —a — v and Q(0) = —p3. There Iis,
P(0) +Q(0) = —(a+ 5 +7) #0.
(iv) Tt it easy to see that
lim sup Q)| = 5] =0:|s] = o0, R(s) >0.

[P(s)]  |s —a—ryere|

Now, we examine the item v) through the next proposition.
We see that

|P(iy)|* = |iy — o — y(cos py — isin py)|?
=|—a—ycosuy +i(y +~ sin py)|?
= (o + 1y cos uy)* + (y + ysin py)?
= a? + 4% 4+ 9% 4 2ary cos puy + 2y sin uy.

Now, let we define F(y) = |P(iy)|* — |Q(iy)|?, and so
F(y) = o® + 7%+ 4> — 8% + 2ary cos py + 2y sin py. (7)
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PERMANENCE OF STABILITY 259

Then, to verify when the item (v) of the Theorem 2.1 is true, we need to search for
conditions under which F(y) has at most a finite number of real zeros. This has been done
in our next result.

PROPOSITION 2.1.  The function F(y) defined by (7) has only a finite number of real
T001S.

Proof. Observe that
F(y) =0« y* + (2y sinpuy) y + (o® + 4% — 5% 4+ 2ay cos uy) = 0.

Note that a necessary condition for the existence of a real root y from F(y) is that the
discriminant A should be greater than zero, where

A = —4(y% cos? py + o — 5% + 2ay cos py).
Therefore, the necessary condition is:
(7 cos jy + a — B) (v cos puy + a + B) < 0.

Thus, we can have two cases:
Case 1: If v > 0, the necessary condition is that:

7a+ﬂ§cosuy§ 70{7/8, it <0
Y 0
or
_a_ﬁgcosuygﬂ, if 6> 0.
Y

Case 2: If v < 0, the necessary condition is that:

—a—5 —a+5

< cospy < ,if <0
Y
or
—a+h < cos py < —a—,@, if 3> 0.
0
Note that

F(y) = 0 if and only if y = —vysin uy £ /2 — (7 cos py + )2.

Consider the functions g; : D(g;) C R — R, i = 1,2, such that:

1 g1(y) = —ysinpy + /B — (y cos py + a)?,
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2. g2(y) = —ysinpy — /B2 — (y cos py + ).

Then, F has real zeros if and only if g;(y) or g2(y) intersects f(y) = y.
Now, we analyse the domain of the function g;, 1 = 1, 2.

Let us suppose that v > 0. We have seen that if we define a = a(a, 3,7) = w and
_ _ —a+ g o
b=bla,B,7) = T, then we have D(g;) = {y; a<cospy <b, a<1l, b>-1},
Y
Vi=1,2.

Consider that |G| — |y| > 0.

1. If o, B, v satisty |v| — |8] < a <|B| — |v|, then @ < —1 and b > 1, that is, D(g;) = R.

2.If a > |B] — |v|, then @ < —1 and b < 1. In this case, there are real numbers
2
by € (0, %), b € (E7 —ﬂ-) such that cos(ubg) = cos(uby) = b. And then, the domain is

27 2
D(gi) = Urez[bo + k.;,h + k;]

3. If a < |y| — ||, then @ > —1 and b > 1. Observe that there are ag, a1, real numbers,
ap € (0, z), a) € (z7 —W), such that cos(uag) = cos(par) = a. Thus, the domain is
u wop

2T
1

2 2T 2
D(gi) = Ukez{[k-zﬂo + k.;] Ula + k~?, (1+k)—]}

Now, suppose that |y| —|5] > 0.

1. If a, 8,7 satisfy | 8] — |v| < a < —|8] + ||, then @ > —1 and b < 1. In this case, there
are real numbers, ag, by, belong to the interval (0, z)7 a1,b; in the interval (E, 2—71-), by <
ag < a1 < by such that cos(pnag) = cos(par) = a and cos(ubg) = cos(uby) = b. And then,
the domain of g; is given by: D(g;) = Urez{[bo +k.2—7r, aop +k2—ﬂ-] Ulas +k.2—7r, by +k2—ﬂ-]}

2. If « satisfies a > |y| — | 5], therefore a < —1 an% b<1. A/; we have stlitdied this gase,
D(g;) = Urezlbo + k:%r by + k%].

3. If @ < |B| — |7], thus @ > —1 and b > 1 and, of course, we have that the domain is

2 21 2 2T
D(g;) =U k.—,a0+k.—|Ulay +k.—, (1 +k)—]}.
(9:) = Urez{[ % u] a1 u( )u”

Consider that 3, such that |G| = |v].

2 2
1. If & > 0, we have that a < —1 and b < 1, then D(g;) = Ugez|bo + k.—, by + k.= ].
I J
2. If « < 0, then @ > —1 and b > 1; thus, we have seen that the domain of g; is
27 27 27 27
D(g;) = Ugez{lk.—,a0 + k.—]U a1 + k.—, (1 + k)—]}.
(9:) ezdl . u] [ . ( )N I}

3.ifa=0,a=—-1and b=1, then, D(g;) =R.
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Now, we suppose that 7 < 0. We have seen that if we define the numbers a = a(a, 8,7) =

il 5] and b = b(e, 3,7) = a+1f]
vl o]
1, b>—1},Vi=1,2.
Consider that |3| — |y| > 0.

, then the domain is D(g;) = {y; a <cosuy <b, a<

1. If o, B,y satisty |y| — |8 < o < |B] — |v|, then a < —1 and b > 1, that is, D(g;) = R.
2.If 18] — |v] < a < |B] + ||, thus @ > —1 and b > 1. In this case, we saw that

2m 2m 2m 2m
D(gz) = UkEZ{[k-F’ ag + k?] U [a1 + ]f;, (1 + k)j}}
3. If —|8] — |v] < a < |y| — |8, therefore a < —1 and b < 1. And then, we have
27 2m
D(gi) = Ukez[bo + k.;,?h + k;]

Now, suppose that |3 — || < 0.

1. If o, B, satisfy || — |7] < a < —[B]+ |7|, then @ > —1 and b < 1. In this case,
2m 2m 2m 2m
D(gi) = UkeZ{[bO + k‘.?,ao + k‘;] U [a1 + k.?,bl + k?}}
2. If we take « such that |y| — 3] < a < |3+ |y, thus a > —1 and b > 1. As we studied
. 2 2 2m 2m
this case, D(g;) = Ukez{[k.;,ao + k;] Ulal + k.;, (1+ k);]}
3. If —|8) — |7l < @ < |B] — |v|, then @ < —1 and b < 1 and of course, the domain is

2m 2m
D(g:) = Urez[bo + b bt k.?].

Consider that (,~ such that |3] = |v|.
1. If & > 0, we have that a > —1 and b > 1; therefore, the domain of g¢; is D(g;) =
2w 2w 2w 2w
Ugez{lk.-—,a0 + k.—]|U[a1 + k.—, (1 + k)—]}.
e{[uo M][l u( )u]}
2 2
2. If @ < 0, then a < —1 and b < 1; thus D(g;) = Ugezlbo + k.—, b1 + k.—].
I I
3. if we take a = 0, that is, a = —1 and b = 1; then, D(g;) = R.

To summarize, if we have «, 3,7 such that —|3| — |v| < a < |B| + ||, we get four types
of domain for g;:
Type 1: D(g;) = R. This case holds for parameters which satisfy:

L1 (Bl =y >0, [y =18 < a < [B] = |v],v # 0.
27 27 us T 27
Type 2: D(g;) = Ugezlbo +k.7,b1 +k.7], by € (0,;), by € (;77), cos(pby) =
—a+ B a+|f|
o] il

cos(uby) = b, where b = ,if y>0o0rb= , if v < 0. This case is true for

the parameters:

21y >0, B8] =y >0, 8] = 7] <a<|B]+ ]
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229>0, 8] =y <0, =Bl + |y <a< B[+ ]yl
23 ay>0,|6—|v|=0.

24 4 <0, [B] =y >0, =[B] = 7| < a < |y[ = 18]
2.5 7 <0, [B] =y <0, =[B] = 7] < a < B = 7]

2m 2m 2 2m T T 2T
Type 3: D(gl) = UkGZ{[k'iva0+k'7]u[a’1+k'77 (1+k)7]}7a0 € (03 7)70’1 € (77 7)5
1 7 [ wop
cos(pag) = cos(par) = a, where we have a = _a_lﬂl, ify>0ora= a |_ ||6|, ify<0
v Y

This case is true for the parameters:

31y >0, (8] =y >0, =B8] = 7| <a<|y[—8]
3.29>0,[8[ =<0, =B8] = 7| <a<[B] -]
3.3 ay<0,]|8]—|yl=0.

344 <0, 18—y >0, 8=y <a<|B][+ ]
3.5 7 <0, [B] =y <0, [y =Bl < a < [B]+ 1.

2 2 2 2
Type 4: D(g;) = Ukez{[bo—l—k.f,ao—i—k.i] U [ay —l—k’.;ﬂ,bl —|—k:.77r]}7 ag,a1,bg, by as we

defined before. This case is hold for the parameters:

419 >0, |8l =7 <0, [B] = 7| < a < =Bl + [7].
429 <0, |8l =7 <0, [B] = vl < a < =Bl + [].

Let us go back to the question of the existence of real zeros for the functions F' defined
before. So, we have studied that D (g;) = R or D(g;) is a union of disjoint closed intervals.
Observe that the functions g; are periodic with period 27 /u and are continuous, then
they are bounded on D (g;) N[0, 27/u]. So, there exists k € ZT so that the intersection

2
points of g; with f(y) =y, y > 0 belong to the interval [0, kz—ﬂ]
i

We must prove that there exists only a finite number of intersection points between the
functions g; and f(y) = y on the interval [0, k.27 /u], which implies that F(y), y > 0 has
only a finite number of real roots.

Note that the functions g¢;(y), ¢ = 1,2 are differentiable in every real y such that
_ 8 o —
cos(uy) # and cos(py) #
Therefore, we only need to prove that there are a finite number of intersection points y
between the functions g;, ¢ = 1,2 and f in [0, k.27 /] such that g; are differentiable in y.
If the functions g;(y) are differentiable in y, then

/ ypsin py (v cos py + )
gi(y) = —ypcos py £ ,
V3% = (ycos py + a)?

i=1,2.

Observe that if there exists an infinity number of intersection points between the func-
tions g;(y), i = 1,2 and f(y) on [0, k.27/p], then there will be an infinity number of points
y such that ¢g}(y) = 1 on [0, k.27 /u]. Therefore, we search for points y such that g;(y) = 1.
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Let v cos py = x. By the expression of the derivative of g;, we have that

2,2 32 2
v p? sin® py(z + a)
(14 p)” = B2 — (z+ )2 = (14 42)

2 _ (P -2 (@ +a)’
3~ (z+a)?

which implies that

2uad + 22 (— B2 p2 + 1+ dap+ p2y?) Fo(—2u6% 20+ 2uc’ 4 2ap*y%) — 2+’ +-a? 42 = 0.

x
Of course, we obtain at most three real roots x for the above equation. But cos uy= —,

and then there exists at most six real y on [0, 27/u] such that gi(y) =1, i =1,2. In this
manner, we showed that there is at most 7k real intersection points y between g;(y) and
f(y) =y on [0,2km/p].

Hence, we have proved that there exists only a finite number of intersection points
between the functions g; and f(y) = y on the interval [0,2k7/u], and therefore, F(y),
y > 0 has only a finite number of real roots. WM

3. MAIN RESULTS

In this section, we present some theorems about stability for our system of differential
equations. All these results introduce some sufficient conditions about the parameters
a, 3,7 for what the equation (5) have not stability changes. The proofs of these theorems
is given in the next section.

Using the analysis of the preceding section, we can state the following result:

THEOREM 3.1. Let us suppose that the parameters «, 3,7 satisfy the inequality: |o| >
|B] + |7|. Then there is no stability switch for the equation (5).

Now, we present a result which considers the parameter |«| small.

THEOREM 3.2. Consider the parameters «, 3,7 satisfying |a| < |8+ |v| and one of the
following conditions:

(@) v>0, 18] = >0, 8] = v <a<|B+ ]
(@) v >0, [8] = 7] <0, |B] = 7] << =B8]+ |7
(@i) v <0, |B] = |7 <0, |8] = ] < < —=[B] + |-
(i) v >0, |B] = |7 <0, =B8] + 7] < a < [B] + 7]
(v) v <0, Bl =7 >0, =[8] = [ <a < |y 18]
(vi) v <0, |B] = 7] <0, =8 = 7| < a <[B] = ]9l
(vii) ay > 0, |8] — |v] = 0.

—a+ 0] a+ 0]

il il
v <0. If m = /(8] + |7])? — a? < by, there is no stability switch for the equation (5).

Define by € (0, —) such that cos(uby) = b, where b = yify>0o0rb= ,if

=13
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4. PROOFS OF THE MAIN RESULTS

Proof of Theorem 3.1. Using the analysis that we have done in the proof of the Propo-
sition 2.1, it is easy to see that the result is true for the parameters «, 3,y satisfying the
inequality: |a| > |B] + |7]-
First of all, let us prove the theorem when «, 3,~ satisfy 8 >0, v >0, a =+ 7.
v —

Observe that, in this case, we can prove that — < —1 which implies that v cos py+

Y
a+ > 0. Therefore, A = —4~(cos uy + 1)(ycos py + a+ ) < 0 and we have
A=0%cosuy+1=0.

If y satisfies cos uy = —1, it is easy to see that F(y) # 0. Therefore, with the preceding
studies, we conclude that the function F'(y) defined by (7) has not real zeros.

Now, if the parameters «, 3,7 is such that 8 > 0,7 > 0 and o« = —3 — =, we get that
yeospy +a — 3 <0 and ycospy + o+ 5 < 0, that is,

A<Oand A=0<cospuy = 1.

We can prove that if y satisfies this last expression, then y is not root of the function F,
that is, this function has not real zeros.
Finally, the other cases follow in analogous ways. W

Now, we consider the cases in which the parameters «,(,y satisfy
la| < |8] + |v|, that is, when F(y) may have real roots and stability switches for the
equation (5) can occur.

Proof of Theorem 3.2. First of all, we analyse the maximum and minimum points of
the functions g;(y), ¢ = 1,2 in the interval [0, 27 /u]. To do this, we study all their critical
points.

Remember that the functions g;(y) was defined in Section 2 by:

91(y) = —ysinpy + /B2 — (ycos py + )2
and

92(y) = —ysinpy — /B2 — (ycos py + a)?.

foa < 1. Then, thereis yo € [0,27/p] such that cos(uyo) = p- 04’
~y

Suppose that —1 <

Y
that is, g;(y) is not differentiable in yo, Vi =1, 2.
As we have g;(yo) = —vsin(uyo), thus

gi(yo) = V7¥* = (B—a)? or gi(yo) =—vV7*—-(B-a)? i=12
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In an analogous way, if «, 3,y satisfy —1 <

—047—5 < 1, we take y; € [0,27/p] such

that cos(uyr) = — /6, that is, ¢;(y) is not differentiable in yq,V: = 1,2, and

giy1) = V12— (@+6)? or gily) =12 —(a+p)2 i=1.2

Now, let y € D(g1) (or D(g2)) such that the functions g; (or go) is differentiable in this
point and ¢;(y) =0 (or g,(y) = 0). Then, we have:

Ypsin py (o + 7y cos py)
ypcos py = £
VB — (a + 7 cos y)?

which implies that

sin py (o + 7y cos puy)
V3% — (a4 cos py)?

Therefore, if y is such that g;(y) = 0 or g,(y) = 0, it must satisfy:

cospuy = =+

Beos(py) = a+vcos(uy) or Beos(uy) = —(a+ycos(uy)).

: : —a : 462 — a2
In this way, if 3 = and we take y such that cos(uy) = 5 and sin(uy) = BT R
then we obtain gi(y) = 0 and ¢1(y) = /46%2 — 2. And more, if we get y such that

/452 — a2
M, we get g4(y) = 0 and ga(y) = —/402% — a2.

—a '
cos(py) = 5 and sin(upy) =

20
In the same case, when 8 = —v, we get y such that cos(py) = 23 and sin(uy) =
/452 — a2
%, then we have g (y) = 0 and ¢1(y) = /462 — 2.
Furthermore, if we take a real number y such that cos(uy) = % and sin(upy) =
452 — a2

a5 e obtain gh(y) = 0 and gs(y) = —/48% — a.

Now, suppose that 3 # v or 3 # —+, then, there is a real number y satisfying: cos py =
e —«

or Ccos [y = .
g - B+
_ 2 _ A2
Let y be so that cos uy = L7 therefore sin py = iM. We note that
B - 1B =1l
R ypsin py(a +ycospy) Y cos py sin py
g'2(y) = —ypcos py & 5 = = —ypcos iy £ —= =
V3?2 — (a+ 7 cos py) B?(1 = cos? py)
Y3 cos py sin py Bsin py
= —ypcos py + . = —ypcospy (1 F ———).
81| sin py| |3 sin py|
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So, if B > 0, we have that gj(y) = 0 implies that sinpy > 0 and thus sinpy =

— 2 — o2 2 o2
W and g4(y) = 0 follows that sin py < 0 and so sin py = (ﬂlﬁj)’ya.
G-—P—a
If 5 < 0, we have that gj(y) = 0 implies that sin uy = B and gh(y) =0
N2 _ 2
follows that sin py = M.
16— N
In an analogous manner, if we take the other case, that is, cos uy = —m, we obtain
the following results:
2 2
If 8 > 0, we have that ¢} (y) = 0 implies that sin uy = —W d gs(y) =0
: (B+7)? —o?
follows that sin py = ~¥————"———
16+
22
If 5 < 0,we have that g} (y) = 0 implies that sin uy = (ﬂ;j_)ﬂa and gh(y) =0
22
follows that sin py = —M.
18+

Let us summarize the results above.

(i) Suppose 8 > 0, y a critical point of g; such that:

(B—7)?—a?
18—

(a) cosuy = 3 9 and sin ny = , then
-

91(y) = sgn(B — V(B —7)? — a?.

(B+7)?—a?
13+l

(b) cospy = 5__’_057 and sin uy = — , then

91(y) = sgn(B+)V (B +7)* — .
(ii) Suppose 8 < 0, y a critical point of g; such that:

a . (B—7)?2—a?
and Sin = -
B—~ H 13—

91(y) = —sgn(B — V(B —7)* — a2

—a . B4+7)?%—a?
d) cospuy = and sinpyy = ~———————
() cospy =573 8 6+

(¢) cos py = , then

, then

g1(y) = —sgn(B+ )V (B +v)? — a2
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(iii) Suppose 8 > 0, y a critical point of g5 such that:

o : —V(B—-7)?-a?
and sin py =
B— 18—l

g2(y) = —sgn(B =)V (B —7)* — a2

o (77— a2
f) cos puy = and sinpyy = ~————————
(1) cosmy =573 g 6+ 1]

, then

(e) cospy =

, then

g2(y) = —sgn(B+ )V (B +7)2 — a2.

(iv) Suppose 8 < 0, y a critical point of go such that:

(B—7)2—a?
13—

92(y) = sgn(B — V(B —7)? — .

POV : B )l
h) cos py = and sin puy =
(h) cos py 51 1y B

, then

(g) cospy = ﬁi7 and sin uy =

, then

92(y) = sgn(B+ )V (B +7)? — a2

As a consequence of this analysis, we obtain:

(i) If B> 0, cos uy = , we conclude that

B—
91(y) =sgn (B —7) V(B —7)? —a?, and g2(y) = —sgn (8 —7) V(B —7)? — a2,
(ii) If B > 0, cos uy = _ﬂiﬂ’ we conclude that

g1(y) =sgn (B+7) V(B +7)? —a?, and ga(y) = —sgn (B +7) V(B +7)? — a?,

(iii) If 8 < 0, cos py = ﬁi’ we conclude that
-7

g1(y) = —sgn (B —7) V(B —7)* — a2, and g2(y) = sgn (8 —7) V(8 —7)? — o,

(iv) If B <0, cos py = —L, we conclude that
Y

B+

g1(y) = —sgn (B +7) V(B+7)? — a2, and g2(y) = sgn (B +7) V(B +7)? — a2

Suppose that y; is a critical point of g;, ¢ = 1,2. Then, we have that:

267
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o if >0, g1(y1) satisfy

g1(y1) =sgn(B+7) V(B+7)? —a? or gi(y1) =sgn (8 —7) V(B —7)* —a?

and for g2(y2), we have

g2(y2) = —sgn (B —7) V(B —7)? —a? or ga(y2) = —sgn (B +7) V(B +7)? — a?

o if <0, g1(y1) satisfy

g1(y1) = —sgn(B+7)V(B+7)2 —a?or gi(y1) = —sgn (B —7) V(6 —7)? — a?

and for g2(y2), we have
92(y2) = sgn (B — ) V(B = 7)? — a? or ga(y2) = sgn (6 +7) V(6 +7)? — a®.

Now, using this study about the maximum and minimum points of the functions g;(y),
i = 1,2, in the interval [0, 27/ ], and, of course, in R, we present some cases that guarantee
the non-existence of intersection points between the functions g; and f(y) = y.

Now, let us prove the case (i) for the theorem. As we saw in the proof of the Proposition

2 2
2.1, in this case, we have that D(g;) is Type 2, that is, D(g;) = Ugez[bo +k.—ﬂ-, by —|—k.—ﬂ],
L

2 _
with by € (0, %),lh € (%, %)7 satisfying cos(ubg) = cos(uby) = M_

We can see that the functions g; are not differentiable in by and by, that is, these
numbers are critical points to the g; and they assume the values g;(by) = —gi(b1) =

V7= (8l -a)?i=1,2.

Now, we find the others critical points of g;,i = 1, 2.

We have that ﬁ > 1, thus there is not y such that cos(uy) = ﬁ. We also get
- -7
- -
—1 < ——— < 1, therefore there exists y; € R satisfying cos(uy,) = ———, thus, y; is
A+ ) = fgrs

a critical point of the function g; and ¢1(y1) = —g2(v1) = V/(|8] +7)? — a2.
Therefore, using the analysis that we have done before, the maximum and minimum
values of the functions g;,7 = 1,2 should be in the set

{£V72 = (16l - )2, £V/(18] +7)* — a2}

It is easy to see that /2 — (|8] — )2 < \/(|8] +7)2 — a2. Thus, if we take

m = /(|8 +7)% — a? < by,

there is no intersection between the functions g;, ¢ = 1, 2 and f(y) = y in R. To illustrate
this study, we present an example in the Figure 1.
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Yy fly)=vy Figure 1

a= B+ —a? b= (A —ap

Thus, for this case, we proved that the function F(y) defined by (7) does not have real
roots. Now, we prove the theorem for the case (i7). For the other cases, the proofs are
analogous.

We use the analysis about the maximum and minimum points for the functions g¢;(y),
i=1,2, in R that was done for the case (i) above. It is proved that, in this case, there is
no intersection points between the functions g; and f(y) = y.

Observe that, we can use the proof of the Proposition 2.1 to see that, in this case, D(g;)
is Type 4 and it is given by:

2T 2T 2 27
D(g;) = Ugez{lbo + k.—, a0 + k.—] U a1 + k.—, by + k.—]},
[ 1 [ [

where ag, a1, by, by as we defined in this proposition.
We can see that the functions g; are not differentiable in ag, a1, by and by, that is, these
real numbers are critical points to the g; and

gi(ao) = —gi(a1) = =/ — (a +18])?,
gi(bo) = —gi(b1) = =2 = (|8] — )2, i =1, 2.

Q@
Now, we find the others critical points of g;,7 = 1,2. We have that —1 <

\5I*7<

W%’Y and gl(yl) = —92(211) =

1, thus there is 3y; € (O,E) such that cos(uy;) =
o
=Bl =7)? — 2.
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—a
6]+~
W%’W and ¢1(y2) = —92(y2) = \/(|8] + 7)? — @?. Therefore, using the analysis that we

have done before, the maximum and minimum values of the functions g;,7 = 1,2 should
be between the values

T 27
==

We also have —1 < < 1, therefore there exists yo € ( ) satisfying cos(uys) =
p'op

£V2 = (a+[8)%£V72 = (18] — )%, £V/(18] +7)? — a2 or £/(|8] = 7)? — a2
It can be shown that if we take \/(|8| +7)? — a2 < by, all the values described above are

less than by, thus, there is no intersection between the functions g;, ¢ = 1,2 and f(y) =y
in R. We illustrate all this study with an example in the Figure 2.

Y Figure 2

bo

d -~ g2

)

c= P =(F—ap  d= (8- -

Finally, we have proved that the function F(y) defined by (7) has not real roots. l

Remark 4. 1. With the same ideas that we have used in the proof of this theorem, one
can find other parameters under which no stability changes occurs.
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5. APPLICATION

As an application of the results obtained in the previous sections, we analyse the equa-
tion:

j;(t)a(fl ;)x(t)+ﬂ((1) é)x(tﬂﬂ(i ?)x(t,u) (8)

with «, 8,7 € R, 7, u positive real numbers. We denote

=(Gn) o= (00) e (5Y)

Of course, A has a unique eigenvalue given by A\; = Ay = 3 and the correspondent eigen-

vectors are v = _Ul , with vy, vo real numbers.
Observe that the eigenvalues of B are: A\; = 1 and Ay = —1 and the correspondent
eigenvectors to \; are v = <51 ) and the correspondent eigenvectors to Ay are v =
1

V2
< N v1, U9 real numbers.
—Vg

The eigenvalues of C' are: \; = 2 and Ay = 1 and the correspondent eigenvectors to

. 0
A1 are v = ( U; ) and the correspondent eigenvectors to Ay are v = (v ) ,U1, Vg real
—V1 2

numbers.

So, if we consider the basis B = { < _11 ) , ( (1) ) } of R?, we have that the triangular

matrices A1, By, C1, are:

31 -1 1 2 0
w=(ia) m=(00) a=(01)

Remark 5. 1. Observe that this example illustrates the fact that a family of linear
operators does not need be commutative to guarantee the existence of a basis so that each
operator is represented by a triangular matrix.

Using the notation of the Section 2, the characteristic equation associated to (8) is:
p(s) =TI (s — aa; — Bfie™ ™" —yyie ") = 0.

In our case, oy = as =3; B1 = —1; B2 =1; 71 = 2; 72 = 1. Therefore, the characteristic
equation associated to equation (8) is:
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p(s)=(s—3a+pPe 7 —2ye ") (s—3a—pFe T —ye M) =0.
So, we obtain
s—3a+Pe T =2y *=0 (9)
or
s—3a—pfe T —yeH=0. (10)

Observe that the equation (9) takes the form P(s) + Q(s)e ™ "* =0, if P(s) =s—3a —
2y e % and Q(s) = B.

2
It follows from Theorem 3.1 that if the parameters «, 3, v satisfy a > w or
—|8] —2
a < M, there will be no stability switch for the equation
Z1(t) =3axi(t) — Ba1(t —7)+2vx1(t — p) (11)
as T varies.

Note that the equation (10) assumes the form P(s) + Q(s)e™"* = 0, with P(s) =
s—3a—~vye "% and Q(s) = — (. Besides, by Theorem 3.1, if « > w ora < M,

there is no stability switch for the equation

Za(t) = 3axza(t) + Baa(t —7) +yxa(t — ) (12)
as 7 varies. ) )
Therefore, the conclusion is: if a > 1A j;, il or a < M, there is no stability

switch for the equation (8) as 7 varies.
7
Now, we take the parameters o = 10’ B8 =3 and v = 1. Of course, these parameters

satisfy the condition (i) of Theorem 3.2 and if we have m = /(]3] + 27)% — 9a2 ~ 4.5 < by,
there is no stability switch for the equation (11). For example, we can have p < 0.68, and
there is no stability switch for this equation.
Proceeding in the same manner by taking by > 3.4, there is no stability switch for the
equation (12). That is, if u < 0.92, change of stability for this equation does not occur.
So, the conclusion is: if p < 0.68, there is no stability switches for the system

() = 1—70Aa:(t) +3Ba(t— 1)+ Calt — ).

If 1 > 0.68, changes of stability can be occur.

18| + 2|

Consider again the equation (8). According to the above conclusions, if o > 3

—18] -2
or a< M, there is no stability switch for (8) as 7 varies.
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We let now take 7 = 0 in the equation (8) and analyse the stability of a system with one
delay p.

i(t) = Dar(t) + v Calt — p), (13)

_ 4o a+p
WhereD<_a+ﬁ 20 >

By taking the basis B = {(1, —1), (0,1) }, we have that

_(3a—-0 a+p (20
(D)B—( 0 ﬂ+30&) and(C)B—(()l).
In this manner, the characteristic equation associated to (13) is:

3a—p a+p8

20
— _ — s
p(s)=|s1 0 B4+3a To1°

= (5= (Ba=f)=2ye"")(s = (B+3a) —ne™ ™).

Now, we study two cases.

Case 1. Consider s — (3a — 8) — 2ve™#* = 0, and define P(s) = s — (3a — ) and
Q(s) = —2v. By Theorem 2.1, we need to analyse the function

F(s) = |P(iy)]* - Q)

= liy— Ba =) = | =2* =¢* + (Ba — §)* — 49°.
Case 1.a: Suppose that 2|y| < 3a — |3|. In this case,

2| < 30— |8 < 30— § < |30 — G, if § #0.
Case 1.b: Suppose 2|y| < —=3a — |8]. If 8 > 0, it follows that

2] < —3a— §< —Ba+B< |30+ 8 =34
When ( < 0, using the fact that v # 0, it follows that
2[y] < =3a+ 6 < [3a— f3].

Anyway, if 3 # 0, 2|y| < |3a — | implies that (3a — 3)? — 49?2 > 0. Then, F(y) =
y? + (3a — 3)? — 442 has no positive roots. So, as T varies there is no stability switch.
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Case 2. Assume that s — (5+3a) —ve™#* = 0. In this case, we take P(s) = s—(6+3a)
and Q(s) = —~. So,

F(y) = |P(iy)]? - |Qiy)* = liy — Ba + B2 —4* = 4> + Ba + )* —4*.
Case 2.a: Suppose that 2|y| < 3a — |8|. Then,
Y < 2|7 < 3a—[B] < 3a+ B < [3a + B, with 8 # 0.
Case 2.b: Suppose 2|y| < —3a — |§]. Then if 8 > 0, we have that
<2yl < =30+ < -8a—F<[3a+f]
If B < 0, we obtain that
] < 247] < —3a— < [3a+ 5.

Anyway, it follows that|y| < |3a + 3| implies that (3ac+ 3)2 —~2 > 0, and then F(y) has
no positive roots. So, there is no stability switch as p varies.

Now, we analyse the stability for ¢ = 0, that is, the system is:
i(t) = Ea(t), (14)

3a—p+2y a+p

WhereE:( 0 B+ 30+

) . Of course, the eigenvalues of the matrix E are

A =3a—0+4+2yand Ao =0+ 3a+ 7.

We will consider the cases:

Case 1. Suppose 3a — |G] > 2]7|.
Case La: If 3> 0, 3a — 3 > 2|9|.

Case lLai: Ify>0, o=3a+08+v>3y+26>0.

Case l.a.di: If y <0, then Ay =3a++v>26—v>0.
Case 1.b: If 3 <0, 3a+ 3 > 2]~/
Case 1.b.i: If y >0, A\a =3a+ 0+~ > 37> 0.

Case 1.bil: If y < 0, o =3a+ S +v > —v > 0.

Anyway, note that if the parameters «, 3, satisfy 3a — |3 > 2|v|, the equation (14) is
unstable.
Case 2. Suppose 3a + 8] < —2]9].
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Case 2.a: If 8> 0,30+ 0 < =2y, My =30 —B+2y < =2|y| =28+ 2y =2(y— || = 0)
and Ay =3a+8+v< =2 +17.

Case 2.a.i: f vy >0, \; <2(v—|y| = 8) =—-26<0, and I < —v<0.
Case 2.a.ii: If v < 0, Ay <2(2y— ) <0, and Ay <3y <0.

Case 2.b. If < 0,3a—0 < =2|y], M1 =3a—0+2y <2(y—|y]), and Ay =3a+[+7 <
B=2+B+y=28+(v—21).

Case 2.b.i: If v < 0, Ay <4y <0, and X <28+ 3y <0.
Case 2.b.ii: If v > 0, \; <0, and Mo <20 —~ <0.

Therefore, when the parameters «, 3,y satisfy 3a+ |G| < —2|v|, the system (14) is stable.
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